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Pseudo-Goodwin cycles in a Minsky model

Introduction
The question of how aggregate demand and income distribution interact to generate business cycles continues to generate considerable debate in the heterodox economics literature. One influential view is derived from Goodwin’s (1967) model, in which cycles are generated by the interaction between accumulation, which is savings-driven, and a reserve army distribution function. Since workers are assumed not to save, the Goodwin cycle posits that an increase in the wage share of output will have a negative effect on accumulation because a reduced profit share causes a fall in investment. Goodwin also assumes that the wage share will rise at higher levels of output because the bargaining power of labour increases as unemployment falls. The interaction of these two dynamic behavioural relationships produces a counter-clockwise cycle in output-wage share space.
There is a related, on-going, debate about the nature of the demand regime in advanced economies. On one side are those who regard the demand regime as profit-led, in line with the assumptions of the Goodwin model (e.g. Taylor, 2012).[footnoteRef:1] On the other are those who argue that aggregate demand is wage-led (e.g. Stockhammer et al., 2009). These two strands of the literature intersect in studies which look for Goodwin-like patterns in empirical data and argue that such patterns provide support for the profit-led demand hypothesis: “A general finding is that ‘profit squeeze’ cycles exist for the US economy” (Barbosa-Filho and Taylor, 2006, p. 392; similar results are presented in Barbosa-Filho, 2015). [1:  These models, in contrast to Goodwin’s original, allow for the explicit consideration of aggregate demand effects by assuming that the economy may operate below full-capacity output. These models therefore differ from Goodwin’s original in assuming true wage-led and profit-led demand regimes, while the Goodwin model is savings-driven. In Goodwin’s model, Say’s Law holds: changes in income distribution affect the composition of demand but not the volume.] 

We take issue with this claim that the existence of a counter-clockwise movement in output-wage share space is proof of both a Goodwin cycle and a profit-led demand regime. Instead, we demonstrate the existence of a pseudo-Goodwin cycle which we define as a counter-clockwise movement in output and wage share space that is not generated by the standard Goodwin mechanism. Specifically, it does not rely on a profit-led demand regime. Simply put, a pseudo-Goodwin cycle is something that looks like a Goodwin cycle but isn’t. 
To illustrate this we take a simple two equation predator-prey version of the Minsky model and add a reserve army distribution adjustment a la Marx and Goodwin. In Minsky’s model, the cycle results from an interaction between financial and real variables. In its simplest version, the theory states that demand and output growth give rise to higher debt ratios and financial fragility. This financial fragility has a negative effect on demand. As in the Goodwin model, these two dynamic behaviour relationships combine to produce cycles. In the Minsky model, these appear as clockwise movements in output-fragility space.
To this simple formalisation of Minsky’s model, we add a reserve army effect such that the wage share rises with higher levels of output. The augmented Minsky model generates a pseudo-Goodwin cycle in output-wage share space. This is not a true Goodwin cycle because - by design - there is no mechanism by which distribution affects demand. Instead, the cycle is generated entirely by the interaction between demand and financial fragility. We demonstrate, further, that such pseudo-Goodwin cycles can still arise if we additionally assume a wage-led demand regime.
There have been some attempts at a synthesis of Goodwin and Minsky models (e.g. Keen 1995). These models specify feedbacks from both distribution and financial fragility to aggregate demand. Our paper, however, is asking a different question. We are interested, as a first step, in a model that has a Minsky cycle and a reserve army effect, but no feedback from distribution to demand. We know, by design, that the business cycle in this model will be driven by the finance-demand interaction. What the literature has not so far analysed is the question of what cyclical properties such a system will exhibit in output-distribution space. In other words, we are asking what a researcher looking for a Goodwin cycle would see, if he encountered a Minsky world with a reserve army distribution function. In a second step, we investigate Minsky models with both a reserve army effect and a wage-led demand regime.
The main purpose of the paper is one of theoretical clarification. The models presented are highly stylized. We use simple predator-prey models and, for the sake of clarity, we keep the number of parameters to a minimum. The baseline Goodwin and Minsky models on which we build generate stable cycles (closed orbits). We investigate the stability of the extended Minsky models, but our main concern is to establish the direction in which the cycle turns in output-wage share space. 
The paper is structured as follows. Section 2 presents a benchmark Goodwin model and discusses the related literature. Section 3 presents a simple Minsky model. Section 4 introduces a distribution function with a reserve army effect into the Minsky model and demonstrates the existence of pseudo-Goodwin cycles. Section 5 introduces a weak wage-led effect in the demand function. Section 6 presents a generalised version of the model that has a richer parameter structure and damping own-feedback effects. Section 7 concludes.

The Goodwin cycle
Goodwin (1967, 1972) presents a simple dynamic model of the cyclical interaction between employment and income distribution. The model is constructed on the basis of two key Marxian relationships. The first represents the reserve army assumption that as unemployment increases the bargaining power of labour is reduced, leading to a fall in the wage rate. This implies a relationship in which higher levels of output are associated with higher employment and a rising wage share. The second is the profit squeeze theory of accumulation which holds that output growth is constrained by higher real wage rates because investment is driven by profits - so that, as wages rise and profits fall, investment is curtailed and the rate of growth falls. 
These two relationships can be combined to give the following system of differential equations in which  represents output and  the wage share. All parameters are positive and ,  signify the derivatives of each variable with respect to time. In this and subsequent models we normalise some parameters in order to reduce mathematical complexity.[footnoteRef:2] [2:  An equation of the form  is replaced with  by fixing . Parameter values fix the centre of the cycle and shape of the trajectories but do not affect the qualitative behaviour of the system.] 

											(1)
										(2)
The first equation captures the profit squeeze theory and the second the reserve army effect. A number of simplifying modifications are made to the original Goodwin model. In the original, it is assumed that both labour productivity and the labour force increase at steady exogenously determined rates. In our formulation we assume that these remain constant. Our model thus generates cycles in output around the steady state, while the original is a growth model. We replace employment (in the original model) with output; since Goodwin assumes a fixed marginal product of labour (a Leontieff production function) and an elastic supply of labour this makes no difference to the logic of the system.
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Figure 1. Phase diagram for the Goodwin Model
The Goodwin system specified in equations (1) and (2) has two stationary points, the first where both variables are equal to zero, and the second at,

The first stationary point can be shown to be an unstable saddle-point, while the second is the centre of a family of concentric closed orbits (for a proof, see Goodwin, 1967). The shapes of the orbits are defined by the parameters of the model, while the specific orbit generated by the system is determined by the starting values of the variables. The phase diagram for the model is shown in Figure 1 and the Jacobian matrix of the system evaluated at the non-zero stationary point is the following,



The non-zero stationary point occurs at the intersection of the two nullclines of the system:  and . The model generates cyclical dynamics because the off-axis entries have different signs. The direction of rotation is determined by the order in which the signs of the off-axis entries appear. In the current system, the direction of rotation is counter-clockwise in  space: output peaks before the wage share. 
It should be noted that - as in Goodwin’s original - our model is specified so that the wage share is not bounded and, in particular, may exceed unity.  We have chosen this specification for the sake of simplicity. As shown by Desai et. al (2006), replacing the linear  functions of the Goodwin model with suitable non-linear alternatives transforms the model so that employment rates and the wage share remain within the range . While we use the linear version of the model for the sake of clarity, this means that the absolute values of variables should not be seen as meaningful – our primary interest is in the dynamics of motion. 
The Goodwin model has given rise to a rich literature. This comprises both more elaborate cyclical models (e.g. Skott 1989, Shah and Desai 1981) and empirical research which either looks for the existence of Goodwin-like patterns in historical data or estimates the behavioural relationships of cyclical models. An early debate in the Marxian literature focused on the mechanisms driving post-war US business cycles. One side of the debate followed Goodwin in arguing the upper turning point arises from a profit squeeze due to rising wages (e.g. Goldstein, 1999a, 1999b, 2002). The other argued that insufficient aggregate demand is the primary cause of downturns (e.g. Sherman, 1997, Van Lear 1999). 
More recently, there has been debate among those inspired by the Goodwin literature and those who emphasise the role of aggregate demand. The followers of Goodwin argue that graphical plots of the wage share and unemployment show counter-clockwise patterns consistent with the dynamics of the Goodwin model. This literature distinguishes between long-run and short-run cycles. Solow (1990) examines the data and concludes that there is very weak evidence for long-run Goodwin cycles. Flaschel et al. (2010), update previous research by Flaschel and Groh (1995) and examine data for eight OECD countries, concluding there is strong evidence for a long-run Goodwin cycle. Veneziani and Mohun (2006) argue that such long-run cycles are theoretically problematic and the empirical trends are more likely to be driven by structural change. The evidence for shorter-run Goodwin cycles (of 10-15 years duration) appears stronger. Desai (1984) presents evidence of such cycles in the post-war UK. Harvie (2000) examines data from 10 OECD countries, finding evidence of incomplete (approximately three-quarter-length) Goodwin cycles in most of the countries examined. Mohun and Veneziani (2008) find strong evidence for short-run Goodwin cycles in the post-war US data.
The other stream of empirical literature, often inspired by the works of Kalecki, is based on econometric estimation of behavioural macroeconomic relationships such as investment and consumption functions. Depending on the relative elasticities of demand with respect to income distribution and profit rates, regimes can be classified as either wage-led or profit-led. The connection with the Goodwin model stems from Goodwin’s assumption of a profit-led regime – a wage-led regime will not, in general, generate anti-clockwise cycles. Hein and Vogel (2008), Naastepad and Storm (2006), Onaran and Galanis (2014), Stockhammer et al (2009), and Stockhammer and Stehrer (2011) estimate consumption, investment and net export equations and find that aggregate demand is wage-led in many countries. On the other hand, Barbosa-Filho and Taylor (2006) and Flaschel and Proano (2007) estimate demand and distribution equations and find evidence that demand in the USA is profit-led.[footnoteRef:3] Kiefer and Rada (2015) do so for a panel of OECD countries with a set of control variables that shift income distribution and find that demand is profit led. [3:  Barbosa-Filho and Taylor (2006) estimate a two equation VAR with a demand equation and a distribution equation for the US economy using quarterly data and the cyclical component of the HP filter. The effects for individual components of demand are then decomposed from the aggregate results (rather than estimated as behavioural equations). This gives a strongly profit-driven consumption function. Since the (negative) effect of an increase in the wage share on consumption outweighs the combined positive effect on investment and net exports, they conclude that the US economy is a profit-led system. However, their results for consumption and investment are inconsistent with the Goodwin model. ] 

A recent contribution by Taylor (2012) connects the theoretical and empirical strands. Taylor contrasts two models of distribution and demand. The first combines a locally stable “Domar-style” investment function (that leads to a profit-led regime) with a Goodwin-type reserve-army distribution function. This is contrasted with a model which combines an unstable “Harrod-style” investment function (which produces a wage-led demand regime) with a distribution function based on a pro-cyclical profit-share. The first model generates Goodwin-type counter-clockwise cycles in output-distribution space, while the second generates cycles which turn in the opposite direction. On the basis of the empirical evidence, Taylor argues that the anticlockwise Goodwin-type movement is what is being observed. He concludes, “Overall, Domar-style investment and a profit squeeze appear to fit the data better than Harrod and short-run wage-led aggregate demand” (p. 50). Taylor thus cites the apparent existence of counter-clockwise cycles in the empirical data as evidence for a Goodwin mechanism and a profit-led demand regime. A similar approach is taken by Diallo et al (2011) who construct a model with four possible regimes: clockwise and counter-clockwise cyclical regimes, and two saddle-point cases which do not generate cyclical behaviour. Diallo et al (2011) also conclude that the empirical evidence supports the profit-led version of the model.
Taylor extends the analysis by discussing models where cyclical behaviour is generated by the interaction of financial variables and demand in a Minskian framework in which asset prices and debt interact. However, these financial models are left only partially specified. In particular, the role of income distribution is not investigated, thus the question what type of cycles the financial group of models gives rise to in the wage share-income space is not investigated.
It is this question that we consider in the remainder of the paper. In particular, we take issue with the claim that finding something that looks like Goodwin cycles in the data implies that the mechanism generating those cycles is a profit-led demand regime. We demonstrate that such cycles can instead be generated by the interaction of financial fragility, demand and distribution. In particular, models can be constructed which generate Goodwin-type cycles but do not rely on a profit-led demand function.

A Minsky model
Unlike the Goodwin model, there is no canonical version of the Minsky cycle. Minsky’s own work (Minsky 1975, 1986) presents a verbal description of the cycle mechanism, but no formal model. Consequently, several different models purporting to summarise his argument have been proposed (e.g. Skott 1994, Asada 2001, Fazzari et al 2008, Charles 2008). For our purposes, however, the basic structure of the argument is clear enough. The cycle results from the interaction of goods market demand and financial fragility of non-financial businesses. 
This section will present only a minimalistic version of the Minsky model – the main aim of the paper is to investigate the properties of the model when it is extended to include a reserve army function. To ensure comparability with the structure of the Goodwin we also use a predator-prey model. 
The model consists of two differential equations: 
										(3)
											(4)
Equation (3) specifies the rate of increase of financial fragility, f, as a positive function of the level of demand. The assertion is that during a boom firms adopt a progressively more optimistic outlook and therefore take on higher levels of debt (relative to revenue) – financial fragility is usually thought of as the inverse of the debt-to-income ratio of firms. Banks share the optimistic outlook and are increasingly willing to lend as the boom progresses. The balance sheets of economic units in the Minsky model endogenously become more fragile at higher levels of output. 
Equation (4) specifies an inverse relationship between aggregate demand growth and the degree of fragility of the system. This is because the degree of indebtedness of firms makes them vulnerable to bankruptcy once interest rates rise and a larger share of cash flows is absorbed by debt services, which negatively affects investment. Skott (1994), Asada (2001), Fazzari et al (2008), and Charles (2008) derive such models from behavioural functions and discuss them further.
Our formulation captures Minsky’s basic argument while sidestepping a number of controversies surrounding his model. The source of disagreement in the literature is twofold. Firstly, there is no consensus on the mechanism which generates the negative feedback from financial fragility to demand. In Fazzari et al (2008) this is due to the effect of the central bank increasing interest rates in response to rising inflation at the peak of the cycle. Much of the literature, however, argues that the increasing debt ratio of firms eventually leads commercial banks to increase interest rates, thereby causing the downturn (e.g. Charles 2008). Another issue is raised by Lavoie and Seccareccia (2001). While Minsky argued that  the upswing would being accompanied by increasing leverage of firms, his argument is based on microeconomic principles that need not hold in the Kaleckian macroeconomic framework he adopts (see also Michell, 2014a). Given the Kaleckian assumption that workers do not save out of wage income, aggregate profits at the macroeconomic level are determined by the investment of firms. In such a framework, it is not clear why the debt ratio should rise during the boom. Rather, the high rate of investment growth during the boom should lead to decreasing leverage ratios. [footnoteRef:4] Our model avoids both issues by design.  [4:  We will not engage directly with this issue but note that Lavoie and Seccareccia’s critique can be resolved by dropping the assumption that the balance sheet of the firms sector in the aggregate is replicated at the level of individual firms. As demonstrated in Michell (2014b), if rising indebtedness among one group of firms is matched by an increase in profits among those that remain, it is possible for financial fragility to increase without any change in the net financial balance of the firms sector as whole.] 

First, Equation 3 states that financial fragility increases with output, following Minsky’s argument that the leverage ratio is pro-cyclical. Second, Equation 4 does not specify the mechanism which leads to the upper turning point, such as a rise in interest rate). Rather it simply posits that higher fragility leads to lower growth of demand. The phase diagram for the model is shown in Figure 2.
The non-trivial steady state solution of the Minsky model is

 

and the Jacobian at the steady state is
.

[image: ]
Figure 2 Phase diagram for Minsky model

Figure 3 simulates the dynamics of the system with   and initial values . The system generates cycles such that peaks in output precede peaks in financial fragility (Figure 3a). Alternatively, this could be expressed by saying that the system produces anti-clockwise motion in output-fragility space (Figure 3b). 
[image: ]
Figure 3 Simulation of Minsky model

A Minsky model with a reserve army effect 
In this section we discuss a Minsky model that includes a reserve army effect. The dynamics of this system will be driven entirely by the interaction between financial fragility and demand. The distribution function has, by design, no feedback on demand. We retain equations 3 and 4. To this we add a distribution equation with a reserve army effect: 
										(5)
This equation is similar to Equation (2), but additionally includes a negative own-feedback term. This may be interpreted as representing mechanisms which counteract workers’ wage demands. Intuitively, wages will also be affected factors like the organisational strength of unions or supply-side factors such a labour productivity. These mechanisms become progressively stronger at higher real wages, placing an effective upper bound on the wage share. The mathematical formulation is equivalent to what is known as the logistic equation in biology. In the context of population dynamics, the logistic equation imposes an upper bound on the population due to the carrying capacity of the environment (Nolting et al. 2008).
The distribution of income has no feedback effect on the other variables of the system: it is auxiliary to the cyclical dynamics of the system which are fully determined by the interaction between  and . In the language of biological models, distribution is a scavenger: its population growth depends on the population of another species, but the causality is unidirectional (Chauvet et al. 2002, Nolting et al. 2008).[footnoteRef:5]  [5:  Strictly speaking a scavenger population depends on deaths of prey, i.e. the kill rate. Our wage share depends on the population of output rather than its death rate. Biologically speaking distribution thus plays the role of a harmless parasite rather than a scavenger.] 

This model may appear similar to models that try to integrate Goodwin and Minsky mechanisms, such as Keen (1995). However, there is an important difference in terms of the synthesis as well as in terms of the questions these models are intended to answer. Keen (1995) constructs a model with the intention of examining the properties of models which have feedbacks from both distribution and finance to aggregate demand. Causality thus runs from both demand and distribution to finance and vice versa. We are asking a different question. We are interested (in this section) in a model that has a Minsky cycle and a Marxian distribution function but has no feedback from distribution to demand.[footnoteRef:6] We subsequently extend the analysis to allow for feedback from distribution to demand. [6:  We are bypassing the issue of whether income distribution can have an effect on financial fragility. As in other post-Keynesian models, changes in the wage share have conflicting effects on aggregate demand because they affect consumption and investment in opposite directions. Retained (realised) profits will affect financial fragility if it is defined as the debt to income ratio of business. An exploration of this interesting issue is beyond the scope of this paper.] 

The interior steady state of the model occurs at the following point:
. 
The dynamics of the model are simulated with parameters   and starting values of . The model generates oscillations in all three variables (Figure 4a). Peaks in output precede those in fragility and the wage share. As in the pure Minsky model, the cycle that drives the system is generated by the interaction between fragility and demand (Figure 4b; a formal analysis of stability conditions is delegated to Appendix A.1). 
The key feature of this system is that it generates limit cycles in  and  that look like a Goodwin cycle (Figure 4c).[footnoteRef:7] This cycle, however, is simply a side effect of the cycle generated by the interaction of financial fragility and demand. We call this a pseudo-Goodwin cycle: a counter-clockwise rotation in  space that is not due to the mechanisms of the original Goodwin model.[footnoteRef:8] The model also generates cycles in distribution and fragility. Like the pseudo-Goodwin cycles these do not arise out of direct causal links between these variables but as side effects of other causal relations. [7:  This occurs when . If this condition does not hold the system generates damped cycles.]  [8:  To illustrate that there is no true Goodwin cycle in the model, assume that  is fixed. If  then both  and  will increase exponentially without fluctuations. If  then both  and  will collapse to zero, again without fluctuations. In isolation from , the equations for  and  cannot generate a cycle. Thus, when the full three-variable system exhibits cycles in the wage share-output space, it is not a Goodwin cycle. However, in the absence of evidence of the role played by , the cycle in output and distribution could be interpreted as arising out of direct Goodwin-type interaction between the two variables.] 

If Equation (5) is replaced with Equation (2) so that the wage share is not bounded, the system will still exhibit pseudo-Goodwin cycles – anticlockwise oscillations in  space. The model will, however, in general not generate limit cycles in  space.[footnoteRef:9] Instead, we obtain either damped or explosive oscillations in distribution. The behaviour of the system is determined by the value of  . If this expression is negative, the system generates damped oscillations in  so that the wage share eventually falls to zero. Intuitively this corresponds to a case in which falls in the wage share during recessions exceed increases during booms so that the wage share exhibits a secular declining trend. In the case that  is positive we get oscillations with increasing amplitude. Intuitively this represents a case in which the wage share rises further during booms than it falls during recessions, resulting in a tendency towards a long-run increase in the wage share.  [9:  A closed orbit in distribution and output is possible if  = 0. ] 


[image: ]
Figure 4 Simulation of Minsky model with reserve army effect

A Minsky model with reserve-army effect and a wage-led effect in the demand function
The previous section demonstrates that pseudo-Goodwin cycles can arise in a system in which income distribution has no influence on demand. In this section we introduce one more ingredient into our model: a positive feedback from the wage share to output. In other words, we investigate whether a pseudo-Goodwin cycle can arise in wage-led economy.
To do so, we retain equations (3) and (5) but replace Equation (4) with Equation (6), which includes a positive feedback from the wage share to demand.
									(6)
The interior steady state solution of this system is:
 . 
The dynamics of this system are depicted in Figure 5, assuming parameter values of  and starting values . The cyclical behaviour of the model is still driven by the interaction between and  (Figure 5b). However, this no longer produces a closed orbit because of the instability introduced by the wage-led demand term (for a proof of the existence of explosive cycles see Appendix A.2). As before, if f were fixed, the system in (6) and (5) would exhibit explosive non-oscillatory growth: the feedback from distribution to output as well as from output to distribution are positive. 
Figure 5c shows that our model still exhibits the key feature of a pseudo-Goodwin cycle – counter-clockwise motion in output-wage share space. The cyclical motion is now unstable, so that outward spirals are generated in the phase space of all three pairs of variables. The introduction of a wage-led demand function into the system does not prevent the generation of pseudo-Goodwin cycles.[footnoteRef:10] Instead it simply switches the system from generating limit cycles to unstable oscillations. Evidence of counter-clockwise motion in output-wage-share space does not therefore provide sufficient evidence to rule out a wage-led demand regime. [10:  The model specification does not impose bounds on the wage share. Since the wage share is increasing it would eventually hit an upper bound at which point the dynamics of the system would change. Our finding is therefore that the model will exhibit pseudo-Goodwin cycles as long the wage share remains below this upper bound.] 

[image: ]
Figure 5 Simulation of Minsky model with reserve army effect and wage-led demand.

The fact that wage-led demand regime in conjunction with a reserve army distribution function can give rise to instability is well established (Stockhammer 2004, Diallo et al 2011, Taylor 2011). Our finding is therefore in line with the literature. It is also in line with the view of Minsky and Kalecki, who regarded the capitalist system in the absence of government intervention as potentially unstable. However, the model presented in this section is highly stylized in order to allow a simple demonstration of the existence of pseudo-Goodwin cycles. Arguably, the model is too simple for a discussion of stability. In particular, it does not allow for self-stabilising effects. Modelling these mechanisms is largely beyond the scope of this paper. In the following section, we do however provide a starting point for such an analysis.  


A more complex system: a generalised Minsky model with reserve army distribution and wage-led demand
Up to this point, we have intentionally kept our models as simple as possible, in order to demonstrate our key point that any business cycle system featuring a reserve-army distribution function can generate Goodwin-like cycles – regardless of the specification of the demand function. In this section we present a more general, fully parameterised system in which all three equations include negative own-feedback terms. In biology, similar specifications are used to represent within-species competition, placing limits, for example, on the environmental carrying capacity of a prey species in the absence of a predator. With the inclusion of these terms, the system can generate either stable or unstable dynamics, depending on parameter values.
In economic terms, these negative own-feedback effects reduce the tendency for variables to grow without limits and serve to damp the oscillations of the system. In the demand function such effects may be due to counter-cyclical government intervention or supply-side shortages exerting a stabilising effect on the system during the boom (Taylor 2012) discusses such a feedback in the investment function as ‘Domar-type’.[footnoteRef:11] Equation 7 introduces such an effect. We assume, likewise, that growth of both the wage share and financial fragility are damped as their levels increase (equations 8 and 9). The wage share could be affected by the organisational strength of labour and capital and financial fragility will be contained by financial regulation. [11:  Such feedbacks may, of course, also be positive. Taylor (2012) discusses this as‘Harrod’ investment functions, introducing positive own-feedback effects on output growth. ] 

Formally, the system is expressed as follows
										(7)
									(8)
										(9)
The non-trivial fixed points of this system are



This system is capable of producing a wide range of behaviours and the stability conditions are significantly more complex than for the models presented in previous sections. An exhaustive analysis is beyond the scope of the paper, but we will highlight some key features and explore some properties based on numerical simulations. 
An important feature of this model is that the steady-state level of output now depends on the parameters of the wage equation, whereas it was independent in the simpler model of the previous section. In other words, the nullclines are sloped. This is illustrated in Figure 6. Figure 6.a shows the nullclines of  and , holding  constant. Figure 6.b shows nullclines of  and  holding  constant.[footnoteRef:12] The slope of the nullclines can be interpreted as describing long run relationships, while the points of intersection occur at the steady state. The current model is thus wage led in the long run while higher levels of financial fragility are associated with lower output.[footnoteRef:13]  [12:  The parameters used to generate Figures 6 and 7 are the following: .]  [13:  With respect to the terms wage-led and profit-led, Taylor (2012, p. 43) notes: ‘The labels have been applied to comparative static responses of output, growth and other variables; slopes of nullclines in a phase diagram; and other aspects of the macro system.’ In the paper up until this point, we have used ‘wage-led’ to refer to the instantaneous dynamic respone of a variable to the levels of variables in the system: an increase in  is associated with higher instantaneous growth of . By  ‘long-run’ we here refer to the slope of nullclines, and therefore to steady-state solutions. In this case higher steady-state  is associated with higher steady-state .] 


[image: ][image: ]
Figure 6 Nullclines and phase diagram for generalised Minksy model
Figure 7 shows the result of simulating this model with the same parameter values that were used to generate the nullcline diagrams in Figure 6. This model has a ‘small’ wage share effect in the demand function. The model produces damped cycles in all three variables. The key feature of the model, as before, is the anti-clockwise cyclical motion in output and the wage share – the pseudo-Goodwin cycle. 
[image: ]
Figure 7 Simulation of generalised Minsky model with weak wage-led effect
This model does not, however, always produce damped cycles. With a stronger wage-led component in the demand function (i.e. an increase in the parameter ), as shown in Figure 8, the model can produce explosive dynamics, as with the simpler model in the previous section.[footnoteRef:14] While a full analysis of the properties of the system is beyond the scope of the paper, simulations make clear that the relative size of the wage-led effect compared to the stabilising feedback effects is one of the factors determining the stability of the system. Negative self-feedback effects stabilise the system. Thus, under certain parameter combinations, the model can generate pseudo-Goodwin cycles in a wage-led Minsky model without producing system-wide instability. Again, the inclusion of the wage led element in the demand function does not alter the direction of the cycle in  space, but does affect stability.[footnoteRef:15] The model will produce explosive behaviour if the wage-led effect is large relative to the self-stabilising forces. Overall, our findings for the extended Minsky model with wage led demand are consistent with the simpler models of the previous sections in that pseudo-Goodwin cycles can arise despite wage-led demand regimes. We also confirm that wage-led demand can lead to explosive dynamics but this is a possible, not necessary, outcome. [14:  The parameters to produce this simulation are the following: .]  [15:  With a small  cases can arise where  collapses without generating pseudo-Goodwin cycles. However, we have not found cases with anti-Goodwin cycles. ] 


[image: ]
Figure 8. Simulation of generalised Minsky model model with strong wage-led effect



Conclusion
Goodwin’s (1967) model generates counter-clockwise cycles in output-wage-share space due to the interaction of a profit-led demand regime and a reserve army distribution function. The paper has demonstrated that counter-clockwise cycles in output-wage-share space can arise for reasons that are unrelated to the Goodwin mechanism. We call such cycles pseudo-Goodwin cycles. As an illustration, a Minsky model of the interaction of financial fragility and output is extended to include a reserve army function. In a second step we introduce a wage-led effect in the demand equation. In both cases we show that pseudo-Goodwin cycles can arise. A more complex model demonstrates that such cycles can also be generated in a system which also has ‘long-run’ wage led features, i.e. a system in which a higher wage share is associated with higher steady-state output. The wage-led demand regime in conjunction with a reserve army distribution function does constitute a force for long-run instability of the system. In a more complex version of the model either stable or unstable dynamics can arise depending on the size of the wage-led demand effect relative to the self-stabilising forces of the system.
This leads to the following conclusions. First, any system which generates cycles in output alongside a reserve army distribution mechanism behaviour will produce pseudo-Goodwin cycles so long as there is no a feedback mechanism from income distribution. Even in the case of a wage-led demand effect, pseudo-Goodwin cycles are possible. Second, the existence of a counter-clockwise movement of in output wage share space is therefore not a sufficient condition for the existence of actual Goodwin cycles and can therefore not be interpreted as prima facie evidence for the existence of a profit-led demand regime. Rather, a wage-led demand regime can be perfectly consistent with pseudo-Goodwin cycles.
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Appendix
A.0 Routh Hurwitz stability conditions for a three-dimensional system
Given a three dimensional Jacobian of the form,

The characteristic equation of this system is:

Where

sum of all principal second-order minors of 



For this system to be stable, the following must hold:

  > 0
A.1 Stability analysis for Minsky model with reserve army effect
The model is comprised of equations (3), (4) and (5), reproduced here for ease of exposition.
										(3)
											(4)
										(5)

The non-zero steady state of the system occurs where,

The Jacobian of the system is,

Evaluated at the non-zero steady state,

The Routh-Hurwitz conditions specified in Appendix A.0 can be calculated as follows,


A.2 Stability of Minsky model with reserve army effect and wage-led demand
If we take the system analysed in Appendix A.1, and replace equation (4) with (4’),

									(4’)
We obtain the augmented Minsky system with reserve army mechanism and wage-led demand. In this case, the Routh-Hurwitz conditions become the following:





The non-zero fixed point cannot be stable since  and  cannot simultaneously be positive. If  then if , so that  then . In this case, the system is unstable, and generates explosive cycles in all three variables.  Nonetheless, the cycles in  space are still anti-clockwise, thus generating the pseudo-Goodwin cycle.
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