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Abstract

We give a simple proof of a lower bound for the Dirichlet heat kernel in
terms of the Gaussian heat kernel. Using this we establish a non-existence
result for semilinear heat equations with zero Dirichlet boundary conditions
and initial data in L7(€2) when the source term f is non-decreasing and
limsup,_, . s 7 f(s) = oo for some v > q(1+2/n). This allows us to construct
a locally Lipschitz f satisfying the Osgood condition [[*1/f(s) ds = oo,
which ensures global existence for bounded initial data, such that for every
g with 1 < ¢ < oo there is an initial condition ug € L%(£2) for which the
corresponding semilinear problem has no local-in-time solution.
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1. Introduction

In a previous paper [5] we showed that for locally Lipschitz f with f > 0
on (0,00), the Osgood condition

/loof(ls)ds:oo, (1)

which ensures global existence of solutions of the scalar ODE & = f(z), is not
sufficient to guarantee the local existence of solutions of the Cauchy problem

u = Au+ f(u) (2)

for initial data in LI(R"), 1 < ¢ < oco. This is in stark contrast to the case
of bounded initial data, for which (1) implies that any solution of (2) exists
globally in time; see [6], for example.

In [5] we considered the PDE (2) on the whole space R", which allowed
us to use in our calculations the explicit form of the Gaussian heat kernel,

Gz, y: t) = (dmt) "2elo-vl/4 5

The main result there was that for each ¢ with 1 < ¢ < oo one can find a
non-negative, locally Lipschitz and Osgood f such that there are initial data
in L7(R™) for which there is no local-in-time integrable solution of (2).

In this paper we obtain a similar result for the equation posed with Dirich-
let boundary conditions on a bounded domain, by using Gaussian lower
bounds on the Dirichlet heat kernel. Indeed, in Section 2 (Theorem 2.1)
we give a lower bound for the Dirichlet heat kernel on a bounded domain €2:

Ko(z,y;t) > B"Gu(z,y;t)  for t < é/n, (4)

whenever [z, y], the line segment joining = and y, is contained in the interior
of  and is always at least a distance € from the boundary of €2. Here, g > 0
is an explicit constant. Based on the argument of van den Berg [8] we also
provide in the appendix a proof of a result valid for all ¢ > 0

KQ('T, Y; t) Z ein2t/462Gn(aj7 Y, t)7

but (4) is sufficient for our purposes and has a significantly simpler proof.



More explicitly, we focus throughout the paper on the following problem
(P), posed on a smooth bounded domain 2 C R™:

u = Au+ f(u) in Q,
(P) u= 0 on 05,
u(z,0) = up(x) in Q.

The source term f : [0,00) — [0,00) is non-decreasing and satisfies the
asymptotic growth condition

limsup s77 f(s) = 0. (5)
5§—00
We show in Theorem 4.1 that if (5) holds for some v > ¢(1 4 2/n) then one
can find a non-negative uy € L7(2) such that there is no solution of (P) that
isin Li.(Q) for t > 0.

We finish (see Corollary 5.1) by constructing a function f that grows
quickly enough such that (5) holds for every v > 0, but nevertheless still ver-
ifies the Osgood condition (1). This example shows that there are functions
f for which (P) is well posed in L>°(€2) but not in any LP(€2) with 1 < p < oo.

One can see this result as in some sense dual to that of Fila et al. [3]
(see also Section 19.3 of [7]), who show that there exists an f such that all
positive solutions of & = f(x) blow up in finite time while all solutions of (P)
with Dirichlet boundary conditions are global and bounded.

2. A Gaussian lower bound for the Dirichlet heat kernel

For any smooth domain D in R™ (i.e. D is smooth, open, and connected),
we denote by Kp(x,y,t) the Dirichlet heat kernel associated with the Dirich-
let heat semigroup Sp(t), i.e.

wp(z,t) = (Sp(t)wo)(x) := / Kp(z,y;t)wo(y) dy (6)
D
is the classical solution of the linear heat equation

wy=Aw in D,
w=0 on JdD,

w=wy in D,



In the special case where D = R", we will denote the Gaussian heat kernel
on the whole space by G,,(z,y;t), as given by (3).

In this section we provide a proof of a particular case of a result due to
van den Berg [8], which shows that away from the boundary the Dirichlet
heat kernel is bounded below by a multiple of the Gaussian kernel for the
heat equation on the whole space. In this context the result for Q C R™ is
an easy corollary of the result in R; in the one-dimensional case our proof
significantly simplifies that of [8].

Theorem 2.1. Let Q2 be a domain in R"™, and denote by Kq(x,y;t) the
Dirichlet heat kernel on §2. Suppose that

e:= inf dist(z,00) >0, (7)

2€[z,y]

where [z,y] denotes the line segment joining x and y (so in particular [z, y]
is contained in the interior of 1). Then fort < €*/n

Ko(z,y;t) > B"Gu(,y3),
where f=1—2/e > 0.
Note that if €2 is convex then € in (7) is simply given by
¢ = min(dist(z, ), dist(y, 02)).

We delay the proof of Theorem 2.1 for a moment. Following [8] we begin
with the corresponding result for an interval in R. Our proof is somewhat
simpler than that of Lemma 8 in [8], and non-probabilistic (cf. [10]), since
we are able to write down directly the Dirichlet kernel in terms of a sum of
Gaussian kernels on the whole line.

We write K, for the one-dimensional heat kernel on (—a,a).

Lemma 2.1. Take a > 0. Then for any z,y € Q = (—a,a)
Ka(z,y;t) = Gi(z,y3t) [1 - 26_62”] :
where € = dist([z, y], 00). In particular for t < €2

K, (z,y;t) > BGy(z,y;1), (8)

where f=1—2/e > 0.
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Figure 1: For a particular uy defined on [0, 2a], an illustration of the periodic extension
that is anti-symmetric about x = 0 and = = 2a. Dots indicate positions and signs of the
delta functions that give rise to K (g 2q)(z,y;t)-

Note that Corollary 6.1 in the Appendix improves the lower bound in (8)
to e ™ t4¢ G, (x,y;t) for all ¢ > 0, but the result of this lemma is sufficient
for the arguments in the main body of this paper.

Proof. For notational reasons it is simpler to treat the problem on (0, 2a)
rather than (—a,a), but since the equations and the resulting lower bound
are translation invariant this does not effect the result. We write down the
Dirichlet heat kernel on (0,2a) by reflection. The essential idea is shown in
Figure 1: the action of the heat equation on [0, 2a] with initial data w is the
same as the action of the heat equation on R with the periodically extended
initial data as illustrated, since this extension is antisymmetric about 0 and
a and the Gaussian kernel Gy (z,y;t) is symmetric about z for any = € R.
The contribution to the heat kernel for x € [0,2a] from a source at y €
(0,2a) will be the sum of the Gaussian kernels with positive point sources at
y+4ka and negative point sources at —y+4ka (see Figure 1, again), yielding

Z —|z—(y+4ka)|2/4t \a:—(—y+4ka)|2/4t7 (9)

kEZ

K(O,Qa) <$7 Z/, m

see Figure 2. [Even if one has doubts about the above derivation, it is clear
that K (z,y,t) in (9) satisfies the heat equation, K(0,y;t) = K(2a,y;t) =0,
and K(z,y;0) = d(y) for z,y € (0,2a).]



Figure 2: Dirichlet heat kernel on [0, 1] as a sum of Gaussians for y = 0.2, ¢ = 0.02. From
left to right: Gaussian kernel on R; one subtraction (k = 1) to enforce boundary condition
at x = 1 (little change); second subtraction (k = 0) towards satisfying the boundary
condition at 2z = 0; the heat kernel on [0, 1] (additional terms make little difference), with
the lower bound from Lemma 2.1 indicated by a dashed line.

Now we simply rewrite the sum:

VATEK 0 20) (2, Y5 t) = Z oo (y+aka) 2 /4t _ —lo—(—y+aka)|? /4t

kezZ
—|pr—ul? _ 2 _ _ 2
—e |lz—y|?2/4t e le+y|? /4t e |z+y—4al|? /4t

+3 {e—|x—<y+4ka>|2/4t | ele——dka)P/at _ o—|(e—(~ytdalk+1))? /4t
k=1
_e—|<z—(—y—4ka)\2/4t}
= e lamuP/aL [] _ e/t _ o= (20mx)(2a=y)/t]

)
Np—y—Akal? e 2 _ _ 2 _ 2
+ 2 :e |x—y—4kal? /4t +e |e—y+4ka|? /4t e |z+y—4(k+1)al? /4t e |z+y+2kal /4t.

k=1

Noting that
|z +y+4ka| > |z —y+4kal and [4(k+1)a—(z+y)| > |[4ka— (z—y)]
for k > 1 and x,y € (0,2a), it follows that

VATEK (0,00 (, y; 1) > €71/ [1 - 2e—€2/t] ,

Finally note that for t+ < €2 the term in the square brackets is at least
f=1-2/e. O

The idea of the proof of Theorem 2.1, inspired by that of Lemma 9 in [§],
is illustrated in Figure 3. We bound the Dirichlet heat kernel on €2 below



by the kernel on the parallelepiped II, which is simply the product of one-
dimensional kernels which we can control using Lemma 2.1. In this way the
proof uses the monotonicity of the Dirichlet heat kernel with respect to the
domain:

QcU = Ko(z,y;t) < Ky(z,y;t).

A probabilistic proof can be found in [8]; an analytic proof using the theory
of semigroups can be found in the notes by Arendt [1].

Figure 3: The parallelepiped IT with n — 1 sides of length 2¢/1/n when dist(z, 9Q) = .

Proof of Theorem 2.1. By the definition of €, the line segment joining x and
y is entirely contained in a parallelepiped II that lies entirely within Q, with
one side of length |z —y|+ 2¢/+/n and n— 1 sides of length 2¢/1/n, see Figure
3. Note that = and y are at least a distance €¢//n from all faces of II. By
monotonicity of the Dirichlet heat kernel with respect to the domain

K9<x7 Y, t) 2 KH<x7 Y, t)

If we now refer points in II to coordinate axes aligned along [z, y] and in the
perpendicular directions, so that z = (#,0,...,0) and y = (9,0,...,0), we



can use the separation of variables property to write

Kn(z,y;t) = Kijooypvey (T, 9, 0Ky (0,0,0)]" 7
> B(4mt) Y2 TI /A g (4pp) = (02
— (47‘(‘]5)7”/26*‘%*%2/415/671
= ["Gp(z,y,t),

for all t < €?/n, using the one-dimensional lower bound from Lemma 2.1. [

3. A lower bound for the heat equation

Without loss of generality we henceforth assume that 2 contains the
origin. For r > 0, B(xz,r) will denote the Euclidean ball in R" of radius r
centred at x, and in an abuse of notation we write B(r) for B(0, 7).

As an ingredient in the proof of our main result, we want to show that
the action of the heat equation on the singular initial condition

o z|™% |x| < R,
an(e) = bl ni= { 4T 1 S (10)

does not have too pronounced an effect for short times. It is easy to see that
wo(x) > ¢ for |z| < ¢~V

we now show that such a lower bound holds for a similar set of x for suffi-
ciently small times.

Proposition 3.1. Fiz a € (0,n) and pick R > 0 such that B(R) C Q. If
wq(x,t) denotes the solution of the linear heat equation on  with initial
condition® wy = |x|™%xr, as represented by (6), then there exist constants
o=0(R,a,n) >0 and ¢, = ¢.(R,a,n) > 0 such that

wo(e,) > ¢ forall |z <oV and 0<t<op T (11)

for any ¢ > ¢..

1Strictly speaking wp is defined on the whole of R™; we take as initial condition the
function in (10) restricted to .



Proof. Let w denote the solution of the linear heat equation on R" with the
same initial condition wy = |x|~*xg. Let € = inf,cp(g) dist(z, 0€2) > 0; then
it follows from Theorem 2.1 that with 7' = ¢*/n we have

Kq(x,y,t) > "G, (x,y,1), Va,y € B(R), te (0,T].

From here on ¢ will denote any generic constant, and may change from line
to line.
Taking |2| = R, t € (0,7T] and ¢ > 1, we have

wa(d /i, 1) = / Koli/b,y, Owoly)dy = | Kald/t,y, )yl dy

B(R)

> / G /0,9, D)y~ dy
B(R)

> 0(47#)”/2/ ef\(i/w)fy|2/4t‘y|fa dy
B(R)

= C(4ﬁt)—”/2/ e—\i—wy|2/4¢2t|y‘—a dy
B(R)

= cwa(47r1/12t)”/2/ e*‘jfz|2/4w2t|z|*a dz > c®w(z, Y*t).

B(yR)
Defining M = M(R,a,n) > 0 by
M =inf{w(z,t) : |z|=R, 0<t<T} (12)

it follows that wq(z,t) > cMy® for all |x|] = RyY~" and t € (0,¢2T].
Furthermore, wq(z,0) = |z|~* > R™%)° for all |z| < Ry~. Consequently,
by the parabolic maximum principle,

wo(z,t) > pp® for all |z| < Ry~ and 0<t <y 2T,

where ¢, = min(cM,R~*) > 0. With o = min(Rgbi/a,Tgbz/a) > 0 and
¢ = g > @y, one therefore obtains

wo(r,t) > ¢ forall |z <o¢™* and 0<t<op O

4. Non-existence of local solutions

In this section we prove the non-existence of local solutions, taking the
following as our (essentially minimal) definition of such a solution. Note
that the non-existence of a solution in the sense of Definition 4.1 implies the
non-existence of mild solutions and of classical solutions [7, p. 77-78].

9



Definition 4.1. [7, p. 78] Given f > 0 and uy > 0 we say that u is a local
integral solution of (P) on [0,7T) if u : Q x [0,T) — [0,00] is measurable,
finite almost everywhere, and satisfies

u(t) = Sq(t)ug +/O Sa(t —s)f(u(s))ds (13)

almost everywhere in § x [0, 7).

We now prove our main result, in which we obtain instantaneous blow-up
in L (Q) for certain initial data in L9(£2), 1 < ¢ < oo, under the asymptotic
growth condition (14) when f is non-decreasing.

Theorem 4.1. Let g € [1,00). Suppose that f : [0,00) — [0,00) is non-
decreasing. If
limsup s™7 f(s) = 0o (14)
5—00
for some v > q(1 4 2), then there exists ug € L(Q) such that (P) possesses
no local integral solution. Indeed, any solution u(t) that satisfies (13) is not
in Li () for any t > 0.

loc

Proof. We show that for small ¢ > 0, u(t) ¢ L .(Q) and hence, arguing as

loc
in [5, Theorem 4.1], there can be no local integral solution of (P).

Choose B(R) as in Proposition 3.1. Set v = (n + 2)/~v < n/q, so that

lim sup s~ "2/ f(5) = o0.

S5—00

Then in particular there exists a sequence ¢; — oo such that
F@)e, TP S0 as i — oo

Now take ug = |z|"*xr € LI(2). Defining 7" as in the proof of Proposi-
tion 3.1, fix t < min(7,1) and choose i sufficiently large such that ¢; > ¢,

aqﬁ;l/a < R/2 and 0(;5;2/0‘ < t. Clearly, by comparison, u > wq > 0. Hence

10



by monotonicity of f and Theorem 2.1,

= IRCETE / . / [Sa(t — ) fwal-, )] (x) ds d
-/ t / } | Kolt = s..0) wnly ) dyazas

G¢;2/a
- C/ / / G"(t_s7xvy)f(¢i) dydxds
0 B(R) J B(og; /%)

o_d)i—Q/a ,
=cf(¢;) / / o (4 (t — s))_”/Q/ e le=ulP/40=9) 4 4y dss.
0 B(og; /) B(R)

Let z =z — y. Since |y| < o¢; /* < R/2, it follows that
{z=2—y:2€B(R)} D B(R/2).

Thus

a_¢i—2/a ,
I>cf(o) / / (4m(t — 5))_"/2/ e /A=) 2 dy ds
0 B(m;”“) B(R/2)

O'd)i_Q/a
=cf(o; e P dy s (v==z — s
f(e3) /0 /B (o) /B - dvdyds (v =2/2vt—s)

0’(]5;2/0(
. —lvl? _
> cf(gb,)/o /B<a¢i1/a) /B(R) e Mdvudyds (Vt—s<1)
oo 20

—cf@) [ oo as

= cf(¢:)p; "I 5 00 as i — oo, O

Note that this result also guarantees instantaneous blow-up of solutions
of

up = Au+ g(u)

for any ¢ such that g(s) > f(s), where f satisfies the conditions of Theorem
4.1, even if g is not monotonic. In particular, for the canonical Fujita equation

Uy = Au+up, (15)

11



our argument shows the non-existence of local solutions when p > ¢(1 + 2).
The sharp result in this case is known to be p > 1+ %q [12, 13] with equality
allowed if ¢ = 1 [2].

The existence of a finite limit in (14) implies that f(s) < ¢(1 + s7), and
hence by comparison with (15) is sufficient for the local existence of solutions
provided that v < 1+ %q [11]. We currently, therefore, have an indeterminate
range of 7,

2 2
1+ —q¢<vy<q(1+ )
n n

for which we do not know whether (14) characterises the existence or non-
existence of local solutions.

5. A very ‘bad’ Osgood f

To finish, using a variant of the construction in [5], we provide an example
of an f that satisfies the Osgood condition (1) but for which

limsup s~7 f(s) = oo, for every v > 0. (16)

S5—00

Theorem 5.1. There exists a locally Lipschitz function f : [0,00) — [0, 00)
such that f(0) =0, f is non-decreasing, and f satisfies the Osgood condition

<1
/1 mds-oo,

but nevertheless (16) holds. Consequently, for this f, for any 1 < q < oo
there exists a ug € L1(QY) such that (P) has no local integral solution.

Proof. Fix ¢g = 1 and define inductively the sequence ¢; via
Pir1 = e,
Clearly, ¢; — 00 as ¢ — 0o. Now define f : [0, 00) — [0, 00) by

(e—l) SEJQ—[Ol]
f(8) =4 ¢i— i1, s€ L= [di1,¢:/2], i > 1 (17)
&(S), s € Ji= (¢z/2 (/51) 1 >1

where ¢; interpolates linearly between the values of f at gzﬁi/ 2 and ¢;. By
construction f(0) =0, f is non-decreasing, and f is Osgood since

OOL - 1 ¢z/2 ¢11_
/ f(S)dSZ;/gf( Z A

12



However, f(¢;) = e® — ¢;, and so for any v > 0
lim ¢; " f(¢i) — o0 as 1 — 00,
1— 00
which shows that (16) holds. O
This example shows that there exist semilinear heat equations that are
globally well-posed in L>(£2), yet ill-posed in every L?(2) for 1 < g < oc.
6. Appendix: Gaussian lower bound on the heat kernel for allt > 0

For the sake of completeness we now follow [8] (see also [9]) and use
the result of Lemma 2.1 to obtain a lower bound on? K,(x,y;t) in terms
of K.(0,0;t). We then bound K,(0,0;t) below by supplementing the bound
from Lemma 2.1 with information from the eigenfunction expansion of the
kernel. This will allow us a simple proof of a similar form of lower bound on
a general domain  when [z, y] C Q.

The main idea in the proof is to use repeatedly the semigroup property
of the heat semigroup in the form

Ka(z,y;t) = / Ko(w,2t) Ko(2,y;t) dz.
(~a.0)

Proposition 6.1. The one-dimensional heat kernel on ) = (—a, a) satisfies
Ko (z,y;t) > e o9 /% K (0,0,¢) (18)
for all z,y € (—a,a) and t > 0, where e = dist([x, y], 02).

Proof. Take x,y € (—a,a), t > 0, and m € N with m sufficiently large that
1—2e ™/t > 0. For j =0,1,...,m set x; =+ jz, where z = (y — x)/m.
Then using the semigroup property

Ko(z,y;t)

m—2
= Ko(x,y15t/m) {H Ko yg,yjﬂ;t/m)} Ko(Ym-1,y;t/m)d" "y,
j=1

Qm-—1

2Recall that we use the notation K,(z,y;t) for the one-dimensional heat kernel on

(—a,a).

13



writing d™ 1y for dy; - - - dy,,_1.
Now note that B(xz;,e) C 2 for every j =0,...,m, and so

m—1

Ko(z,y;t) > / H Ko(2) +wj, 2541 + w5 t/m) d™
B(E)m—l i 0

setting wy = w,, = 0 and w; = y; —x; for j = 1,...,m — 1. Using Lemma
2.1 we obtain the lower bound

—_

m—

Ka Z Cm,t/ H Gl(xj —|—’Ujj,l'j+1 +wj+1,t/m) dm_lw
B(e)m—l ]:0
m—1 2
mp) .o |2+ Wit — w;
= m,t/ (amt ) 2 xp (Tt P4 Wit 0P g,
B(e)m—1 4t
—me2/tim
where Cp,; = [1 — 2e ™.
Elementary algebra gives
m—1 m—1
mY |zt win —wil? =z —yP+mY_ |wi —wl’,
j=0 §=0
and therefore
m—1 2
my o |wig — w;
K, > C’myte_lw_yp/“/ (47rt/m)_m/2 exp | — ZJ_O 041 i d™ 1w
B(e)ym—1 4t
m—1
= Cm,teilwiylz/élt / H Gl(’lUj, Wj+13 t/m) dmilw.
B(E)m—l jIO

Now we can use monotonicity of the heat kernel, G; > K, to obtain

m—1

K, (z,y;t) > C’mvte_m_yQ/“/ H K (wj, w3 t/m)d™ 'w

B(e)ym—1

J
= Cppe 794K (0,0, 1),

using the semigroup property of K, and recalling that wg = w,, = 0. Finally,
noting that C,; — 1 as m — oo, we obtain (18). O

14



We now obtain a lower bound on K,(0,0;¢) using the eigenfunction ex-
pansion of the kernel.

Lemma 6.1. For allt >0

1
K,(0,0;t) > me—“t/‘*az. (19)

Proof. The eigenfunctions of u,, = Au with u(0) = u(2a) = 0 are sin kwz/2a
with corresponding eigenvalues —k?7?/4a*: the kernel is therefore

1 oo
K2a)(z,y5t) = - E e F A9 gin (krra/2a) sin(kmy /2a).
k=1

Since K,(0,0;t) = K(o,2q)(a, a;t) we obtain

1 (o)
K, (0,058) = =) e Hmt/0% sin? (kmr /2)
a
k=1

1 > 2.2 2 1 2 2
_ = —(2k+1)*7?t/4a > a7 t/4a
from which (19) follows for a < (4nt)'/2. For t < a?/4m, we use Lemma 2.1
to give

K,(0,0;¢) > 1 —2e/%

Y

now simply observe that e™/* < s/4 and e™* < 1 — (s/2) for 0 < s < 1/3,
and so certainly 1 — 2e~!/* > e~ for 0 < s < 1/(47) < 1/3, and thus the
bound in (19) holds for all £ > 0 as claimed. O

Combining the results of Proposition 6.1 and Lemma 6.1 finally yields
the required lower bound in one dimension.

Corollary 6.1. IfQ = (—a,a), [z,y] C 2, and e = dist([x, y], 0Q) then
Ko(z,yit) > e ™G (2, y: 1) forall t>0.

For (2 C R™ the result follows using the argument in the proof of Theorem
2.1, in particular the inequality

KQ(xv:%t) > Kﬂ(x7y7t) > K%|az—y|+e/\/ﬁ(jvgaw[Ke/ﬁ(Oa Ovt)]n_l'

15



Corollary 6.2. IfQ C R, [z,y] C 2, and € = dist([z, y], 0Q) then

Ko(z,y;t) > e TG (1, y: 1) forall t>0.

We note that the argument in [8] does not require the line segment [z, y]

to be contained in €2, leading to a lower bound that depends on the curvature
of the geodesic joining x and y.
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