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Abstract

Many problems in Al and multi-agent systems research are most naturally formulated in terms of the abilities of a coalition
of agents. There exist several excellent logical tools for reasoning about coalitional ability. However, coalitional ability can
be affected by the availability of resources, and there is no straightforward way of reasoning about resource requirements
in logics such as Coalition Logic (CL) and Alternating-time Temporal Logic (ATL). In this article, we describe a logic for
reasoning about coalitional ability under resource constraints. We extend ATL with costs of actions and hence of strategies. We
give a complete and sound axiomatization of the resulting logic, Resource-Bounded ATL (RB-ATL) and a model-checking
algorithm for it.

Keywords: Strategic ability, resources, axiomatisation of RB-ATL.

1 Introduction

In many situations, a group of agents can cooperate to achieve an outcome which cannot be achieved
by any agent in the group acting individually. For example, in the prisoners dilemma, a single
prisoner cannot ensure the optimal outcome, while a coalition of two prisoners can. Similarly, it may
be possible for a set of cooperating agents to solve a difficult computational problem by distributing
it, while a single agent may not have sufficient memory or processor power to solve it. In the latter
case, there is an interaction between the amount of resources available to the agents (or the amount
of resources which they are willing to contribute), and their ability to jointly achieve a goal.

In this article we describe a logic, Resource-Bounded Alternating-time Temporal Logic (RB-ATL),
for reasoning about coalitional ability under resource constraints. RB-ATL allows us to express and
verify properties such as:

(1) ‘a coalition of agents A has a strategy to achieve a property ¢ provided they have resources b,
but they cannot enforce ¢ under a tighter resource bound b1 ’;

(2) ‘A has a strategy to maintain the property ¢, provided they have resources »’; and

(3) ‘A has a strategy to maintain ¢ until ¢ becomes true, provided A has resources b’.

In Section 2.4, we illustrate the expressive power of RB-ATL on a simple example of a sensor
network, where the agents (sensor nodes) require two resources: energy and memory.

In previous work, we studied a version of Coalition Logic (CL) with resource bounds, RBCL [5].
RBCL can express properties of the form (1) above, but not of the form (2) and (3). Other work on
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2 ATL with resource bounds

temporal logics and logics of coalitional ability with resource constraints includes [2, 7, 8, 10, 11].
However, this work concentrates on model-checking complexity, rather than axiomatization, which
is the focus of this article.

This article is a revised and extended version of [4]. In [4], we gave a sound and complete
axiomatization and a model-checking algorithm for a version of RB-ATL without infinite resource
bounds. The main differences from [4] are the addition of an infinite resource bound (to make the logic
a conservative extension of ATL), and the addition of complete proofs and an illustrative example.'
The remainder of this article is organized as follows. In Section 2, we present the syntax and semantics
of RB-ATL and show how RB-ATL can be used to express properties of a simple sensor network.
In Section 3 we provide a sound and complete axiomatization of RB-ATL. In Section 4, we give a
model-checking algorithm for RB-ATL. Finally, we survey related work in Section 5 and conclude
in Section 6.

2 Syntax and semantics of RB-ATL

Consider a system of agents that can perform actions to change the state (we assume concurrent
execution of actions by all agents). We denote the set of agents by N. To reason about resources, we
assume that actions have costs. Let R be a set of resources (such as money, energy, or anything else
which may be required by an agent for performing an action). We assume that a cost of an action,
for each of the resources, is a non-negative integer. The set of resource bounds B over R is defined
as B=(NU{oo})", where r=|R|. We denote by 0 the smallest resource bound (0, ...,0) and o the
greatest resource bound (oo, ..., 00).

2.1 Syntax of RB-ATL
The syntax of RB-ATL is defined as follows, where A is a non-empty subset of N and b € B.

@u=pl—g eV | (AP) Ol ((AP)Dg | (AP pUy

Here, ((A?)) O means that a coalition A can ensure that the next state satisfies ¢ under resource
bound b. ((Ab ))Ue means that A has a strategy to make sure that ¢ is always true, and the cost
of this strategy is at most b. Similarly, ((A?))ply/ means that A has a strategy to enforce ¥ while
maintaining the truth of ¢, and the cost of this strategy is at most b. Notice the meaning of these
operators when b=c0 is the same as their counterparts in ATL; in other words, the ATL operator
({A)) corresponds to ((A%°)) for A # @ and ((#)) to the dual of (N°)).

2.2 Semantics of RB-ATL

To interpret this language, we extend the definition of concurrent game structures [6] with resource
requirements for executing actions. For consistency with [6], in what follows we refer to agents as
‘players’ and actions as ‘moves’.

DEFINITION 1
A Resource-bounded Concurrent Game Structure (RB-CGS) is a tuple S=(n,r,Q,I1,7,d,c,5)
where:

* n>1 is the number of players (agents), we denote the set of players {1,...,n} by N;

A preliminary version of RB-ATL with infinite bounds was introduced in [14].
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¢ 7 is the number of resources;

e (is a non-empty set of states;

[T is a finite set of propositional variables;

e 1:T1— p(Q) is a function which assigns to each variable in IT a subset of Q;

¢ d:Qx N — Nis a function which indicates the number of available moves (actions) for each
player a e N at a state g € Q such that d(g,a) > 1. At each state g € Q, we denote the set of joint
moves available for all players in N by D(g). That is

D(q)={1,...,d(g, )} x...x{1,...,d(q,n)}

* ¢:0x N x N— Bisapartial function which indicates the minimal amount of resources required
by each move available to each agent at a specific state;

¢ 8:0xNIVl5 0isa partial function where §(g,m) is the next state from g if the players execute
the move m € D(q).

We assume that each agent in each state has an available action with 0 cost (intuitively, it has the
option of doing nothing).

Given a RB-CGS S, we denote by Q* the set of finite sequences of states or finite computations
and by Q% the set of infinite sequences of states or infinite computations. For a finite or infinite
computation A=g1q>...€ 0*UQ®, we use the notation A[i]=g; and A[i,j]=g;...q;. We denote the
set of finite non-empty sequences of states by Q.

DEFINITION 2
Given a RB-CGS § and a state g€ Q, a move (or a joint action) for a coalition ACN is a tuple
04 =(04)aca such that 1 <o, <d(q,a).

By Da(q) we denote the set of all moves for A at state g. Given a move m € D(g), we denote by
my the actions executed by A, mg = (my)qca. We define the set of all possible outcomes of a move
o4 € Da(q) at state g as follows:

out(q,00)=1{q' € Q1Ime D(q):ma =04 Nq' =58(q,m)}

For convenience, we define the projection of co components of a resource bound b on another
(o¢] .
bound d as d <— b where for all ie {1,...,r}:

@Epy= {4 MhiFeo

if bj=00
For example, (2,3,00,6) <03(1 ,00,3,00)=(2,00,00,00) and 0 <03(1 ,00,3,00)=(0,00,0,00). To
compare costs and resource bounds, we use the usual pointwise vector comparison, i.e. (by,...,b,) <
(d1,...,dy)iff b; <d;forie{1,...,r} where n < oo for all n € N. We also use pointwise vector addition:
b1,...,br)+y,...,dr)=(b1+dy,...,b+d,) where n+ oo = oo for all n e NU{oco}. Conversely, we
also split a resource bound b into pairs of resource bounds (d,d’) such that:

(i) d+d' =b,
(ii) dizdlf:oo for all ie{1,...,r} such that b; = 0o, and
(iii) d#£0<b.
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The set of all such pairs (d,d”) is denoted by split(b). Obviously, split(b) is finite.
The cost of a move a4 € Da(q) is defined as cost(g,04) = X4eac(q,a,o,). (Note that we use ¢ for
the cost of single actions and cost for the cost of joint actions.)

DEFINITION 3
Given a RB-CGS S, a strategy for a subset of players A C N is a mapping F4 which associates each
sequence Ag€ Q7 to a move in Da(q).

A computation X € Q% is consistent with Fu iff for all i>1, A[i+1]€our(r[i], FAo(X[1,i])). We
denote by out(q, F4) the set of all such sequences A starting from q, i.e. A[1]=g¢. Given a non-empty
finite prefix A of a computation which is consistent with a strategy F4, we define the cost of F4 with
respect to A as cost(A, FaA)=)_,_; a|—1€0st(ALi], FACALL, i])).

.....

DEFINITION 4

Given a bound b, a computation A € out(q, F4) is b-consistent with F4 iff, for every finite prefix A of
A, cost()/,F4) <b. We denote by out(qg, Fa,b) the set of all b-consistent computations. A strategy
F4 is a b-strategy iff out(q, Fa) =out(q,Fa,b) for any g€ Q.

In other words, all executions of a b-strategy cost at most b resources. Note that this means that
. . . =~ OO .
each computation of such a strategy starts with a finite prefix where some non-(0 <— b) cost actions
. . . . = 00 .
are executed, and continues with an infinite sequence of (0 <—b)-cost actions.

2.3 Truth definition for RB-ATL

Given a RB-CGS S=(n,r,Q,I1,7,d,c,3d), the truth definition for RB-ATL is given inductively as
follows:

* S.qpiffgen(p);

* S,qE—@iff S,q~e;

* S.qEeVvyiftS.ql=gorS.qE=Y;

s S.qkF= ((Aby) O g iff there exists a b-strategy F4 such that for all A € out(q, Fa), S, A[2] = iff
there is a move o4 € D4(q) such that for all ¢’ € out(c), S,q' = ;

s S.qkE= ((Ab))lj(p iff there exists a b-strategy F4 for any A € out(q,Fa), S, L[i]E¢ forall i>1;

o S.qE (AP)) U iff there exists a b-strategy F4 such that for all A € out(q, Fa), there exists
i>1such that S,A[i]E=v and S, A[j]|=¢ forall je{l1,...,i—1}.

Notice that the truth definition of ((A%)) is the same as that of ((A)) in ATL.

2.4  Example

To conclude this section, we describe a concrete scenario to illustrate the notions introduced above,
and give some examples of the expressive power of RB-ATL.

Consider a sensor network consisting of two agents (sensor nodes), 1 and 2. The agents monitor
for movement. If they detect movement, they can inform their neighbour. If an agent receives a
communication from its neighbour, it can save it. If an agent has more than one record of movement,
the agent can report this to the base station. We assume that 2 is closer to the base station than 1. We
consider two resources, energy and memory. Sending a message requires energy (depending on the
distance to the receiver) and saving a communication requires memory. Sending from 1 to 2 (send12)
and from 2 to 1 (send21) both require 2 units of energy and 0 memory. Saving a record requires 0
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(idle, save)

(idle, send2b)

(send1b, send2b)
(save, save) ~ (idle,send2b)

B\ (sendlb,idle)

(send12,idle) (idle, save)

sendl2, send2

(save, idle)

. 91 .
(idle, send21) (save, idld (sendlb,idle)

FIGURE 1. Sensor network example.

units of energy and 1 unit of memory. Sending from 1 to the base station (send1b) requires 3 units
of energy, and sending from 2 to the base (send2b) requires 1 unit of energy. The option of doing
nothing (idle) is always available and costs nothing. In the initial state gq, each agent has a record of
having itself seen movement. The system is shown in Figure 1, where transitions between states are
annotated with tuples of actions (the first element is an action by agent 1, and the second is an action
by agent 2). We omit self-loops in each state by the joint action (idle, idle) for readability.

In this scenario, both agents together can enforce the outcome g¢, where we assume that a
proposition p (which means that the base station has been informed) holds. Moreover, they can
achieve this by spending 3 units of energy and 1 unit of memory by choosing the following actions:
(send12,idle) in qq, (idle,save) in g1 and (idle,send2b) in q4. This can be expressed in RB-ATL
as (({1,2}(3’1)>)Tl/lp. It is also the case that the agents cannot achieve this without using some
memory, even if they use unlimited energy: —(({1,2}°9)) Tfp. Clearly, neither of the agents can
single-handedly enforce g¢; however, once the system is in gg, either agent can trivially maintain p
forever, since the only choice of action available to each agent there is idle. This can be expressed as
(1.2 D) TU 1) Op.

3 Axiomatization

In this section we present the axiomatic system for RB-ATL. To make the formulas below more
readable, we define the following abbreviations:

<<Ab>>ODw=\/<d,d/)espl,-t(b)<<Ad>>o<<Ad/>>,D¢
(APY OeUY =\ (4 aryespiisy (AD) O (AT Uty

The axiomatic system consists of the following axiom schemas and rules of inference, where A,
A1 and A; are non-empty subsets of N, and b, d € B.
Axioms:

(PL) Tautologies of Propositional Logic
(L) = oL

(M (A»OoT

B) (A") Op— ((A%) O

where b <d
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() (A1) Q@A (AD) Ov — (A1 UADP TN O(p AY)
where A|NAy =0

(Sv) (A)) Q@ A—=(IN®) O—¥ — ((AP) O(p AY)
(Sn+) ((N?) Op A=(N?) O—y — (IN?)) O(p AY)
Sn-) ~((N") O=p A=(IN") O—=¥ — ~(N*) O—~(p AY)
(FPo) ((A”))0¢ < A((A") OB v ((A%") O ((A*) D)
(FPy) (APY) Uy <y v (@ ACAL) O Uy v (A0 O ((AP)) ol y))
Inference rules:
0, p—>Y

v
(((APY) (O-Monotonicity)

(MP)

=Y
((AP)) O — ((AP) O

—~((N")O—¢

(((N?))O-Necessitation)

({({A?))O-Induction) .
0 — (p A(((AP) OO v ((A°2) O0))
0 — ((AP)) Dy

(({AP))U-Induction) .
(¥ V(@ AAD) OpUy v (A"") O6) — 6
((AP) Uy — 6
Before proving soundness and completeness, i.e. every formula derived by the above system is valid
and every valid formula can be derived by the above system, we give an intuitive explanation of the
axioms and compare them with the axiomatic system for ATL given in [13].

First of all, observe that with the resource bounds removed, the axioms (L), (T), (S), and the
inference rules (((A? ))O-Monotonicity) and (((NV b)\O-Necessitation) are identical to their ATL
counterparts. Unlike ATL, we need several versions of (S) since we do not have the (aby) modality
and, as a result, (SN), (Sn+) and (SNy—) are not derivable from (S). The axiom (B) says that if A can
enforce ¢ under a resource bound b, then it can also enforce ¢ if it has more than b resources. The
axiom (FPp) is similar to its ATL counterpart. However, unlike in ATL, there are two ways to ‘unwind’
((Ab e in RB-ATL: one way is to make a move which costs a non-trivial amount of resources d,
and then maintain ¢ with b—d resources; the second way is to make a trivial (() <03b)-cost move,
and then maintain ¢ with b resources. Similarly for (FP;,). Finally, the rules ({{(A?))O-Induction)
and (((Ab )YU-Induction) correspond to the ATL axioms (GFPg) and (LFP;,); the first one says that
O corresponds to the greatest fixed point and the second that ¢/ corresponds to the least fixed point.
This will be made more precise after we give fixed point characterizations of the temporal operators.

3.1 Fixed point characterizations of temporal operators

Consider an operation [((Ab N (Ol, which, given a set of states X, returns the set of states from where
A can enforce an outcome to be in X under resource bound b (this is the same as Pre(A, X, b) defined
in Section 4, which is in turn similar to Pre from [6]):

DEFINITION 5
[((Ab))O] 1(Q) — »(Q) is defined as follows: given a set X C Q, [((Ab))Q](X) is the set

{q|30 € Da(q): cost(q.0) <bnout(q,0) S X}
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Let us define ||¢||={q€Q|S,q E¢}. It is straightforward that:

(AP Ol =[{AP) Oldlel)

Recall that if f is a monotone operator 20 529 (that is, X CY implies f(X)Zf(Y)), then X is
a fixed point of f if f(X)=X. By the Knaster—Tarski theorem, f has the least and the greatest fixed
point. The least fixed point of f is denoted by uX.f(X) and the greatest fixed point by vX.f(X). We
are going to show that the meanings of O and U/ correspond to the greatest and the least fixed points
of certain operations on sets of states.

LEMMA 1
For all g € Q, the following fixed point characterizations hold:

(1) ge((AP) Dl iff g € vX.[l@lN(I1((AP) OOl UT(A® <) O1(X)) iff there is a b-strategy Fa
for A such that for all A €out(q,Fa), Ali] € || foralli>1 )

) qe (AP oUy || iff g€ uX [y IIU(lellN(I(APY) Oty | ULHAY=2) O1(X))) iff there is a
b-strategy F4 for A such that for all A €out(q,F4), there exists i > 1 such that A[i] € ||¥|| and
Aljl1€ el forall j <i

ProoF. We will only provide the proof for the first case as the secon_dmcan be done in a similar way.
For convenience, let us denote f(X)=l¢| N ((AbY) N OOe|| UL [((A0<0)) NOIX)). We firstly show
that f(X) is monotone. Let X1 C X, C Q. Let qef(Xl) then g € ||¢|| and either g € ||((Ab))QD(p||
or g €[((A0<by) )QIX1). From the definition of [((AD<b) O]0), we have that g € [(A0<P)O1(X))
implies g € [((A0<0))O1(Xa); hence g €f(Xa).

Therefore, f(X) is monotone and there is the greatest fixed point vX.f(X). We now show that
Y= ||((Ab))D(p|| is a post-fixed point of f(X), i.e. f(Y)DY. Let g€Y, by the semantics definition,
we have that there is a b-strategy F4 such that for any A € out(q, Fa), Ali] €|¢] for all i> 1. Then,
g=Al11€|l¢]l. Assume that b’ = cost(q, Fa(q)), let b” be a resource bound such that (b’ < b,b") €
split(b). For each ¢’ € out(q, Fa(q)), we define a b”-strategy F as the remainder of F4 from ¢, i.e.
Fy a(q')=Fa(qq'«) for all k € O*. Then, for all ¢'c € out(q', Fy 4), we have that gq'« € out(q, Fa).
It is straightforward that any computation in out(q’, Fyr o) costs at most b”. Then, ¢ € || (AP Ol
Thus, g€ LAY YOI (AL )YOg). If b’ 20 < b, we have that g€ ||((A?)) OOg||, otherwise g e
[(A0<8) O1(]1{(A®)) D ). This means that ¢ €£([[((A?))Tgll).

To show that ¥ = || ((A? Nl is in fact the greatest fixed point of f(X), we show that, for every
post-fixed point Z, ZC Y. .

We have f(X) = [l¢ N(I1((A”)) OO | VLA’ ") O1(Z)). Assume g € Z, we have:

geZ = qe<|lp|l and either g € ||((A?)) OOg]| or
€A 012)

We define a b-strategy F4 which will maintain ¢ by induction on the length of inputs for F4. Let
Al denote the set of inputs of length i > 1 for Fy. Initially, A! ={g}. We will define F, for input
of length i and A'*! inductively on i>1 such that, for all A € A", either cost(r,Fs)<d and
Ai+1]€e] ((Ad/))D(pH for some (d,d’) € split(b) or cost(r,Fp) <0 Zband Mi+1]eZz.

e Case i=1, recall that g € ||¢|| and either g € || ((AbY) OOegpllorge [((A(_)‘Oib))O](Z).
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- If g€ ||{(A?)) OOgpl, then there exists (d,d’) € split(b) such that g € || ((A9)) O (A4 ) Toll;
then, we have:

g€ 1A% O (A ) Dpll = g € LA O1 (AT ) Dl
=304 €D4(q): cost(q,04) <dA
out(g,04) < [1((A4 ) Dy |
= Vq cout(q,04),
3 d'-strategy Fp 4,
VA €out(q ,Faq).Vj=1:A[j1€ ol

Then, we define Fa(q) =04 and A2 ={qq’ |q’ €out(g,04)}. Obviously, we have:
Vaq' € A?:cost(qq. Fa)=cost(q.04) <d Aq €| (A7) Dg|
— If g€ [((AO<P))O1(Z), we have:
e [((A95P)ONZ) = Jou €Da(q): cost(q,04) <0 Z bA
out(q,04) SZ
Let Fa(q)=04 and A2={qq’ |¢’ € out(q,04)}. Then, we have:

Vqq' € A? =5 cost(qq,Fa)=cost(q,04) <0 < bAq €out(q,o4)
:>q/ €Z asout(q,04)Z
* Case i> I, let us assume that F4 for inputs of length i— 1 and A’ have been defined. By the
induction hypothesis, we have, for all A € A, either cost(A,Fa) <d and A[i] € || ((Ad nOe|| for

some (d,d") € split(b) or cost(h,F4) <0 Z band Ali]€Z. Let us define F4 for each input A € Al
and AIT1

— If cost(A,Fp)<d and A[i] €| ((Ad,))D<p||, we have:
Alile | (AY ) Dg|| = 3 d'-strategy Fy ;..
VA" € out(Alil,Fa),
vi=1:Aljl€ ¢l

Then, we define Fa(A)=F4 ;(A[i]) and A ={\g |A6A’Aq €out(A[i], Fa, A()\[l]))}
Let cost(A[i],Fa(A[i]))=d", we have, for all Aq’ e ATl (where AeAl and ¢'€
out(A[i], Fa, 0 (A[i])):
cost(Lg',Fa) =cost(r,Fa)+cost(A[i], FA(L))
<d+cost(Alil, Fa (A[i])
—d+d"

Furthermore, by considering the (@’ —d")-strategy Fy j, Where Fy 3, (1) =Fa (¢'A") for
all A’ € Qt, we have:

VA €out(q,Fa ).V = 1: 11 € ol = ¢ € 1 (AT~ ) Dg||
Finally, it is straightforward that ((d+d"),(d' —d")) € split(b).
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— If cost(A,Fy) <0 L band Mi]l€Z, we have

AMileZ=Alilef(2)
= MAli] € |l¢|| and either A[i] € ||((Ab)) O0Oeg] or

Mile[(AY ) 012)

* If Afi]e ||((Ab)) O0Og||, then there exists (d,d”) € split(b) such that A[i] € || ((Ad))O
((Ad/))Dq)H; then, we have:

Alilellad) O (A Dol
= dog € DA(M[D]): cost(Ali],on) <dA
out(Alil,04) S 1((AY ) Do
=Vq cout(rli],on),
A d'-strategy Fp o,
Vi €out(q' . Fa q).Vi=1:X[jl1€ ol

Then, we define for every Ae Al that Fa(A)=04 and ATl={rq'|LeAirg €
out(A[i],04)}. Obviously, we have:

Vag' € AT cost(h, Fo) =cost(h, Fo)+cost(Ali],on)
<0Zb)+d=d
N

q €(a? ) Dyl
« If A[i] € [((A0P) O1(Z), we have:

M€ LAY O1(Z) = Fou.1 € DAGML): cost(Ali], 04.2) <0 Z bA
out(Alil,on,,)CSZ

Then, we define for every Ae Al that Fa(A)=o04; and ATl ={A¢'|reAiq €
out(Ali],04,5)}. Obviously, we have:

Vg € At = cost(Lq',Fa)=cost(r,Fa)+cost(Alil,oq )N
q' €out(A[il,04,1)
= cosl(kq/, Fa)< 0 bhA
q/ €Z asout(Ali]l,on)SZ
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Given the above construction of F4, we have that

VA €out(q,Fa) and i>1=1e A’
= either 3(d,d’) € split(b):
cost(M1,i], Fa) <dA

Alile (A ) Dg||
or
cost(A[1,i]<0 < bAA[1€Z
= cost(A[1,i], FA) <bAAli] €|le]l

In other words, g € || ((A?)Oe||, i.e., g€Y.

Therefore, Z C Y; hence, Y is the greatest post-fixed point of f(X), hence also the greatest fixed
point of f(X). |

3.2 Soundness of RB-ATL
First, we prove that the axioms of RB-ATL are valid.

(L) is valid because there is no b-strategy F4 such that for all A €out(q,F4), A[1] makes L true.

(T) is valid because A has a 6—strategy F4 such that for all A € out(q,Fa), A[1] makes T true.

(B) is valid because if there is a b-strategy F4 such that for all A €out(q,Fa), A[1] makes ¢ true,
then the same Fjy is also a d-strategy which has the same property.

(S) is valid because if there exists a strategy F4, to enforce ¢ and a strategy Fy, to enforce v,
then there exists a joint strategy F4,u4, (With the same moves for A and Ay as F4, and Fja,,
respectively) to enforce both ¢ and .

(Sy) is valid because if there exists a b-strategy F4 to enforce ¢, and, for all strategies of N, v is
inevitable, then ¢ Ay can be enforced in by Fjy.

(Sn+) is valid because if there exists a b-strategy Fy to enforce ¢, and, for all strategies of N which
cost at most b, ¥ is inevitable, then ¢ Ay can be enforced in by Fy.

(Sy—) is valid because if, for all strategies of N, ¢ and v are inevitable, then so is ¢ A .

(FPp) is valid by Lemma 1(1) and (FP;;) by Lemma 1(2).

Then, we prove that the inference rules preserve validity (the proof for (MP) is standard, hence it is
omitted):

(((A”)) O-Monotonicity), ({(A?))C-Monotonicity), and (((A?))/-Monotonicity) clearly preserve
validity, since if ||¢]|| C ||¥|| and an outcome in ||¢|| can be enforced, then an outcome in || ||
can also be enforced by the same strategy.

(((N?))O-Necessitation) is valid since if ¢ is logically true, then it is inevitable in perpetuity.

({(A?))O-Induction) and ({(A?)){-Induction) preserve validity by Lemma 1.

3.3 Completeness of RB-ATL

The proof of completeness is based on [13]. We construct a satisfying model for a formula ¢ which
is consistent with the axiomatic system for RB-ATL.
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In the proof, we assume when convenient that all formulas are in negation normal form of RB-ATL.
The syntax of negation normal form RB-ATL is as follows:

gu=pl-pleVvi oAy | (AP) Ol —((A%) Ov|
(AP)Og | ~((AP))Op |
(AP Uy | =~ (AP Uy

where A is a non-empty coalition and b € B. Given a normal form formula ¢ of RB-ATL, we denote by
~ ¢ the normal form negation of ¢. Given an RB-CGS § and a state g, the semantics of normal form
RB-ATL is the same as RB-ATL, except for formulas —((A?)) O ¢, =((A?))0¢ and —((AP))pUy
which are defined as follows:

* S, qE=—((A")) Ogiff for every b-strategy Fy, there exists A € out(q, F) such that S, A[1] =~¢
iff Voa € Da(q): cost(q,04) <b— 3¢’ cout(q,0):S,q =~¢.

* S, qE=—((AP)) O iff for every b-strategy Fj, there exists A € out(q,Fa) and i>1 such that
S, MilE=~e,

* S,ql=—((A"))pU iff for every b-strategy Fa, there exists A € out(q,Fa) such that if there
exists i > 1 with S, A[i] = then there is j€{1,...,i— 1} where S, A[j] =~¢.

The model is constructed in a way very similar to the construction in [13]. It is assembled from
finite trees where nodes are labelled by sets of formulas. First, we define the set of formulas used in
the labelling.

DEFINITION 6
The closure cl(¢q) is the smallest set of formulas satisfying the following closure conditions:

* all sub-formulas of ¢q including ¢y itself are in cl(¢g);
o if ((AP)Og is in cl(gp), then so are ((A9)) O ((A?))Og for all (d,d’) e split(b) and also

(AY<P) O (AP Oy ,
o if ((APY) U is in cl(gp), then so are ((A9)) O (A9 )oU for all (d,d’) € split(b) and also

(AYP) O (AP oLty

e if ¢ is in cl(¢g), then so is ~¢; and

e cl(¢p) is also closed under finite positive Boolean operators (V and A) up to tautology
equivalence.

Note that cl(¢g) is finite. Let I be the set of maximal consistent subsets of c/(¢g). We define trees
(T,V,C)over I in a similar way as [13] where

o T C(N™)* is the set of nodes;

e V:T — T is a labelling function that assigns to each node a consistent set; and

e C:TxN xN— N is a (partial) cost function that assigns a cost to each action available at a
node.

Intuitively, nodes in a tree are identified with finite words corresponding to the sequence of joint
actions by the grand coalition which leads to that node. The root is the empty word € and each node
t corresponds to a finite computation the last state of which is ¢. An interior node of the tree is a node
but not a leaf. A formula is in V(¢) intuitively means that the formula is true in ¢. Finally, the cost of
an action j of an agent i at a node ¢ is given by C(¢,1,j). As in [13], the construction proceeds in three
stages. The first stage is producing locally consistent trees, namely trees where the labelling satisfies
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conditions on successor nodes which makes it possible to prove a truth lemma for the next step
modalities. The second stage is proving the existence of trees which realize eventualities (essentially,
make the labelling consistent with the truth conditions for the O and ¢/ modalities). Finally, the finite
trees realizing eventualities are combined into one infinite tree model.

DEFINITION 7
Atree (T,V,C) is locally consistent iff for any interior node t € T':

(1) If ((AY) Og in V(¢), then there is a move o4 such that cost(t,04) <b and for any ¢’ € out(t,04)
we have ¢ € V(¢'); and

(2) If =((AD)) Qg in V(t), then for any move o4 with cost(t,o4) <b, there exists ¢’ € out(t,04)
where =@ € V(1').

Two following lemmas are used as a crucial step in the local consistency proof.

LEMMA 2 ) )
Let ®={<<Alf1>>©<p1,--.,((AZk»Owkﬁ((N“))Om,.--ﬁ<<N°°>)Oxmﬁ«Ab))Ot/f} be a con-

sistent set of formulas in which:

e all A; are both non-empty and pair-wise disjoint
* UiAicA
e ¥;bi<b

Then, ¥ ={@1,....,0k, ~X1,-.-»~ Xm,~ ¥} is also consistent.

PrROOF. When k=0 (or m=0), we can always add the axiom ((Aﬁ)) OT (or —((N®)) O4dL)into ®.
Hence, it is sufficient to prove this lemma with k >0 and m > 0.

Let A'=J;Ai, b'=3;bi and o= /\;; and x = /\; ~ x;.
Assume to the contrary that W is inconsistent, we have:

(HF /\ N Ogi— (AP) O

by (S), (B),A'CAand b’ <b
@F A~(WV*) O 1= ~(N*NO-x

by (Sny—)
B (AP O A= (NN O—x = (A O(p A X)
by (SN)
(4)%/\ Ow\/\ NOx— (A" Olp A x)

by (1), (2) and 3)

OForx—>y¢
as W is inconsistent
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O)F{(A") Olp A x)— (AP)Y O
by (5) and ({ Ab O—monotonicity

(7)%/\ O%A/\ N Ox = (A" O
by (4) and (6)
Therefore, ® U{((A?)) O} is consistent, which is a contradiction |

Similarly, we have the following lemma:

LEMMA 3 )
Let ®={(A?) O@1..... (A7) O, ~ (N O x1v-.. ~((N¥)) O xm} be a consistent set of
formulas in Wthh

* The A;’s are both non-empty and pair-wise disjoint
* X;b;<d;forall j

Then, W ={¢1,...,0k, ~X1,-.-,~ Xm} 1 also consistent.

PrOOF. When k=0 (or m=0), we can always add the axiom ((N(_))) OT (or —((N®)) OdL)into ®.
Hence, it is sufficient to prove this lemma with k>0 and m > 0.

Let A={J;Ai, b=}_;bi and = \;¢; and x = /\;~ X;.
Assume to the contrary that W is inconsistent, we have:

(D A\ UAY) Opi— (A7) O

by (S)
Q)F (N O xj— ~ (N O x;
by B and b <d;

B)F \=UN"N O xj— ~(N") O—x

by (Sy-)

BF (A" Qe A=(IN") O=x = ((AP) Ole A x)
bY(SN+)

(5)%/\ OW/\ M Oxj— (APH O 9 A x)

by (1), (2), 3) and “4)
O)FpAx— L
as W is inconsistent
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(HF{AP) Olp A x)— (AP O L
by (6) and (Ab »(O-monotonicity
(8)!—/\ ow/\ (N") Oxj— (A" O L

by (5) and (7)

Therefore, ®U{((A?)) O L} is consistent, which is a contradiction |

LEMMA 4

Let @ be a finite consistent set of formulas. Let @ be the subset of ® which contains all formulas
of the form ((A)) Oy or their negations. Let k€N be such that |®| <k, then there is a locally
consistent tree (7, V, C) of height one where T={e}U{1,...,k}" and V(€)=

PrROOF. Denote T'={1,...,k}"*; hence T = {¢}UT’ where we denote by U the disjoint union operator.
Furthermore, we assume that

D=0 Ud Uy
where
b

oL ={(A]") O1,-, (A Ogm),

S5 ={=(B{"NOV1....~(BIN OV}  s.L.Vi:Bj#N
and

o={=(NVNOx1.---. ~{N") O xn}

First, let f €N be the maximal number which occurs in eyq,...,e,; we define f+1={f+1}". It is

straightforward thatforalle € {ey, ..., e}, if e £SO then f + 1 £ e. We define a function deinf: B — B
which removes infinity from a bound as follows: deinf(b)=b' where forall i=1,...,r

b — b; if b; o0
" |f+1 otherwise

It is also straightforward that for all ec {ey,...,e,} and be{by,...,by}, if e£c0 and b¢N" (ie. b
contains some o0) then deinf(b) £e.

Let us construct a tree with a root labelled by ® and k" children denoted by r=(ay,...,a,) €
{1,...,k}". Intuitively, we allow each agent to perform k different actions where the special action k
always costs 0. For convenience, we denote the action of agent i in 7 by #; =a; and the joint move by
a coalition A in ¢ by t4 = (#;)ica. In the following, we define the labelling function V (¢) for each leaf
t and the cost function C(e,i,a) for each agent i € N and action ae{1,...,k}:

(a) Foreach ((All:” NOwpe CDES where A, #0, p is added to V(¢) for all # such that Vi€ Ay : t; =p.
Let minyg, be the smallest number in A, we assign the cost of action p performed by ming,
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to be deinf(bp), i.e. C(e,miny,,p)=deinf(b,). For other agents i in A)\ {ming,}, we assign
C(e,i,p)= 0. For other unassigned-cost actions, their costs are assigned as follows:

. 0 ifp<morp=k
C(e,i,p)=3—— .
f+1 ifm<p<k

We define C(t,A)= ZieA C(e,i,t;) as the cost of the joint action by the coalition A and C(¢) =
C(t,N) as the cost of the joint action by the grand coalition.

(b) For each ={({N*)) O xp € CD;,O, ~ Xp is added to V(¢) whenever C(?) <ep.
(c) Finally, we will add at most one formula from <I>6 to V(¢). Let

O (0={=(BY OV €D |Ct.B) <d)

— (=B ) O Wiy oo ~ BN O, )

i,

where 1<ij<iz<...<i,<Il. Let I={/|tye{m+1,....om+1}} and j=);;;ti—m—1)
d;.
mod/;+ 1. Consider —|((Bl-j" N Oz if N\Bj; S1, then ~;; is added into V(7).

We now prove that the constructed tree (7', V,C) is locally consistent. First, we show that all
labels are consistent. It is obvious that V(€)= ® is consistent. For each child € T”, since at most

one formula ~ 1, such that —-((B;,i” NOVYpe <I>6 is added into V(¢), we consider the following two
cases:

CaseVpe(l,....[}:~yp ¢ V() :
Let us assume that

vV(iy={ei.....9i,, U
(> Xjrs oo™ X,

where 1 <71 <...<iy, <mand 1 <jj <...<jj, <m. Then, we have:

(@=>Vpelil,....in,},VieAy:ti=p
=Vp,p'elit,....im} :p#DP > ApNAy =0

and if Vp e (i1, ...,im,} :bp €N', then

(@)=>Vpelil,...,im,} :deinf (bp) =bp =C(t,Ap)
= Y b= Y  CtA)CO

=Vieli.....jn) Y, bp=ejby(b)
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otherwise, if Ip e iy, ..., in, }:bp ¢ N, then

() =>Vpelil,....im, ) :deinf(bp) = C(1,Ap)
=>Vjel{l,...,h}:ej#c0—
Z deinf (bp)= Z C(t,Ap) £ e

pelit,..., img } Pelits-., Iz }
as deinf (bp) £ ¢;
=>Vje{ji,....jn ) :ej=00 as C(t,Ap) < C(t) <e; by (b)

=Vjie{i,....jn}: Z by <ej

Therefore, by Lemma 3, V(¢) is consistent.
Casedlge{l,....[}:~yyeV(®) :
Let us assume that

V) ={gi\..... ¢, }U
{~g} U
I X ™ X )

where 1 <i;1 <...<iy, <mand 1 <j; <...<jj, <m. Recall that:

dl,

O(Z‘)_{_| qula"w qlt O’l»l/l]
hence, g€ {qi,...,q;,}, and also

I={i'|ty e{m+1,...,m+1}}

hence, Vi€ {iy,...,im,}: INA; =0 since t; =i <m for all i € A;.
Similar to the previous case, we have:

(@ =Vpelil,....im},Vi€Ay:ti=p
=Vp,p €lity....im}:p#p —ApNAy =1

Then, we have:

(c)=N\B,;CI

=>I1#0 asB;#N

=CH=C@t,DH>f+1 by(a)
=Vje(l,...,h}iej#£0—C(t)£e; asf+1ze;
=Vjeli,....jn}:¢j=0 by (b)
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and

(c)=N\By<I
=By 2N\I
=Vielil,....,in}:Bg2A; asINA;=0
=B, 2A;,U...UA;,
= C(1,By) = C(t,A;}U...UA;, )
= C(t,By) = C(1,A;))+...+C(t,A;,)

=d,> Z b;

ie{il v"'vil}l’}

Therefore, by Lemma 2, V(¢) is consistent.

Let us now prove that (7, V, C) satisfies the two local consistency conditions of Definition 7.

1)

2)

Assume that ((Aﬁ” 1 O@p € V(e). Consider the joint action o for A, such that o; =p for all
i€Ap. We have:

Out(E,O'):{tGT/ |Vi€Ap:tl'=p}

and
b b
(AN OppeVie)= (A" ) Oppe q%
=VieT :(VieA,:ti=p)—>¢,eV(t) by (a)
=Vtecout(e,0):pp e V(1)
If =({N°))O xp € V(e), let us consider the joint action ¢ such that C(t) <ep. Obviously,
out(e,t)={t}. Hence, by (b), ~ x, € V(1).

If —|((ng ) O¥p € V(e) where B, #N, let o be an arbitrary joint move for the coalition B,
such that cost(e,0) <dp. We will determine an outcome ¢ € out(e, o), such that ~, € V(2).
As teout(e,0), t;=o; for all i € Bp; it remains to determine ¢; for i ¢ By,.

Let ¢ € T such that

/ (o} ifieB,
" Im+1 otherwise

and
— A 4
®O(a)_<l>o(t)
d,

= (~UBI" ) O Wiy =((BL" N O, )
Io={ieBploic{m+1,....m+I1}}

o= (oi—m—1)

iel,

Since C(t/,Bp)Sdp, —-((B;,i”)) Ovpe CD(_)(O‘). Let p=ij, for some j, €{1,...,15}.
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Let ¢ be an arbitrary agent in N \ B,, # . We define:

m+(Ge—jo—1) modly+1 ifi=¢

=

m—+1 ifieN\Bp\{t}
Let us prove that ~1, € V(1).
We have:
VieB),:ti=0;=t;= C(€,i,t;) =C(€,i,1;)
and

VieN\By:tic{m+1,....m+I1} = C(e,i,t;))=f+1 by (a)
= C(e,i,1;)=C(€,i,1))

Therefore, <D6(t) = (D(_D(t/) = @6(6); hence, /; =1, . Then,

I={i|t;ie{m+1,...,m+I1}}

=1,U(N\Bp)
j:Z(t,-—m—l) mod/;+1
iel
=) (ti—-m—1)+
iely
(f,—m—1)+
> (ti—m—1)) modl+1
ieN\Bp\ {1}

=(o+(Gs—jo—1) modl;) modl+1
=(x—1) modl+1
=j>k
Recall that i;, =p. Then, we have:
N\B, CSN\ByUl; =1
Therefore, according to (c), ~v¥, € V(1).

The next stage of the proof is to consider what conditions on tree labelling we need to be able
to prove the truth lemma for other temporal modalities. The definition of what it means to ‘realize’
formulas of the form ((A?))pUv, =((A2))Oe, (A2))Og, —((AP))eU is similar to the one in [13]
(essentially the truth conditions for the formulas with ‘satisfied’ replaced by ‘in the labelling of”).

The following lemma and its proof are similar to the correspondings in [13], but for formulas of
RB-ATL.
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LEMMA 5
For any subset Y C T, there is a formula xy € cl(¢p), called the characteristic formula of Y, such that
forevery yel', xyeyiff yeY.

PrOOF. For any maximally consistent subset y of cl(¢g), we define:
xn=/N\e ad xr=\/xy
pEy yeY
First, since cl(gp) is closed under finite positive boolean operators, x(y} €.
(=): Assume that xy €y. Then, we have:
Xy €y=Fxp— xy  aPLtautology
= XY€Yy as x{y} €y and y is maximal
(=): Assume that y¢ Y. Then, for any y’ € Y, we have:
360 ecl(pp):0 €y and ~0 ey
= X{y"}/A ~0 is inconsistent
= Xy} Y
Therefore, xy ¢ y.
|
In what follows, W is the set of formulas of the form ((APY) O or —((AbY) O from cl(ggp).

LEMMA 6
Given ((Ab))<pl/{tﬁ and x €T, there is finite tree (T, V, C) over I such that:

* every interior node of (7', V, C) has k" children where k=|W|+1,
e (T,V,C) is locally consistent,
e V(e)=x, and
o if ((AP))pUy ex then (T, V, C) realizes ((A?))pU from e
PROOF. The proofis similar to the corresponding proof in [ 13], but also uses induction on the bound b.
Let ZCT such that, for any x € Z, there is a finite tree obeying all conditions of Lemma 6. We
shall prove the lemma by showing that Z=T . In the following, assume that xeI".

o If ((Ab))(pulﬁ ¢ x, let us construct a simple tree (7,V,C) where T={¢} and V(e)=x. Since
(T,V,C) satisfies all conditions of Lemma 6, x € Z.

o If ((AP)) Uy € x, we first show that n = (¥ V(@ A(((AP) Ol v ((A00) O x2)) — xz is
a theorem. Then, we have that:

(D v (@ AGAL) Oplty v (AYP) O ) — xz
O (APYoUy — xz by ((AP))U-Induction)
Therefore,

((Ab))goblw ExX= xz€x asxis maximal
=x€Z byLemmas5
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However, it remains to prove that 7 is a theorem. This is done by showing that n belongs to any
maximal consistent set g of RB-ATL in three cases:

o If ((Ab))(plh// ¢ g, let us construct a simple tree (7', V,C) where T ={€} and V(e)=qgNcl(gg).
Since (T, V, C) satisfies all conditions of the lemma, gNcl(¢g) € Z. Then, we have:

qgNcl(pg)eZ = xzeqNcl(pg) by Lemma 5
=Xz€q
=ne€gq asqis maximal

o If Y V(A A Ol v (((A0<Dy) O xz))¢q, then it is straightforward that 7 € g since ¢
1s maximal.

o If (AP)pUp g and YV (9 A(AP) O gl v ((AY2)) O x2))) € . we prove that 7€ ¢ by
induction on b. B -
Base case: Assume that b=0<=b. As YV(pA ((AO‘_b»OXz)eq, we have either ¢ €g or

oA ((A(—)‘oib " O xz €4q. Let us consider the following two sub-cases:

— if ¥ €4, let us construct a simple tree (7,V,C) where T={e} and V(e)=qNcl(pg)> Y.
Then, (T, V, C) satisfies all conditions of Lemma 5; hence, gNcl(¢g) € Z; therefore, similar
to the above argument of the case ((A”))pU ¥ (;é q,ne’Z.

— if o A (AP O xz € g, then both ¢ and ((AY52)) O xz € ¢. Let ® = gNcl(gg). Obviously,
& SV, therefore, |® | <k. Then, by Lemma 4, there exists a locally consistent tree
(To, Vo, Cp) of height one where Ty={e}U{l,...,k}" and V(e)=gNcl(go).

For each ce{l,...,k}", let &, be an arbitrary set from I' such that ®.2Vy(c). Let
(T1,V1,Cy) be a finite tree such that 71 =Ty, C; =Cop, Vi(€)=Vy(€) and Vi(c)= P, for
all ce{l1,...,k}". Since (Ty, V., Cp) is locally consistent, so is (71, Vi, Cy).

For every child ce{1,...,k}" such that xz € V{(c), we have:

xzeVi(c)=Vi(c)eZ by Lemma 5
=3 a local consistent tree (7, V., Cc)

which satisfies all conditions of Lemma 6

Let us consider a finite tree (7', V, C) where

T={e}U{ce(l,....k}" | xz ¢ V1(c)}
[ctlce{l,... .k} teT,, xz €Vi(c)}

forallteT:
Vi(e) ift=¢
Vi(c) if t=c where
V()= cell,....k}", xz ¢ Vi(c)

Ve(ct) if t=ct’ where
cef(l,....k}", ' eT., xz€Vi(c)
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forallteT,ieNandje{l,...,k}:

Ci(e,i,)) ift=¢
C(t,i,j)=14 Ce(ct',i,j) if t=ct’ where
ce{l,....k}",t' €T,, xz € Vi(c)

It is straightforward that (7', V, C) is also locally consistent and all of its interior nodes have
k" children.

Let us show that (T, V, C) realizes ((Aoeb))gobh// ate.Letce{l,...,k}" such that C(c,A) <
0 <—b i.e. c4 is a joint move which costs at most 0 <03b we have

(A" OxzeVite)=V(e)
=V e{l,...k}":dy=ca— xz€V(c)
=V e{l,...k}":cy=ca— V() =Vu(e)eZ

SV el k)" iy =ca— (AP oty
is realized at the root of (7., V., C¢)

=V ell,... .k} :cy=ca—30 <°ib-strategyFA,c/
realizes ((A0<)) Uy at the root of (T, Ve, Cor)

Let us consider a 0 < b-strategy F4 where

FAG)= if A=¢
AA)= .
FAC(ct) if /' e{l,....k}" teT., xz€Vi(c)

It is straightforward that F4 realizes ((A()‘Oib NoUyr from the root € of (T',V, C). Hence, as
T(e)=qNcl(gpg), we have:

gNcl(pg)eZ = xzeqNcl(gg) by Lemma 5
=Xz€q
=ne€q asqis maximal

Induction step: Assume that b> 0 < b. Similar to the base case, as ¥ V (o A (((APY) O Uy v
(((Aoeb N O xz))) €q, let us consider the following three sub-cases:

- if Y eq, the proof is the repetition of that for the base case.

— if ¢ and ((AO‘_I’ " O xz € g, the proof is the repetition of that for the base case.

- ifpand ((Abl noO ((Ab2>)¢u1/f € g for some (b1, by) € split(b),let ® =gNcl(gp). Obviously,
S C VY, therefore, b < k. By Lemma 4, there exists a locally consistent tree
(Ty, Vo, Cp) of height one where Ty = {e}U{1,...,k}"" and V(€)= .

For each ce{l,...,k}", let &, be an arbitrary set from I' such that ®.2Vy(c). Let
(T1,V1,Cy) be a finite tree such that 71 =Ty, C; =Cp, Vi(e)=Vp(€) and Vi(c)= D, for
all ce{l,...,k}". Since (Ty, Vy, Cp) is locally consistent, so is (T, V,Cy)
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For each ce€{1,...,k}" such that ((Ab2)>(pl/{1ﬁ eV(c), as by <b, we have:

((Abz))gol/ll/f € V(c)= 3 alocally consistent tree (7, Ve, C¢)
which realizes ((Ab 2NolUy
by induction hypothesis

Let us consider a finite tree (T, V, C) where

T={e}U{ce(l,....k}" | ((AP)) Uy ¢ Vi(c))
{Ct|C€{1,...,k}n,t€TC,((Ab2>)(pU1//€V1(C)}

forallteT:

Vi(e) ift=¢
Vi(c) if t=c where
ce{l,....k}", ((AP2)pUy ¢ Vi (c)
Ve(ct) if t=ct’ where
cefl,... . k", eT,,
(AP2))pUr € Vi (o)

V(t)=

forallteT,ieN andje{l,... k}:

Ci(e,i,j) ift=e¢

Cc(ct',i,j) if t=ct’ where
cefl,....k}\"F eT,,
((AP) Uy € Vi (c)

C(t,i,j)=

It is straightforward that (7', V, C) is also locally consistent and all of its interior nodes have
k" children.
Letus show that (7', V, C) realizes ((Ab))(pUI// ate.Letce{l,...,k}" such that C(c,A) <by,
i.e., c4 is a joint move which costs at most b1,we have:
(AP ) O (A2 ) ol € Vi(e)=V(e)
=SV el k)" iy =ca— (AP) pUy e V()
=V el{l,... k)" :ch=ca—> V()=Vu(e)eZ
=SV e(l, . k) =ca— (AP oUy
is realized at the root of (T, V., C.)
=V e(l,... k)", Ell_)z-strategyFA’C/
realizes ((A?2))oUyr at the root of (T, V,, Cpr)

Let us consider a b-strategy F4 where

cA ifA=¢

Fa(l)=
) {FA’C/(C/Z) ifce{l,....k})",teTy, xz€Vi()
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It is straightforward that F4 realizes (AP YWeUyr from the root € of (T,V,C). Hence, as
T(e)=qNcl(gpy), we have:

qNcl(po)€Z = xz€qNcl(pg) by Lemma 5
=Xz€q
=¢eqg asqis maximal

Similarly, we have the following result:

LEMMA 7
Given —((A? WO and x € T, there is finite tree (7, V, C) over I" such that:

* every interior node of (7', V, C) has k" children where k= |W~|+1
e (T,V,C) is locally consistent

e V(e)=x

o if =({(A?))Og ex then (T, V, C) realizes —~({A?))0¢ from e

PROOF. The proof is similar to that of the previous lemma. Let Z C T such that, for any x € Z, there
is a finite tree obeying all conditions of Lemma 7. We shall prove the lemma by showing that Z=T".
In the following, assume that x e I".

o If ﬁ((Ab))DqJ ¢ x, construct a simple tree (7, V, C) where T ={¢} and V(¢)=x. Since (T, V,C)
satisfies all conditions of Lemma 7, x€ Z. .

o If =((AP))Og e x, we first show that = (=@ Vv (=({A?)) OOp A—=((A°P)) O —x2)) = xz is
a theorem. Then, we have:

(D) (= v (=((AP) OTlp A =AY O =x2) = xz
QF=(A’YOp— xz by ({A?))D-Induction)

Therefore,

—-((Ab))Dgo EX= Xz €x asx is maximal
=x€Z byLemma5

However, it remains to prove that 7 is a theorem. Again, this is done by showing that n belongs to
any maximal consistent set ¢ of RB-ATL in three cases:

o If —-((Ab))Dgo ¢ q, let us construct a simple tree (T, V,C) where T ={e} and V(e)=gNcl(pg).
Since (T, V, C) satisfies all conditions of the lemma, gNcl(¢g) € Z. Then, we have:

gNcl(pg)eZ = xzeqNcl(pg) by Lemma 5
= Xz€q
=neq asqis maximal

o If =V (—((AP)) OO A= ((A958)y O = x2) ¢ ¢, then it is straightforward that 5 € ¢ since g is
maximal.
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« If ~{{AP)Tp and v (~((AP) O0p A=((A%") O=xz)eq. we prove that neq by
induction on b. ) -
Base case: Assume that h=0<-b. As —p V=A%) O =xz €q, we have either =g € g or

—-((AG‘Oib "N O —xz €q. Let us consider the following two sub-cases:

— if =p € g, let us construct a simple tree (7, V,C) where T ={e} and V(e)=gNcl(pg) > —¢.
Then, (T, V, C) satisfies all conditions of Lemma 5; hence, gNcl(¢g) € Z; therefore, similar
to the above argument of the case —((AbYOp ¢q, nez.

- if —-((Aozb)) O—xz,let ®=gNcl(pp). Obviously, ®~ C W ; therefore, | O | <k. Then,
by Lemma 4, there exists a locally consistent tree (7, Vo, Co) of height one where T)=
{€}U(1,....,k}" and V() =gNcl(gp).

For each ce{l,...,k}", let ®, be an arbitrary set from I' such that ®.2Vy(c). Let
(Ty,V1,Cy) be a finite tree such that 71 =Ty, C; =Cop, Vi(€)=Vy(€) and Vi(c)= P, for

all cef{l,...,k}". Since (Ty, Vp, CO) is locally consistent, so is (77, V1, Cy). Then, for every
cell,. k}” such that C(c,A)<0 <03b i.e., c4 is a joint move which costs at most 0 <—b
we have.

Cle,A)<0Sb=3c{1,....k}": )y =can
——xz=xz€Vi(c)
=Vi(hez by Lemma 5
=3 alocally consistent tree (7, V., C)

which satisfies all conditions of Lemma 7

Let us consider a finite tree (7', V, C) where

T={e}U{ce(l,....k}" | xz ¢ V1(c)}
{ct|ce{l,....k}"  teT., xz €Vi(c)}

forallreT:
Vi(e) ift=¢
Vi(e) if r=c where
V()= cefl,....k}", xz ¢ Vi(c)

Ve(et')  if t=ct’ where
cell,...ky".t eT., xz€Vi(c)

forallteT,ieNandje{l,... . k}:
Ci(e,i,)) ift=¢

C(t,i,j)=14 Ce(ct',i,j) if t=ct’ where
ce{l,....k}",t' €T., xz € Vi(c)

It is straightforward that (7', V, C) is also locally consistent and all of its interior nodes have
k" children.
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Let us show that (7', V, C) realizes ((A()(Dib_))Dq) ate.Letce{l,...,k}" such that C(c,A) <
0 b, i.e. a joint move that costs at most 0 bad b, we have:

—(A"P) O—xz € Vi(€)=V(e)
=3 e{l,...k}" :dy=ca— xz € V()
=V()=Va(e)eZ
=—((a’P)0g
is realized at the root of (T, V., Cyr)
= (") 0
is realized at the root of (T',V,C)

Hence, as T(e)=gNcl(¢g), we have:

qgNcl(pg)eZ = xzeqNcl(pg) by Lemma 5
=>Xz€q
=neq asqis maximal

Induction step: Assume that b>0<"b. Similar to the base case, as wp\/(—-((Ab))OD(p/\
—((A0<hyy O=—xz) €q, let us consider the following two sub-cases:

— if =@ € g, the proof is the repetition of that for the base case.

— it ~(AP) OO A—(A0TP) O-xzeq, then —((AP0) O—xzeq and —((A4P)O
((Ab2 Wg e g forall (by,by) € split(b). Let & =gNcl(¢g). Obviously, & C Yy therefore,
& <k. By Lemma 4, there exists a local consistent tree (7, Vo, Co) of height one where
To={e}U{1,...,k}"" and Vj(e)= .

For each ce{l,...,k}", let &, be an arbitrary set from I" such that ®.2Vy(c). Let
(T1,V1,Cy) be a finite tree such that 71 =Ty, C; =Cp, Vi(e)=Vp(€) and Vi(c)= D, for
all ce{l,...,k}". Since (T, Vy, Cp) is locally consistent, so is (T, V1, Cy). Then, for every
cefl,...,k}" such that C(c,A) < 13, i.e., c4 is a joint move which costs at most 1;, we have:

if C(c,A)<0 < b

C(c,A)<b=13c{1, kY iy =can——xz=xz€Vi()
=Vi(eZ by Lemma 5
=3 a locally consistent tree (77, V., C.)

which satisfies all conditions of Lemma 7
if0<h< C(c,A) <b for some (b1,br) € split(b):

C(c,A)<b=13c{1,....k}" :ch =cA Aﬂ((Abz))Dw eVi(c)
=Vi()eZ induction hypothesis
=3 a locally consistent tree (77, V.7, C.)

which satisfies all conditions of Lemma 7
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Let us consider a finite tree (7', V, C) where

T={e}U{ce{l,....k}" | xz ¢ Vi(c)}U
{ctlce{l,....k})" ,teT., xz€Vi(c) or
3(b1,by) € split(h): —~((AP2))Dp e Vi ()}

forallreT:

Vi(e) ift=¢

Vi(c) if t =c where
cell,... .k, xz ¢ Vi(c)

Ve(ct') if t=ct where
cef{l,....ky",{ €T., xz €Vi(c) or
(b1, by) € split(b): —-((AbZ))D(p eVi(c)

V(t)=

andforallteT,ieN andje(l,...,k}:

Ci(e,i,)) ift=¢
Cltif)= Co(ct',i,j) if t=ct’ where /
ce{l,... kY, /' eT.,xz€Vi(c) or
(b1, ba) € split(b): —((AP2)) O € Vi ()
It is straightforward that (7', V, C) is also locally consistent and all of its interior nodes have
k" children. )
Let us show that (7, V, C) realizes ((Ab>)|]<p ate. Let ce{l,...,k}" such that C(c,A)<b,
i.e. a joint move which costs at most b, we have:

if C(c,A)<0<b:

—((AYP) O~z € Vi) =V(e)
=3 ef{l,...k}" iy =ca—> xz € V()
=V()=Va(e)eZ

= —-((AOFb))D(p is realized at the root of (7., V., C¢)

= —((A0<°F))Og is realized at the root of (T, V,C)
if 0 < b < C(c,A) <by for some (by,by) € split(b):

—((AP) O ((AP)Dp e Vi(e)=V(e)
=3 e{l,....k}":cy=ca— —((AP2)Tp e V()
=V(=V.(e)eZ

— —((A9))Og is realized at the root of (T, Vs, Cor)

= —-((A(_)‘Oﬁb))Dgo is realized at the root of (T, V,C)
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Hence, as T(e)=qgNcl(¢g), we have:

gNcl(pg)eZ = xzeqNcl(pg) by Lemma 5
= Xz€q
=neq asqis maximal
|

Now we have almost all the ingredients for constructing the model for ¢(. For each consistent set
xin I and an eventuality ¢ of cl(¢g), we have a finite tree (Ty, ¢y, Vy ¢, Cx,p) With the root having
label x which realizes ¢. Let the eventualities in cl(¢g) be listed as ¢f, ..., ;. Next, we define the
final tree.

DEFINITION 8
The final tree (T, Vi, Cy,) is constructed inductively as follows.

« Initially, select an arbitrary x € I" such that ¢y € x. As that formula is consistent, such a set exists.
Let (T p¢, Vi, ¢ Cx,¢) be the initial tree.

* Given the tree constructed so far and the last used eventuality ¢;. We replace every leaf
labelled by y € I' of the currently constructed tree with the tree (T V.t Vy, ¢ ,wj-”) where j=i
modm—+1.

Let Sy, be the model which is based on (T, Vg, Cy,). (It is easy to define the assignment
using V.)
LEMMA 8

If ((Ab)) Uy (or —({A)) D) is in the label of some  of (T, Vg C ) ((AP)) U (0r ~((AP))Tgp)
is realized from t.

PROOF. Letus consider the first case when ¢} = (Ab NoUyr € V(t) where tis anode of (T, Vg, Cyp)-
The proof for the case of ¢f = —((AP N e is also done similarly.

« If t happens to be the root of the sub-tree (Tt V,,(p’,e,C,,(pie), then the proof is done as ¢ is
realized within this sub-tree at ¢, hence also in the final tree.

e Otherwise, we define mductlvely onb ab- strategy as follows:
Base case: Assume that b =0 < b, since ((AO“b Noly € V(t),as V(t)is amaximally consistent
set, we have that ¥ v (¢ A (40520 O (ADP) ot ) € V(1):

— If ¢ € V(1), the proof is done as ((AOFb ))(pL{ ¥ is immediately realized at ¢.

— Otherwise, we have g A ((AO‘_b NO AO‘_b))(pUI/f € V(t). Then ¢ € V(¢) and by Lemma 4,
there exists ¢ €{1,...,k}" such that C(tc,A) < 0< b and forall ce {1,...,k}" with cA =c4,
we have ((AO‘Oib))(pth e V(tc'). Let Fa(t)=ca. Then, we can continue with the same
argument to define the strategy F4 until a node ¢’ labelled by y in (T, Vg, Cy,) is reached
where ¢’ is the root of some sub-tree (Ty,(p’_e, V>’~</’f , Cy"/’f)' Such a node must exist because,
according to the construction of the (T, , Vi, , Cy, ), eventual formulas in cl(¢g) are cycled
through. As (T; V08 vy, ¢ CV (p{f) realizes <p?’, we can extend F'4 to a b-strategy to realize (p‘.".

Induction Step: Assume that b>0 <—b since ((AP Nl w eV(t), and V(¢) is a maximally
consistent set, we have that ¥ v (¢ A ((AP)) O ol v ((A9<0)) O ((APY ol ) € V (1),

— If ¢ € V(1), the proof is done as ((Ab))<pu Y is immediately realized at 7.
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— If ¢ and ({(AP)) O ((AP2))pUr € V(1) for some (by,by)=b (hence, by <b), we have that
¢ € V(t) and by Lemma 4 and there exists c€{1,...,k}" such that C(tc,A) <b; and for all
¢’ e{l,....k}" with ¢/, =ca, we have (AP2YY ol € V(tc!). Let Fo(f)=ca. As by <b, by the
induction hypothesis, there is a strategy F'4 . which realizes ((AbZ))goU Y from tc. Hence,
we just need to define Fa(tcA)=Fa c(cA). This simply gives us a b-strategy which realizes
(APY Uy from 1. N

— Otherwise, we have ¢ and ((A0<Dy) O ((Ab))mw € V(1). Let us repeat the argument in the
base case where ¢ € V(¢) and by Lemma 4 and we have that there exists c€{1,...,k}" such
that C(rc,A)<0 2 b and for all ce {1,...,k}"" with cg =c4, we have ((Ab»(puw e V(tc).
Let F4(t)=c4. Then, we can continue with the same argument to define the strategy F4
until anode ¢’ labelled by y in (T, Vi, Cy, ) is reached where ¢’ is the root of some sub-tree
(Tyy(pf, VY»(Pf’ Cys<ﬂf)' Such a node must exist because, according to the construction of the
(Tyy» Viy» Cyy ), eventualities in cl(¢gp) are cycled through. As (T}lwf’ Vy«ﬂf , C),’(p[g') realizes
@7, we can extend F4 to a b-strategy to realize ¢y

LEMMA 9
If ~({AP)) U (or ((AP))Og) is in the label of some 7 of (T4, Vigys Cop)s ~({AL)) U (o1 ({(AP)) Do)
is realised from ¢.

PROOF. Let us consider the case ((Ab NOg € V(¢). The proof for —|((Ab NoUY is similar.

In the following, let 7" ={1,...,k}". We shall define a b-strategy F4 which realizes (AP NUe by
induction on the length of inputs. Let A’ denote the set of inputs of length i. Initially, A!={r}. We
define F(A) for inputs of length i and A“+! of inputs of length i+ 1 inductively on i > 1 such that for
all xe A" cost(i, Fp) <by and ((AP2))Ogp € V(A[i+1]) for some (b, by) € split(b) U{(0 o, b)}.

Base case: Assume that i=1. We have

(AP)Op e V()= p eV A(AP) O (AP2) Dp e V(n)
for some (by, by) € split(b)U{(0 < b, b)}
=3ceT :C(tc,A) <b
=SV eT :dy=ca— ((AP))TpeV(ic)

Then, we define F4(t)=c4 and A%={t’| ¢’ €T’ :c/y =ca}. Obviously, we have cost(tc’,Fp)=
C(t¢',A)<b; and ((AP2))Og e V(1c') for all 1’ € A2,

Induction step: Assume that i>1 and we have defined F4 for inputs of length i and A*!
such that for all A € A1, cost(r, Fa) <by and ((AP2))0¢ € V(A[i+1]) for some (b1, by) € split(b)U
{(© <o£b, b)}. Let us define F4 for inputs of length i+ 1 and A2 We have, for all A € Ai+1

(AP2)Op e VALi+11) = o € VALi+ 1D A(AP) O (AP ) Tp e V()
for some (b3, ba) € split(b2) U{(0 < by, by)}
=3¢, €T’ :Clic,A)<bs
=V €T :dy=cip— (AP)Op e VL)
Then, we define Fo(A)=cy4 forall e A1 and A2 ={ic/ | L e AT ¢ eT” :cjy =ca}. Obviously,

we have, (b +b3,bs) € split(b)U{(0 < b,b)}, cost(rc',Fa)=cost(r,Fs)+C(rc',A)<bj+b3 and
((AP+)Ogp e V(1) for all A’ € A2,
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Let A= UizoAi’ we have

VAeEA=peVALDATi=0:1e A’
=peVQAliDA
A(by, ba) € split(b)U{(0 b, b)}cost(r,Fa) <by
= e V(A[i]) Acost(h,Fo)<b

Given the constructed strategy F4, we have that out(t,Fa)=A. As cost(A,Fa) <bforall A€ A,
F4 is a b-strategy. Furthermore, as ¢ € V(A[|A[]) for all A € A, it is straightforward that F4 realizes
((AP))Dg.

|

Finally, we show the following truth lemma.

LeEmMA 10
For every node ¢ of (T, Vy,, Cy,) and every formula ¢ € cl(pp), if ¢ € Viy,(¢) then Sy, 1 = ¢.

PrROOF. The proof is done by induction on the structure of ¢.

* For the cases of propositions, negative proposition and disjunction, the proofs are trivial.

¢ Assume <p=((Ab))Ow, Lemma 4 ensures that there is a move ¢4 for some ce{l,...,k}"
where C(c,A)<b such that for all ¢’ €{1,...,k}", we have ¥ € V(t¢’). Then by the induction
hypothesis, we have that Sy, ¢’ = . Then, Sy, = ((Ab)) Ov.

« Assume ¢ =—((A?)) Oy, Lemma4 ensures that forall ¢ € {1, ..., k}" such that C(c,A) < b, there
exists ¢’ € {1,...,k}" such that ¢/ =c4 and ~ € V(z¢’). Then by the induction hypothesis, we
have that Sy, 7¢’ =~ Then, Sy, = —((APYO .

* For the cases of ((AP))yr1Uyn, —=((AP)YOy, =((APY) Y Uy, and ((AP))Oyr, the proofs are
trivial due to Lemmas 8 and 9.

]
Finally, we have the following theorem.

THEOREM 1
The axiom system for RB-ATL is sound and complete.

4 Model-checking RB-ATL

In this section, we describe a model-checking algorithm for RB-ATL which runs in time polynomial in
the size of the formula (if resource bounds are encoded in unary) and the structure, and is exponential
in the number of resources. The algorithm is similar to the model-checking algorithm for ATL given
in [6]. The main differences from the algorithm for ATL are that we need to take the costs of strategies
into account, and, instead of working with a straightforward set of subformulas Sub(¢) of a given
formula ¢, we work with an extended set of subformulas Sub™ (¢). Sub™(¢) includes Sub(¢p), and in
addition:

o if ((AP))YOyr € Sub(e), then (A9 YOy e Sub™ (¢) for all d’ such that (d,d") € split(b);
e if ((Ab))lpll/lwz € Sub(p), then ((Ad/))lpll/lwz e Sub™ (¢) for all d’ such that (d,d’) € split(b).

We assume that Sub™ (@) is ordered in the increasing order of complexity and of resource bounds (so
e.g. if b<b/, then ((A?))0y precedes ((A?))Oly).
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THEOREM 2

Given a structure S=(n,r,Q,I1,7,d,c,8) and a formula ¢, there is an algorithm which returns the
set of states [¢]s satisfying ¢: [pls={q | S,q =¢}, which runs in time O(|<,0|2rJrl % |S]), assuming
resource bounds are encoded in unary.

Proor. Consider the following model-checking algorithm:

for every ¢’ in Sub™ (¢):
case ¢’ ==p: [¢'ls=7(p)
case ¢’ == [¢'ls=0\[V]s
case ¢’ ==y AY2: [¢']s =[¥11sN[Y2ls
case ¢’ == ((A) Oy: [¢/]s = Pre(A, [V ]s,b)
case ¢/ == ((Ab))Dw for b where for all i, b; € {0, 00}:
p:=ltruels; T :=[¥]s;
while p Z7 do p:=71;1:=Pre(A,p,b)N[Y¥]s od;
[¢'ls:=p
case ¢’ == <<Ab>>|:|1/f for b where for some i, b; ¢ {0, 00}:
p:=lfalsels; v :=[falsels;
foreach d’' € {d’ |(d,d") e split(b)} do
7:=Pre(A, [((AT) Oy 15, d) N[ ]s
while 7 Z p do B
p:=pUt;7:=Pre(A,p,0 i’ib)m[w]g
od
od;
[¢'ls:=p
case ¢/ == ((Ab))l/fluwz for b where for all i, b; € {0, 00}:
p:=lfalsels; T :=[Y2]s;
while t Z p do p:=pUrt;1:=Pre(A,p,b)N[Y1]s od,;
[¢'ls:=p
case ¢/ == ((Ab))lm UY» where for some i, b; ¢ {0, 00}:
p:=lfalsels; v :=[falsels;
foreach d’' € {d’ |(d,d’) e split(b)} do
©:=Pre(A, [(AD )1 U215, d) N1 ]s
while 7 Z p do B
p:=pUrt;7:=Pre(A,p,0 ﬁb)ﬂ[wl]g
od
od;
[¢'ls:=p

Pre is a function which given a coalition A, a set p CQ and a bound b returns a set of states g in
which A has a move o4 with cost cost(q,04) <b such that out(q,o4) C p. Observe that Pre(A, p,0)
is just Pre(A, p) from [6].

The cases for propositional variables, negation, conjunction and ((AbY) Oy are straightforward.
The cases where the resource bound consists of 0 and oo are also similar to [6]. However, the cases
for ((Ab Ny and ((Ab NY1UY> where b does not contain only O and co have no counterpart in
the ATL algorithm, and we explain these in some detail. First, note that the cases for ((Ab))Dlp and
((AY)yr| Uy where b consists of 0 and oo are the standard greatest and least fixed point computations,
respectively, which consider only O cost moves for i with b; =0 or any moves for i with b; =00. In
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particular, . i
[(AY =) Oy 1s = Pre(A, [((AY<P) Oy 15,0 S b)N[Y s

and . . )
LAY D)) v Uyrls = Pre(A, [(AY D)y Ua s, 0 S b)N[als

[<<A02b )WOyr]s contains all states where A has a 0 < b-cost strategy to maintain ¢ forever. Note
that A has a b-cost strategy to maintain Y forever if and only if it has a b-cost strategy to
force the system into one of the [((AO‘_b Ny ]s states, while maintaining . In othegg words,
to compute ((Ab))Dtﬁ for b containing b; ¢ {0, 00}, we need to compute ((Ab))lﬁu((AO‘_b))Dw.
This explains the similarity between the cases of ((Ab Ny and ((Ab WU, for the case of b not
consisting solely of 0 and co. In the case of ((Ab YO, in the first execution of the foreach d’ € {d’ |
d,d)e split(b)} loop, we have d' =0 band T =Pre(A, [((AO‘_b))IIh/f]S b)N[y]s, which includes
Pre(A, [((AO‘_b))Dw Is, 0<—b)m[1p]s, hence it also includes [((A°<—b>>Dw]s In the nested while
loop, p accumulates the results and 7 adds the -states from where A has a 0 b strategy to enforce
the outcome to be in p. In the outer loop, d’ bounds are used in some order consistent with <, namely
satisfying the condition that if b; < b; then b; is used before b;.

In the case for ((A? N1 Uy where b does not consist only of 0 and oo, after the first iteration of
the foreach d’ € {d’ | (d,d’) € split(b)} loop, T is [((Ao‘oib))l/fﬂ/{wg]s which includes [yr]s. The rest
is very similar to the case for (AP 1Oy where b does not consist solely of 0 and co.

Note that |split(b)| is O(b"). If ¢ contains operators with bounds other than 0 and oo, |Sub™ ()|
is O(Jg| x |¢|"), assuming resource bounds are written in unary. In the (AP NOyr and (AP Nyr1UY,
cases, the outer loop is executed O(|p|") times and the inner loop is executed in total at most |S]|
times. This gives us complexity O(|¢| x |¢]|” x |¢]" x |S]), or 0(|(p|2’Jrl x |S]). Note that the lower
bound for model-checking complexity is given by the model-checking complexity of ATL, which is
polynomial time in the size of the model and the formula. |

5 Related work

Recent work on ATL and CL (e.g.[1, 6, 12, 13, 15, 16]) has allowed the expression of many interesting
properties of coalitions and strategies. However, there is no natural way of expressing resource
requirements in these logics. The only work in this tradition that considered resources is [17], which
introduced Coalitional Resource Games and studied complexity of decision problems for these games.
A logic for describing Coalitional Resource Games and a model-checking procedure for the logic
were proposed in [3]; however, the only modality that logic has is ((A?))(O (only one-step games
were considered).

More recently, several extensions of temporal logics and logics of coalitional ability that are
capable of expressing resource bounds have been proposed in the literature, e.g. [2, 7, 8, 10, 11].
All of these papers consider only the model-checking problem, and some of the logics allow both
consumption and production of resources by actions. There are many different proposals for the
syntax and semantics of resource logics. In [8] several versions are given, e.g. considering resource
bounds both on the coalition A and the rest of the agents in the system, considering a fixed resource
endowment of A in the initial state which affects their endowment after executing some actions, etc.
In [10, 11], a different syntax and semantics are considered, also involving resource endowment of
the whole system when evaluating a statement concerning a group of agents A. As observed in [8],
subtle differences in truth conditions for resource logics result in the difference between decidability
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and undecidabiliity of the model-checking problem. In [8], undecidability of the model-checking
problem for several versions of the logics is proved. The only decidable cases considered in [8] are
an extension of Computation Tree Logic (CTL) [9] with resources (essentially one-agent ATL) and the
version where on every path only a fixed finite amount of resources can be produced. Similarly, [10]
gives a logic PRB-ATL (Priced Resource-Bounded ATL) with a decidable model-checking problem
where the total amount of resources in the system has a fixed bound. The model-checking algorithm
for PRB-ATL runs in time polynomial in the size of the model and exponential in the number of
resources and the resource bound on the system. In [11], an EXPTIME lower bound in the number
resources is shown. Recently, it has also been shown that if a zero-cost action is always available,
the model-checking problem for RB-ATL with both production and consumption of resources is
decidable; however, it is EXPSPACE-hard [2].

6 Conclusions

We have provided a complete and sound axiomatization of RB-ATL, a logic which extends ATL
with resource bounds. The resulting logic can express interesting properties of coalitions of agents
involving resource limitations. For example, it can express that a coalition can maintain the system
in a g-state indefinitely given a finite amount of resources (this essentially means that after a while ¢
can be maintained for free). We have also presented a model-checking algorithm for RB-ATL, which
runs in time polynomial in the size of the model and the formula (assuming that resource bounds are
encoded in unary) and exponential in the number of resources.

The semantics for RB-ATL presented in this article, in particular the assumption that actions only
consume but never produce resources, is motivated by verifying resource requirements for systems
of agents where resources of interest are time, memory, bandwidth, etc., which cannot be generated
by agents. In future work, we plan to study axiomatizations of variants of RB-ATL where actions
can have a negative cost, such as in [2, 7].
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