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Abstract 11 

Purpose: This study aims to gain an in-depth understanding of the effect of the inherent dry friction of 12 

inerter devices on the performance of nonlinear frictional inerter-based vibration isolation system (NFI-13 

VIS).  14 

Methods: The power flow analysis method is used to investigate quantitatively the internal vibration 15 

transmission and energy dissipation. The harmonic balance (HB) method with alternating frequency time 16 

(AFT) scheme is used to obtain the steady-state dynamic responses, with verification by numerical 17 

integration results. 18 

Results: Results show that the use of the nonlinear inerter in the system can reduce the force and vibration 19 

power flow transmission over a wide frequency band. The inherent friction of the inerter can benefit 20 

vibration isolation when the excitation amplitude is large enough to overcome the inerter friction.  21 

Conclusion: This research reveals complex nonlinear dynamic phenomena of the system emerging from 22 

the frictional inerter and shows that the inherent dry friction of the inerter should be considered in future 23 

isolator design.  24 
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1 Introduction 27 

Suppression of undesired vibrations is needed in many applications such as vehicle suspension systems 28 

[1], buildings [2-4], and aircraft landing gear [5]. Vibration isolation systems have been widely used and 29 

various designs have been investigated for superior performance. Salvatore et al. [6] studied vibration 30 

isolators combing negative stiffness elements with memory alloy materials to achieve effective broadband 31 

vibration isolation. One potential method for better vibration isolation is to use the inerter, which is a passive 32 

mechanical element for which the generated force is proportional to the relative acceleration between its 33 

two ends [7]. Linear and nonlinear inerter-based vibration isolators have been proposed to enhance vibration 34 

isolation performance [8]. Inerter can also be used in absorbers to reduce gust loads in truss-supported 35 

wings [9] and for enhancing wave damping in metamaterial beam structures [10]. A tuned inerter damper 36 

(TID) has been shown to provide good vibration absorption performance while having reduced physical 37 

weight compared to conventional tuned mass damper (TMD) [11]. 38 

Considerable work has also been carried out to investigate the influence of adding an inerter on a 39 

dynamic system. Wang et al. [2] identified the benefit of inerter in building models to reduce traffic and 40 

earthquake-induced vibrations. Marian and Giaralis [12] introduced a tuned-mass-damper-inerter, with the 41 

benefit of having a lower physical mass than the conventional TMD without compromising the performance. 42 

Lazar et al. [13] proposed a novel passive vibration control system using a TID, demonstrating better 43 

vibration reduction. Brzeski et al. [14] introduced a pendulum-based absorber with a nonlinear Duffing 44 

oscillator and showed that unhoped bifurcations and instabilities for a T-shaped pendulum-tuned mass 45 
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absorber can be eliminated. Many studies have shown that the incorporation of linear and nonlinear inerter-46 

based mechanisms can improve the dynamic performance of engineering structures [15-18]. 47 

There has been a limited number of studies on inerter-based structural nonlinearity, especially on the 48 

effect of its inherent friction. Papageorgiou et al. [19] performed an experimental study comparing the ideal 49 

and non-ideal states of inerters. Wang and Su [20] investigated numerically and experimentally nonlinear 50 

properties of an inerter. The effect of friction on vehicle suspension performance was analyzed. Sun et al. 51 

[21] investigated the influence of ball-screw inerter nonlinearities on various performance indices under 52 

different suspension layouts. Based on a Coulomb friction model, Shen et al. investigated the influence of 53 

nonlinearities factors including friction and damping force in a fluid inerter [22]. Brezeski et al. [23] 54 

analyzed the dynamics of tuned-mass-dampers with an inerter. It was found that the overall efficiency of 55 

the TMD is improved at proper friction, and increasing friction caused the disappearance of the resonance 56 

peak in a frequency response curve. Mnich et al. [24] studied the friction of an inerter during oscillatory 57 

motion and showed that the friction of an inerter with and without a flywheel can reach as high as 40 N. 58 

The vibration transmission properties of inerter-based vibration isolation systems with internal friction have 59 

not been fully addressed. 60 

To evaluate the effectiveness of vibration isolation systems, force / displacement transmissibility and 61 

time-averaged vibration energy transmission have been used as performance indicators [25]. Vibration 62 

power flow allows a better quantification of the transmission of the vibration within the dynamic system 63 

from an energy perspective [26]. The power flow analysis (PFA) was applied to study inerter-based 64 

nonlinear systems [27, 28]. In the study of a diamond-shaped linkage mechanism [29], the beneficial 65 

performance of nonlinear vibration isolators was investigated from the aspects of force transmission and 66 
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power dissipation. There is a need for in-depth understanding of the inherent friction effects of inerters on 67 

vibration transmission and suppression [25]. As friction nonlinearity can have strong influence on system 68 

dynamics and vibration transmission [30], frictional inerter-based vibration isolation systems (NFI-VIS) 69 

should be investigated. 70 

This study attempts to address the issues by detailed analysis into the dynamics and isolation 71 

performance of NFI-VIS. Main contributions of the current paper are: (1) a systematic investigation into 72 

the influence of the inherent friction on inerter-based vibration isolators and (2) the use of vibrational power 73 

flow variables and transmissibility to assess the influence of frictional inerters on the performance of the 74 

isolators. To study the effect of the inherent friction of inerters, single-DOF (SDOF) NFI-VIS subjected to 75 

force or base-motion excitations and 2-DOF NFI-VIS are considered. It is shown that the frequency band 76 

of effective isolation is broadened by using the NFI-VIS. It is also demonstrated the inherent friction of the 77 

inerter plays an important role in vibration suppression and energy dissipation . Effects of friction subjected 78 

to different external forces on the effectiveness of the NFI-VIS are studied systematically using the 79 

harmonic balance method. The Coulomb friction model is used to model the inherent friction of inerters. 80 

The alternate-frequency-time (AFT) technique and numerical integration method are used to obtain the 81 

dynamic response and performance indices. In Sec. 2, models of frictional inerter-based systems are 82 

presented. The power flow analysis method is introduced, and the performance indices of the system are 83 

defined in Sec. 3. The performance of SDOF and 2DOF NFI-VIS is examined in Sec. 4. Effects of the 84 

friction of inerters on the vibration transmission and power dissipation are also presented. 85 
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2 Dynamic models 86 

2.1 Inerter with inherent dry friction 87 

There are various ways to realize mechanical inerters by using mechanisms such as ball-screw, rack-88 

and-pinion, helical fluid, hydraulic systems, and living hinges [31]. Fig. 1(a) shows a schematic of a ball-89 

screw inerter, which consists of a flywheel coupled to the ball nut, a ball screw, a radial bearing, a housing, 90 

and other components. The ball screw can convert the linear motion between two terminals (A and B) into 91 

the rotation of the ball nut and the flywheel. In this process, the ball screw and bearing provide the source 92 

of friction. Fig. 1(b) shows a rack-and-pinion inerter comprising a rack, a flywheel, a housing, pinions, and 93 

gears. Axes of the gears are mounted on the housing. The rack drives the flywheel to rotate through pinions 94 

and gears, with friction effects occurring at contact interfaces with the rack moving inside the housing. 95 

Inherent friction in inerters is unavoidable and should be considered in the vibration isolation system design. 96 

  97 

Fig. 1 Schematic drawing of (a) the ball-screw inerter and (b) the rack-and-pinion inerter. 98 

To investigate the effects of the inherent friction of inerters, a frictional inerter model is presented and 99 

shown in Fig. 2(a). For an ideal inerter [1], the applied force 𝑓b  is the function of the relative acceleration 100 

of terminal A and B, i.e., 𝑓b = 𝑏�̈�AB = 𝑏(�̈�A − �̈�B), where �̈�AB is the relative acceleration from terminal 101 

A to B, �̈�A and �̈�B are the accelerations, 𝑏 is the inertance-mass-ratio (i.e., the apparent mass) of the 102 
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inerter, in kg. Note that the actual physical mass of an inerter can be up to 2 orders of magnitude lower than 103 

that of the inertance so an ideal inerter can be considered as massless [1]. Fig. 2(b) shows the Karnopp 104 

friction model [30, 32], in which 𝑓d  , 𝑓ms   and 𝑣d  are the magnitudes of the dynamic friction, the 105 

maximum static friction, and the limiting velocity of the assumed zeros velocity interval [ −𝑣d , 𝑣d  ], 106 

respectively. In this paper, it is assumed that 𝑓d = 𝑓ms. Considering the frictional inerter, the applied force 107 

𝑓b  is identical to the total inerter force expressed by 108 

𝑓b(�̈�AB, �̇�AB) = 𝑏�̈�AB + 𝑓bc , (1) 109 

where 𝑓bc is the inherent friction force of the inerter. Clearly, 𝑓b  depends on the relative acceleration and 110 

velocity between the two terminals of the frictional inerter. 111 

   112 

Fig. 2 Schematic representation of (a) a nonlinear frictional inerter model (b) the Karnopp model. 113 

The use of the Karnopp model can avoid the strong nonlinearity of the classical Coulomb model at 114 

relative velocity 𝑣r = 0 considering the contact interface stuck when there is zero relative velocity [33], 115 

as shown in Fig. 2(b). This friction model is represented by 116 

𝑓bc = {

𝑓dsgn(𝑣r ),                                     if |𝑣r
| > 𝑣d ,

𝑓ms sgn (𝑓ex),   if |𝑣r
| ≤ 𝑣d  and |𝑓ex

| ≥ 𝑓ms ,

𝑓ex ,                    if |𝑣r
| ≤ 𝑣d  and |𝑓ex

| < 𝑓ms,

(2) 117 

where 𝑓ex and 𝑣r = �̇�A − �̇�B are the resultant external force in the tangential direction and the relative 118 
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velocity, respectively, and the signum function is defined as 119 

 sgn(𝑣r) = {

𝑣r

|𝑣r|
,       if |𝑣r

| ≠ 0 

0,           if |𝑣r
| = 0 

.                          (3) 120 

To obtain the dynamic response, the signum function is used to express friction [34]. Based on the 121 

Coulomb friction, the inerter friction force can be approximated as 𝑓bc ≈ 𝑓dsgn(𝑣r ) . For a periodic 122 

response with the relative velocity 𝑣r ≈ �̂�ssin(𝜔𝑡), the friction force can be approximated using a fifth-123 

order Fourier expansion as: 124 

𝑓bc ≈
4𝑓d

𝜋
(sin(𝜔𝑡) +

1

3
sin(3𝜔𝑡) +

1

5
sin(5𝜔𝑡) ) . (4) 125 

Smooth regularized hyperbolic tangent function can be used to approximate the frictional force when 126 

using HB method for determining the dynamic response [35]. The friction force can be expressed by: 127 

𝑓bc = 𝑓d tanh (
𝑣r

𝜖
) = 𝑓d

exp (
𝑣r
𝜖

) − exp(−
𝑣r
𝜖

)

exp (
𝑣r
𝜖

) + exp(−
𝑣r
𝜖

)
, (5) 128 

where 𝜖 is the tolerance parameter for the tanh regularization. Fig. 3(a) shows the time histories of the 129 

internal friction force based on the use of different models. The relative displacement between the two 130 

terminals is prescribed as 0.1cos(𝜔𝑡) m. The other parameters are set as 𝑏 = 0.5 kg, 𝑓d = 0.04 N, 𝜔 =131 

1 rad/s, so that the period of the prescribed motion is 𝑇 = 2𝜋 𝜔⁄ = 2𝜋 s. Therefore, the figure showed 2 132 

cycles of oscillatory motion. The figure shows that the 5th order Fourier expansion expression of friction 133 

force can well capture the variations of the friction force. When the smooth regularized hyperbolic tangent 134 

function as shown by Eq. (5) is used good approximation is found at a lower value of 𝜖 = 0.01. Fig. 3(b) 135 

shows the total inerter force expressed by Eq. (1). The parameter values are set the same as those used for 136 

Fig. 3(a). The sky-blue line shows the inertance force of an ideal inerter without internal friction, i.e., 𝑓bc =137 
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0. The black line represents the total inerter force for inerter with internal friction expressed by Eq. (2). The 138 

figure shows large differences in the total force inerter with and without considering friction. It shows that 139 

the presence of friction introduces strong nonlinearities into the total inerter force. There are also sudden 140 

jumps in the total force due to the change in the direction of the friction force. It is thus evident that the 141 

internal friction force can have large influence on the dynamics of systems with inerters.  142 

 143 

Fig. 3 Time histories of (a) the inerter friction force and (b) the total inerter force 𝑓b based on different methods. The 144 

sky-blue line is for frictionless case. The black line is for the signum function approach, shown in Eq. (2). The blue 145 

line is for Fourier series expansion in 5th order, shown in Eq. (4). The red line is for smooth tanh-regularization methods 146 

at 𝜖 = 0.01, shown in Eq. (5). Other parameters: 𝑏 = 0.5 kg, 𝑓d = 0.04 N, 𝜔 = 1 rad/s. 147 

2.2 Frictional inerter-based vibration isolators 148 

In this section, three configurations for the nonlinear frictional inerter-based vibration isolators are 149 

considered in common application scenarios. The isolator composes a viscous damper with damping 150 

coefficient 𝑐, a linear spring with stiffness coefficient 𝑘, and a nonlinear inerter with inertance 𝑏 and 151 

friction 𝑓bc. Fig. 4(a) shows CASE I, in which the isolator mass 𝑚 is subject to a harmonic force excitation 152 

𝑓e with amplitude 𝑓0  and frequency 𝜔. Fig. 4(b), with the model referred to as CASE II, is for harmonic 153 

base motion excitation case with amplitude 𝑦0   and frequency 𝜔 . Fig. 4(c) presents a 2DOF system 154 
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containing an SDOF NFI-VIS shown in Fig. 4(a) mounted on a flexible SDOF flexible base with mass 𝑚 1, 155 

spring 𝑘1 and viscous damper 𝑐1; this is considered as CASE III. Such a model can better represent the 156 

engineering applications including ship engineering and aircraft engineering. A ship structure is not rigid, 157 

and the base can be treated as a flexible foundation. The inerter is assumed to be ideal with negligible mass. 158 

The static equilibrium positions, where 𝑥1 = 𝑥2 = 𝑥3 = 𝑥4 = 0, of masses are set as the reference. 159 

 160 

Fig. 4 Nonlinear inerter-based vibration isolators: application cases (a) SDOF NFI-VIS under force excitation (CASE 161 

I), (b) SDOF NFI-VIS under base-motion excitation (CASE II), and (c) NFI-VIS mounted on a flexible base (CASE 162 

III). 163 

2.2.1 SDOF system (CASE Ⅰ and CASE Ⅱ) 164 

For the SDOF NFI-VIS shown in Figs. 4(a) and (b), the governing equations can be expressed as: 165 

𝑚�̈�1 + 𝑏�̈�1 + 𝑐�̇�1 + 𝑘𝑥1 + 𝑓bc1 = 𝑓0 cos𝜔𝑡, (6) 166 

𝑚�̈�2 + 𝑏(�̈�2 − �̈�) + 𝑐(�̇�2 − �̇�) + 𝑘(𝑥2 − 𝑦) + 𝑓bc2 = 0, (7) 167 

respectively, where 𝑓bc1 = 𝑓(𝑣r1 ) = 𝑓(�̇�1) , 𝑓bc2 = 𝑓(𝑣r2 ) = 𝑓(�̇�2 − �̇�) , where 𝑦 = 𝑦0 cos(𝜔𝑡).  For 168 
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parametric studies, the following non-dimensional parameters and variables are introduced: 169 

 

𝑋1 =
𝑥1

𝑙0

, 𝑋2 =
𝑥2

𝑙0

, 𝜔0 = √
𝑘

𝑚
, 𝜁 =

𝑐

2𝑚𝜔0

,       𝐹d =
𝑓d

𝑘𝑙0

, 𝜆 =
𝑏

𝑚
,

 𝐹0 =
𝑓0

𝑘𝑙0

, 𝑌0 =
𝑦0

𝑙0

, Ω =
𝜔

𝜔0

, 𝜏 = 𝜔0 𝑡,      𝑉d =
𝑣𝑑

𝜔0 𝑙0

, 𝑉r =
𝑣𝑟

𝑙0

, 𝜎 =
𝜖

𝜔0 𝑙0

,

(8) 170 

where 𝑙0, 𝑋1 and 𝑋2 are the original length of the linear spring and the dimensionless displacement of 171 

masses in Figs. 4(a) and (b), respectively, 𝜔0   and 𝜁  are natural frequencies and damping ratios, 172 

respectively, 𝑓d  is the magnitude of the dynamic friction, 𝐹d  is the non-dimensional form, 𝜆  is the 173 

inertance-to-mass ratio, 𝐹0 , 𝑌0 , Ω and 𝜏 are the nondimensionalized force excitation amplitude, base 174 

motion amplitude, exciting frequency, and the dimensionless time, respectively, 𝑉d , 𝑉r  and 𝜎  are 175 

dimensionless velocity dead zone, relative velocity and the tolerance ratio of tanh regularization method, 176 

respectively. Substituting parameters in Eq. (8) into Eqs. (6) and (7), following equations can be obtained:  177 

𝑋1
′′ + 𝜆𝑋1

′′ + 2𝜁𝑋1
′ + 𝑋1 + 𝐹bc1 = 𝐹0 cosΩ𝜏, (9) 178 

𝑋2
′′ + 𝜆(𝑋2

′′ + Ω2𝑌0 cos (Ω𝜏)) + 2𝜁 (𝑋2
′ + Ω𝑌0sin  (Ω𝜏)) + (𝑋2 − 𝑌0cos (Ω𝜏)) + 𝐹bc2 = 0. (10) 179 

By introducing 𝑍2 = 𝑋2 − 𝑌0 cos (Ω𝜏), Eq. (10) can be rewritten as 180 

(1 + 𝜆)𝑍2
′′ + 2𝜁 𝑍2

′ + 𝑍2 + 𝐹bc2 = −𝑌′′ = 𝑌0Ω2 cosΩ𝜏. (11) 181 

2.2.2 2DOF system (CASE Ⅲ) 182 

For the 2DOF NFI-VIS shown in Fig. 4(c), the dynamic governing equations is expressed as: 183 

𝑚�̈�4 + 𝑏(�̈�4 − �̈�3) + 𝑐(�̇�4 − �̇�3) + 𝑓bc3 + 𝑘(𝑥4 − 𝑥3) = 𝑓0 cos𝜔𝑡, (12a) 184 

𝑚1�̈�3 − 𝑐(�̇�4 − �̇�3) − 𝑘(𝑥4 − 𝑥3) + 𝑐1�̇�3 + 𝑘1𝑥3 − 𝑓bc3 − 𝑏(�̈�4 − �̈�3) = 0, (12b) 185 
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where inherent friction 𝑓bc3 = 𝑓(𝑣r3 ) = 𝑓(�̇�4 − �̇�3). Following dimensionless parameters are defined as 186 

 

𝑋3 =
𝑥3

𝑙0

, 𝑋4 =
𝑥4

𝑙0

, 𝜔1 = √
𝑘1

𝑚1

, 𝜁1 =
𝑐1

2𝑚1𝜔1

,        𝜇 =
𝑚1

𝑚
,       𝛾 =

𝜔1

𝜔0

,     𝜂 =
𝑘1

𝑘
, (13) 187 

where 𝜔1   and 𝜁1  are natural frequencies and damping ratios of base structure,  𝑋3  and 𝑋4  are the 188 

dimensionless displacement of masses in Fig. 4(c), 𝜇 , 𝛾  and 𝜂  are the dimensionless mass ratio, 189 

frequency ratio between the natural frequencies, and stiffness ratio, respectively. Using parameters defined 190 

in Eq. (8) and Eq. (13), Eqs. (12) can be rewritten as the following form: 191 

𝑋4
′′ + 2𝜁(𝑋4

′ − 𝑋3
′ ) + 𝑋4 − 𝑋3 + 𝐹bc3 + 𝜆(𝑋4

′′ − 𝑋3
′′) = 𝐹0 cosΩ𝜏, (14a) 192 

𝜇𝑋3
′′ − 2𝜁(𝑋4

′ − 𝑋3
′ ) − (𝑋4 − 𝑋3) + 2𝜇𝛾𝜁1𝑋3

′ + 𝜂𝑋3 − 𝐹bc3 − 𝜆(𝑋4
′′ − 𝑋3

′′) = 0. (14b) 193 

2.2.3 Expressions of the friction force 194 

The fourth order Runge-Kutta (RK) method is used to solve the governing equation with the friction 195 

model represented by the non-smooth signum function shown by Eq. (2). When using the seventh order 196 

HB-AFT method, the friction model with the smooth tanh function shown by Eq. (5) is used. When using 197 

the Karnopp model shown by Eq. (2), the stick phase with no relative motion between the masses is 198 

considered to be: 𝑋1
′′ = 𝑋1

′ = 0 for CASE Ⅰ, 𝑋2
′′ − 𝑌′′ = 𝑋2

′ − 𝑌′ = 0 for CASE Ⅱ, 𝑋4
′ = 𝑋3

′ and  𝑋3
′′ =199 

𝑋4
′′ for CASE Ⅲ. Base on the Karnopp friction model, the non-dimensional external can be denoted as: 200 

𝐹ex = 𝐹0 cosΩ𝜏 − 𝑋1  for CASE Ⅰ, 𝐹ex = 𝑌0 Ω2cosΩ𝜏 − 𝑍2  for CASE Ⅱ, and 𝐹ex =201 

(𝜇𝐹0 cosΩ𝜏 + 2𝜇𝛾𝜁1 𝑋3
′ + 𝜂𝑋3) (𝜇 + 1)⁄ − (𝑋4 − 𝑋3) for CASE Ⅲ. 202 



12 

 

3 Dynamic analysis of frictional inerter-based vibration isolation systems 203 

3.1 Harmonic balance method 204 

For systems shown in Fig. 4, the general equations of motion with frictional inerter-based vibration 205 

isolator can be expressed by 206 

𝐌𝐗′′ + 𝐂𝐗′ + 𝐊𝐗 + 𝐅b(𝐗′ , 𝐗′′) = 𝐅e (𝜏), (15) 207 

where 𝐌, 𝐂, 𝐊 ∈ ℝ𝑑×𝑑 are the mass, damping, and stiffness matrices of the corresponding linear system 208 

excluding the inerter, respectively, 𝐗, 𝐅b(𝐗′ , 𝐗′′), 𝐅e(𝜏) ∈ ℝ𝑑×1 are the displacement response vector, 209 

nonlinear force vector due to the inerter, and external force vector, respectively, 𝑑 is the number of degrees 210 

of freedom (DOF), and the prime sign denotes derivative with respect to the non-dimensional time 𝜏.  211 

The steady-state periodic solution of the multiple-DOF frictional system can be achieved using the 212 

harmonic balance (HB) approach [36]. The steady-state periodic response is approximated using harmonic 213 

series. The nonlinear force terms in the governing equations are then approximated using harmonic terms 214 

with coefficients found using Fourier transform. They are then inserted into the governing equation. The 215 

coefficients of the corresponding harmonic terms with the same frequency are balanced to produce a set of 216 

algebraic equations. The solutions to these equations are then found through iterative procedures .   217 

For low-order HB approximation, analytical derivation of the harmonic approximate expression of 218 

nonlinear term may be possible. A first-order HB approximation procedure for the NFI-VIS is shown in the 219 

appendix. For high-order HB approximation, the AFT scheme is needed, and the main idea is illustrated 220 

here with 𝑥d(𝑡) representing the displacement response and 𝑓nl (𝑡) the nonlinear force in the governing 221 

equation. In Fig. 5(a), an initial guess of the steady-state response (usually the solution of the corresponding 222 
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linear system) in the time domain is denoted by 𝑥d(𝑡). Then the time histories of nonlinear force terms 223 

𝑓nl(𝑡) in the governing equation can be obtained, as shown in Fig. 5(b). Using discrete Fourier transform 224 

(DFT), the Fourier coefficients 𝐻(d,n) associated with nonlinear terms 𝑓nl(𝑡) are obtained. By balancing 225 

the coefficients and solving the resultant algebraic equations using the Newton -Rapson method, a new 226 

iteration of the solution is obtained, shown by �̃�(d,n) in Fig. 5(d). Note that �̃�(d,n) denotes the Fourier 227 

series for the response of the 𝑑-th coordinate, which can be used to obtain the time histories 𝑥d(𝑡) of the 228 

guess for the next iteration by using inverse discrete Fourier transform (iDFT). More details on the HB-229 

AFT method can be found in Refs. [36, 37].   230 

 231 

Fig. 5 Illustration of the alternating frequency-time scheme.  232 

For Eq. (15), a truncated N-order Fourier series with a fundamental frequency Ω of approximates the 233 

steady-state displacement response 𝐗 and the inherent friction force 𝐅bc (𝐗′) as follows: 234 

𝐗 = {∑ �̃�(1,𝑛) ei𝑛Ω𝜏

𝑁

𝑛=0

, … , ∑ �̃�(𝑑,𝑛) ei𝑛Ω𝜏

𝑁

𝑛=0

, … , ∑ �̃� (𝐷,𝑛) ei𝑛Ω𝜏

𝑁

𝑛=0

}

T

, (16a) 235 
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𝐅bc (𝐗′) = {∑ 𝐻(1,𝑛) ei𝑛Ω𝜏

𝑁

𝑛=0

, … , ∑ 𝐻(𝑑,𝑛) ei𝑛Ω𝜏

𝑁

𝑛=0

, …  ∑ 𝐻(𝐷,𝑛) ei𝑛Ω𝜏

𝑁

𝑛=0

} , (16b) 236 

where �̃�(d,n) and �̃�(d,n) are the 𝑛-th order complex Fourier coefficients, which correspond to the 𝑑-th 237 

DOF, while (d, n) represent subscripts. By differentiating Eqs. (16) with respect to time 𝜏, it is possible 238 

to obtain the expressions for velocity 𝐗′ and acceleration 𝐗′′. The Fourier coefficient �̃� of the nonlinear 239 

friction force 𝐅bc (𝐗′) in Eqs. (16) can be determined by using AFT technique. By inserting Eqs. (16) into 240 

the Eq. (15) and balancing the harmonic terms of the 𝑛-th order (0 ≤ 𝑛 ≤ 𝑁), the following equation can 241 

be obtained: 242 

(−(𝑛Ω)2𝐌 + i𝑛Ω𝐂 + 𝐊)�̃� n = �̃�n − �̃�n , (17) 243 

where R̃n = {�̃�(1,𝑛) , … , �̃�(𝑑,𝑛) , … , �̃�(𝐷,𝑛) }
T
 , �̃�n = {𝐻(1,𝑛) , … , 𝐻(𝑑,𝑛) , … , 𝐻(𝐷,𝑛) }

T
 ,  �̃�n = {0, … , 𝐹0 , … , 0}T 244 

for the force excitation and �̃�n = {0, … , 𝑌0 Ω2 , … , 0}T for the base excitation. For a 𝐷-DOF system with 245 

𝑁-th order Fourier series, 𝐷(2𝑁 + 1) real nonlinear algebraic equations can be established from Eq. (17) 246 

One equation is established for 𝑛 = 0 and 2 equations are obtained for other values of 𝑛 from 𝑛 = 1 to 247 

𝑛 = 𝑁 . These equations can then be solved by using the Newton-Raphson iterative method [10]. The 248 

analytical formulations using the first-order HB method for SDOF systems are provided in the Appendix. 249 

Note that it is possible to determine the stability of solution obtained using harmonic balance method. The 250 

Floquet theory can be used to evaluate the local stability of a periodic solution using the monodromy matrix 251 

method for time domain analysis [38], and Hill’s method for analysis in the frequency domain [39, 40]. 252 

3.2 Transmissibility and power flow 253 

3.2.1 Transmissibility 254 

For the evaluation of vibration transfer between subsystems, force transmissibility is usually used as 255 
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an index. For the SDOF system, the force transmissibility 𝑇𝑅B for the system with force excitation is 256 

defined as the ratio between the maximum transmitted force and the external force amplitude. For 2DOF 257 

systems, the force transmissibility from the primary mass 𝑚 to the secondary mass 𝑚1 can be expressed 258 

as the ratio of the maximum transmitted force to the input force amplitude: 259 

𝑇𝑅B =
max (|𝐹tB

|)

𝐹0

, (18) 260 

where for CASE Ⅰ we have 𝐹tB = 𝐹0 cosΩ𝜏 − 𝑋1
′′ while for CASE Ⅲ, we have 𝐹tB = 2𝜁(𝑋4

′ − 𝑋3
′ ) + 𝑋4 −261 

𝑋3 + 𝐹𝑏𝑐3 + 𝜆(𝑋4
′′ − 𝑋3

′′) being the non-dimensional transmitted force to mass 𝑚1 with NFI-VIS. 262 

The displacement transmissibility is used to evaluate the performance of the configuration for the 263 

system excited by harmonic base motion [29]: 264 

𝐷𝑇𝑅B =
|𝑋2

|

𝑌0

. (19) 265 

The analytical formulations of performance indices of CASE Ⅰ and CASE Ⅱ can also be derived using 266 

the first-order harmonic balance method shown in the appendix. The transmitted force 𝐹tB1 , the force 267 

transmissibility 𝑇𝑅B and the displacement transmissibility 𝐷𝑇𝑅B can be written as: 268 

𝐹tB1 ≈ 𝐹0 cosΩ𝜏 + Ω2 𝑅1cos(Ω𝜏 + 𝜃1 ), (20a) 269 

𝑇𝑅B ≈
√(𝐹0 + Ω2 𝑅1cos𝜃1)2 + (Ω2𝑅1sin𝜃1 )2

𝐹0

= √
𝐹0

2 − (2𝜆 + 1)Ω4𝑅1
2 + 2Ω2𝑅1

2

𝐹0
2

, (20b) 270 

𝐷𝑇𝑅B =
|𝑋2

|

𝑌0

≈
|𝑋2am

|

𝑌0

= √1 − (
𝑅2

𝑌0

)
2

(
(2𝜆 + 1)Ω2 − 2

Ω2
) , (20c) 271 

where 𝑅1 and 𝑅2 are dimensionless displacement amplitudes, 𝜃1  is the phase angle of the steady-state 272 

response of the mass 𝑚, Eqs. (32) and (38) in the Appendix were used. For an effective isolation system 273 
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in terms of force transmission, 𝑇𝑅B < 1 and 𝐷𝑇𝑅B < 1 are need. Therefore, we can receive the effective 274 

isolation frequency range for force and displacement transmissibility, requiring the excitation frequency to 275 

satisfy: 276 

Ωeff > √
2

1 + 2𝜆
. (21) 277 

It can be observed that the critical effective isolation frequency is the same for the two cases, depending 278 

only on the value of the inertance-to-mass ratio 𝜆. For a conventional linear spring-mass-damper isolator, 279 

the isolation of force transmission is achieved when Ω is greater than √2. In comparison, for the NFI-VIS, 280 

increasing the value of 𝜆 broadens the effective isolation frequency range, as shown in Eq. (21). Note that 281 

when the excitation frequency tends to infinity, i.e., Ω → ∞, we have 282 

𝑇𝑅B∞ = lim
Ω→∞

𝑇𝑅B = √1 −
((2𝜆 + 1)Ω4 − 2Ω2 )𝑅1

2

𝐹0
2

< 1, (22a) 283 

𝐷𝑇𝑅B∞ = lim
Ω→∞

𝐷𝑇𝑅B = √1 − (
𝑅2

𝑌0

)
2

(
(2𝜆 + 1)Ω2 − 2

Ω2
) < 1. (22b) 284 

It is noted that when the external excitation is than the frictional force of the inerter, the inerter and 285 

system will be in the stuck mode such that the mass will be stationary. In this case, the transmitted force 286 

will be the same as the excitation force and the transmissibility will be equal to 1, meaning that the NFI-287 

VIS will not be effective. 288 

3.2.2 Power flow analysis 289 

The power flow analysis is used to analyze energy transfer and for performance evaluation. The steady-290 

state periodic response of the system is obtained through approximation of the dry friction force by using 291 
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the tanh regularization [29]. The power flow variables are expressed by 292 

𝑃dv = 𝐗′𝐓𝐂𝐗′ ,        𝑃f = 𝐗′𝐓𝐅bc (𝐗′),       𝑃in = 𝐗′𝐓𝐅𝐞(𝛕), (23) 293 

where  𝑃dv , 𝑃f and 𝑃in are dimensionless instantaneous dissipated power, friction related power, and 294 

input power, respectively. In this paper, for CASE III, 𝑃dv = 𝑃dv1 + 𝑃t, where 𝑃dv1  is the instantaneous 295 

dissipated power by the viscous damper 𝑐 , and 𝑃t is the instantaneous transmitted power from the NFI-296 

VIS to the base system, which is dissipated by the viscous damper 𝑐1. It should be noted that 𝑃dv1 =297 

2𝜁𝑋1
′ 𝑋1

′  and 𝑃t = 0  for CASE Ⅰ; 𝑃dv1 = 2𝜁(𝑋1
′ − 𝑌′)(𝑋1

′ − 𝑌′)  and 𝑃t = 0  for CASE Ⅱ; 𝑃dv1 =298 

2𝜁(𝑋4
′ − 𝑋3

′ )(𝑋4
′ − 𝑋3

′ ) and 𝑃t = 2𝜇𝛾𝜁1𝑋3
′ 𝑋3

′ for CASE Ⅲ. 299 

For a cycle of a periodic response, the damping within the system must dissipate all of the energy 300 

input by the excitation as the total mechanical energy of the system is unchanged. In CASE III, the damper 301 

𝑐1 completely dissipates the transmitted power to the mass of base system. In this paper, time-averaged 302 

power flow variables are used: 303 

𝑃in =
1

𝜏p

∫ 𝑃ind𝜏
𝜏i+𝜏p

𝜏i

,    𝑃dv =
1

𝜏p

∫ 𝑃dv d𝜏
𝜏i+𝜏p

𝜏i

,   𝑃f =
1

𝜏p

∫ 𝑃fd𝜏
𝜏i+𝜏p

𝜏i

, (24) 304 

where 𝜏i is the starting time for averaging, 𝜏p = 2𝜋 Ω⁄  is the averaging time, 𝑃dv, 𝑃f and 𝑃in denote 305 

the time-averaged dissipated power by the viscous damper, dissipated power by the friction and input power 306 

by the external force, respectively. 307 

The time-averaged power dissipation ratio is determined as the share of the dissipated energy in the 308 

total input energy of the system. The time-averaged power dissipation ratios corresponding to the viscous 309 

damper and dry friction are: 310 
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𝑅d =
𝑃dv1

𝑃in

,        𝑅f =
𝑃f

𝑃in

,         𝑅T =
𝑃t

𝑃in

, (25) 311 

respectively, where the power transmission ratio 𝑅T  represents a relative measure of vibration 312 

transmission. It indicates the proportion of the entire energy transmitted to the base through the NFI-VIS. 313 

For the SDOF frictional inerter-based system with force excitation (CASE Ⅰ), the analytical expressions 314 

of time-averaged power flow 𝑃dv and 𝑃f can be obtained base on Eq. (24) as 315 

𝑃dv ≈ 2𝜋𝜁 𝑅1
2Ω, (26a) 316 

𝑃f ≈ 4𝐹d𝑅1, (26b) 317 

where first-order approximations of the response were used. For the base-motion excitation case (CASE Ⅱ), 318 

the analytical results can be obtained by replacing 𝑅1 with 𝑅2 in Eqs. (26).  319 

At a prescribed exciting frequency, the mass’s non-dimensional maximum kinetic energy of three cases 320 

can be presented by: 321 

𝐾1,max =
1

2
(|𝑋1

′ |
max)2 ≈

1

2
Ω2 𝑅1

2, (27a) 322 

𝐾2,max =
1

2
(|𝑋2

′ |
max)2 ≈

1

2
Ω2 𝑋2_am

2, (27b) 323 

𝐾3,max =
1

2
(|𝑋4

′ |
max)2, (27c) 324 

where |𝑋1
′ |

max, |𝑋2
′ |

max and |𝑋4
′ |

max are the maximum dimensionless magnitudes of the velocity of the 325 

mass for three cases, respectively. The first-order approximation of the velocity was used for the 326 

approximations. 327 

In practical applications, studies have shown the friction force is not negligible [2, 20, 24, 36]. To 328 

evaluate the magnitude of friction force as a percentage of the inertial force, we propose a friction force 329 
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ratio 𝑅𝑏𝑐 to characterize the effect of friction force in the inerter, which is defined as:  330 

𝑅bc =
max  (𝐹bc )

max (𝐹b)
,               (28) 331 

where 𝐹b = 𝜆𝑉𝑟
′ + 𝐹bc  is the nondimensional inertance force and 𝑉𝑟

′ denotes the relative acceleration 332 

across the terminals of the inerter. 333 

4 Results and discussion 334 

In this section, case studies are carried out to evaluate the performance of the NFI-VIS used in different 335 

configurations. The use of NFI-VIS in SDOF models subjected to both force and motion excitation is 336 

considered in Section 4.2 and Section 4.3. Its use in the 2DOF system is then examined in Section 4.4. 337 

Throughout the paper, the order 𝑁 = 7 is set for HB-AFT approximations with a balanced consideration 338 

of the computational accuracy and the cost. 339 

4.1 Validation of the analysis method 340 

In Fig. 6, the steady-state responses of the SDOF isolators obtained by different methods are presented. 341 

The solid lines denote the analytical results obtained from Eqs. (34) and (42). The dashed lines show HB-342 

AFT approximation results, and the symbols represent these obtained using the RK method. For SDOF 343 

systems, the analytical solution, semi-analytical HB-AFT, and RK results show good agreement across the 344 

frequency range. Differences between the numerical RK and analytical HB results are due to the fact that 345 

the latter is based on a single harmonic term. From Fig. 6, it can be found that the inerter inertance can lead 346 

to the shift of the resonant frequency. In Fig. 6(b), friction leads to the occurrence of stick-slip in the low-347 

frequency range for the base motion excitation case. This behaviour can be accurately captured by the HB-348 

AFT and RK methods compared to the analytical HB approach (with the results denoted as Ana HB in the 349 
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legend). Therefore, results shown are obtained by using the semi-analytical HB-AFT method, and RK 350 

results are provided for verification, represented by different symbols. 351 

To ensure the functionality of the inerter in the NFI-VIS across a broad range of frequencies, three 352 

different values of the inertance-to-mass ratio 𝜆 are selected. The case with 𝜆 = 0 represents isolation 353 

systems without an inerter. By setting 𝛼1 = 𝐹d 𝐹0
⁄ = 0 or 𝛼2 = 𝐹d 𝑌0

⁄ = 0, we have a frictionless system 354 

with an ideal inerter. It is noted that the analytical solution is only available for dimensionless displacements 355 

when 𝛼1 < 𝜋/4 and 𝛼2 < 𝜋Ω/4. The values of the friction-to-excitation 𝛼1 for the force excitation case 356 

and 𝛼2 for the base-motion excitation case are both set to be in the range from 0.1 to 0.5, based on a 357 

previous study reported in Ref. [41]. 358 

  359 
Fig. 6 Validation of the results for the SDOF NFI-VIS subjected to (a) force excitation (CASE I) and (b) base excitation 360 

(CASE II). The solid lines are the analytical HB results, and the dashed line is for HB-AFT results. RK results are 361 

shown by symbols. The black lines, red lines, and black circles are solutions of the frictionless system at 𝜆 = 0. The 362 

blue lines, green lines, and green squares are the results at 𝜆 = 0.5 and 𝐹d = 0.02. 363 
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4.2 CASE I: force-excited SDOF NFI-VIS 364 

Figs. 7 and 8 illustrate the effects of the inertance-to-mass ratio 𝜆 and the friction-to-excitation ratio 365 

𝛼1 on the force transmissibility 𝑇𝑅B and the maximum kinetic energy of the mass 𝑘1,max. 𝜆 is set at 366 

three different values for different cases, while the magnitude of the friction force 𝐹d  is fixed at 0.02, i.e., 367 

𝛼1 = 0.2, as shown in Figs. 7(a) and 8(a). The black line represents the linear vibration isolator without 368 

inerter, i.e., 𝜆 = 0  and 𝛼1 = 0 . The grey line represents the frictionless system inerter-based isolator 369 

based on 𝜆 = 0.5 and 𝛼1 = 0. The blue, red, and pink lines correspond to 𝜆 = 0.5, 1, and 5, respectively. 370 

In Figs. 7(b) and 8(b), the effects of friction force are studied by changing its magnitude from 0.02 to 0.04 371 

at 𝜆 = 0.5 and 𝜆 = 1. The grey, blue, and cyan lines represent 𝛼1 = 0.2, while the red and green lines 372 

represent 𝛼1 = 0.4. Other parameters are fixed at 𝜁 = 0.01 and 𝐹0 = 0.1. 373 

Fig. 7(a) shows the effects of 𝜆 and 𝛼1 on the force transmissibility 𝑇𝑅B. In Fig. 7(a), the linear 374 

spring-damper-mass isolator without inerter (i.e., 𝜆 = 0, 𝛼1 = 0 ) has a peak value of 50 in the force 375 

transmissibility at the frequency Ω = 1 . When an ideal inerter-based vibration isolator (with 𝜆 =376 

0.5 , 𝛼1 = 0), the peak value of the force transmissibility decreases to 40.8, and an anti-peak is found. As 377 

the inertance-to-mass ratio 𝜆 increases from 0.5 to 1 and finally to 5, the peak in each curve shifts to lower 378 

frequencies. The transmissibility peak value decreases to 15.4 at 𝜆 = 5. In Fig. 7(a), the lower limit of the 379 

frequency for effective isolation is approximately 1, 0.82, and 0.43 when 𝜆 is 0.5, 1, and 5, respectively. 380 

As the excitation frequency increases, the asymptotic values of transmissibility are approximately 0.46, 381 

0.60 and 0.86, which also can be obtained from 𝑇𝑅B∞ in the Eq. (22a). It shows that the resonant peak is 382 

suppressed with the increase of 𝜆, indicating that a larger 𝜆 value provides performance benefits for the 383 

NFI-VIS. Fig. 7(b) shows the influence of the inherent friction of the inerter on the force transmissibility. 384 
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As the friction-to-excitation ratio 𝛼1 varies from 0.2 to 0.4, the peak vibration transmission is suppressed, 385 

while the anti-peak increases slightly. When the excitation frequency continues to increase, the force 386 

transmissibility decreases firstly to a local minimum value, and then increases to an asymptotic value. 387 

However, the asymptotic value of 𝑇𝑅B increases to 0.63 at 𝜆 = 0.5 and 0.7 at 𝜆 = 1, respectively.  388 

In Fig. 8, the effects of two parameters 𝜆 and 𝛼1 of the NFI-VIS on the maximum kinetic energy of 389 

the mass are investigated. Three different inertance ratio values of the NFI-VIS are defined as 𝜆 = 0.5, 1, 390 

and 5 with 𝛼1 = 0.2. The conventional vibration isolator without an inerter and a frictionless inerter-based 391 

vibration isolator are studied for comparison. Fig. 8(a) shows that the principal impact of introducing an 392 

ideal frictionless inerter to the vibration isolator is a modification of the resonant frequency. However, the 393 

use of a frictional inerter in the isolator can suppress the peak values of 𝐾1,max from 12.3 to 6.9. Peaks of 394 

𝐾1,max shift to a lower frequency range with the increase of 𝜆. Compared with 𝑇𝑅B curves, there is only 395 

one peak in each curve of 𝐾1,max . In the low-frequency range, curves tend to merge as the exciting 396 

frequency Ω  decreases. At high excitation frequencies, a larger 𝜆  will result in the lower maximum 397 

kinetic energy for the primary mass. Fig. 8(a) also shows that NFI-VIS can provide improved vibration 398 

suppression performance compared to a conventional vibration isolator, i.e., 𝜆 = 0. The influence of the 399 

inerter friction is studied by varying the friction-to-excitation ratio 𝛼1 from 0.1 to 0.5, at 𝜆 = 1 shown in 400 

Fig. 8(b). The friction can significantly reduce the peak value of the 𝐾1,max over a wide frequency range, 401 

specifically at high frequencies. The reason is that the higher frequency leads to a lower dynamic response 402 

in the steady-state motion. It can be concluded from Fig. 8 that a larger value of 𝜆 and 𝛼1 can enhance 403 

vibration isolation since it can result in a smaller amount of 𝐾1,max at high exciting frequencies. The 404 
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difference between HB and numerical RK results arises from the occurrence of the stick -slip phenomenon 405 

in the low-frequency range.  406 

 407 

Fig. 7 Effects of the (a) inertance-to-mass ratio 𝜆 and (b) friction-to-excitation ratio 𝛼1 on the force transmissibility 408 

𝑇𝑅𝐵 of the system. The black and grey lines for the frictionless system at 𝜆 = 0 and 𝜆 = 0.5. The blue, red, and 409 

pink lines for 𝜆 = 0.5, 1, and 5 while 𝛼1 = 0.2, respectively. The dashed cyan and green lines for 𝜆 = 0.5,1 with 410 

𝛼1 = 0.4. Symbols: RK results. The line and symbols are colored the same for the same case. 411 

 412 

Fig. 8 Effects of the (a) inertance-to-mass ratio 𝜆 and (b) friction-to-excitation ratio 𝛼1 on the max kinetic 𝐾max of 413 

the mass. The black and grey lines for the frictionless system at 𝜆 = 0 and 𝜆 = 0.5. The blue, red, and pink lines for 414 

𝜆 = 0.5, 1, and 5 while 𝛼1 = 0.2, respectively. In Fig. 8(b), different color lines for 𝛼1 changing from 0.1 to 0.5 at 415 

an interval of 0.1, 𝜆 = 1. Symbols: RK results. The line and symbols are colored the same for the same case.  416 
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Fig. 9 shows the effects of the inertance-to-mass ratio 𝜆 and friction-to-excitation ratio 𝛼1 of the 417 

NFI-VIS on the time-averaged power dissipation ratio of viscous damper 𝑅d and friction 𝑅f of the system, 418 

respectively. Figs. 9(a) and (c) depict the percentage of viscous damping and frictional energy dissipation 419 

in the system at 𝛼1 = 0.2 for 𝜆 = 0.5, 1, and 5, respectively. It can be found that the maximum power 420 

dissipation ratio of the damper is 75%, and the rest of the energy, i.e., 25%, is dissipated by the friction. 421 

The increase of the inertance in the NFI-VIS does not lead to changes in the percentage of the energy 422 

dissipated by the damper and the friction. The reason is that the inertance has little effect on the term 𝑅1Ω 423 

in Eq. (26a), which is consistent with the maximum kinetic energy 𝐾1,max curves in Fig. 8. However, the 424 

inclusion of inerter in the system can shift the peak frequency of the energy dissipation curve to the low-425 

frequency range and. It shows that over 50% of the energy is dissipated by friction in the inerter and there 426 

is only a very narrow range of frequencies in which more than 50% of the energy is dissipated by the viscous 427 

damper. Figs. 9(b) and (d) show the effects of the inerter friction with 𝛼1 = 0.2 and 0.4 at 𝜆 = 0.5 and 428 

1, respectively. An increase in the value of 𝛼1 results in the value of 𝑅d at peak frequency to be reduced 429 

significantly from 75% to 48.9% while the local minimum points of 𝑅f increase substantially from 25% 430 

to 51.1%. This is because the frictional suppression of the dynamic response leads to a smaller portion of 431 

energy input dissipated by the viscous damper, as shown in Fig. 10. Furthermore, the increase of the friction 432 

force further narrows the frequency range where the dissipation ratio 𝑅d exceeds 10%, while the frequency 433 

range of 𝑅f > 90% is expanded. The friction power dissipation ratio 𝑅f has a local minimum point at the 434 

resonant frequency and becomes approximately close to 100%, when away from the resonant frequency. 435 

This behaviour shows that the inerter friction is effective in energy dissipation. When the magnitude of the 436 

friction force increases to 0.04, i.e., 𝛼1 = 0.4, damping dissipation ratio 𝑅d is always less than 50. 437 
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 438 

Fig. 9 Effects of the (a) inertance-to-mass ratio 𝜆 and (b) friction-to-excitation ratio 𝛼1 on the power dissipation of 439 

the system. The blue, red, and pink lines for 𝜆 = 0.5, 1, and 5 while 𝛼1 = 0.2, respectively. The dashed cyan and 440 

green lines for 𝜆 = 0.5,1 with 𝛼1 = 0.4. Symbols: RK results. The line and symbols are colored the same for the 441 

same case. 442 

In Fig. 10, the time histories of the steady-state instantaneous dissipated power by damping 𝑃dv ,  443 

dissipated power by friction 𝑃f  , input power 𝑃in  are presented. The steady-state responses with the 444 

magnitude of friction 𝐹d = 0.02 and 0.04, 𝜆 = 1 are also shown. The excitation frequency is fixed at 445 

Ω =  0.5 while other system parameters remain the same as those used for Fig. 9. Figs. 10(a) and (b) show 446 

that in the low-frequency range, an increase in friction has low impact on the power dissipated by viscous 447 

damping but results in a significant increase in frictional power dissipation. The power input of the system 448 
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increases significantly with the friction increasing, as shown in  Fig. 10(c). It shows that the dry friction 449 

nonlinearity strongly affects the power flow behaviour of the system. Fig. 10(d) gives the information on 450 

the nondimensional velocity and friction response in the steady state. The black and green dashed lines 451 

represent the velocity 𝑋1′ of the mass with the friction-to-excitation ratio 𝛼1 = 0.2 and 0.4, respectively. 452 

It can be demonstrated that the increase of friction can reduce the amplitude of the velocity response, which 453 

is consistent with the results shown in Fig. 8(b). Furthermore, it also shows that the velocity and the friction 454 

are approximately in phase, leading to the positive power dissipation by the friction 𝑃f, implying that in 455 

this system, the friction plays the dominant role of energy dissipation.  456 

Through the above research and analysis, it is found that the inherent friction of the inerter should not 457 

be neglected because it strongly affects the dynamics of the structure and thus the vibration isolation 458 

performance of the vibration isolator. In Fig. 11, the effects of the inertance-to-mass ratio 𝜆  and the 459 

friction-to-excitation ratio 𝛼1 on the friction force are studied. Fig. 11(a) shows the friction force ratio 460 

𝑅bc at three different values of 𝜆 with the magnitude of friction 𝐹d = 0.02. The anti-peak frequency 461 

decreases and the ratio 𝑅bc is reduced with the increase of 𝜆. The friction force ratio 𝑅bc is lower than 462 

10% near the peak frequency, but larger than 50% at low frequencies and between 50% and 10% at high 463 

frequencies. When the excitation frequency tends to  infinity, 𝑅bc has an asymptotic value, approximately 464 

42.7% at 𝜆 = 0.5, 33% at 𝜆 = 1, and 23% at 𝜆 = 5. In Fig. 11(b), as 𝛼1 increases from 0.1 to 0.5 at 𝜆 =465 

1 , the friction force ratio 𝑅bc  increases over a wide frequency range. Furthermore, the friction force 466 

accounts for more than 20% of the total inerter force when Ω is away from the peak frequency. 467 
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    468 

Fig. 10 Time histories of (a) instantaneous dissipated power by damping 𝑃dv, (b) instantaneous dissipated power by 469 

friction 𝑃f, (c) instantaneous input power 𝑃in and (d) dynamic responses in the steady state at Ω =  0.5 for the 470 

system with dry friction. In (a), (b), and (c), the blue and red lines are characteristics with 𝛼1 = 0.2 and 0.4, 𝜆 = 0.5. 471 

In (d), the blue and red lines are the dry friction force 𝐹d, and the dashed black and green lines are the response 472 

velocity of the mass at 𝛼1 = 0.2 and 0.4, respectively. 473 

 474 

Fig. 11 Effects of the friction-to-excitation ratio 𝛼1 on the friction force ratio 𝑅bc of the inerter. The blue, red, and 475 

pink lines for 𝜆 = 0.5, 1, and 5 while 𝛼1 = 0.2, respectively. In Fig. 11(b), different colour lines for 𝛼1 = 0.1~0.5 476 

with 𝜆 = 1. Symbols: RK results. The line and symbols are coloured the same for the same case. 477 
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4.3 CASE II: base motion-excited SDOF NFI-VIS  478 

Figs. 12 and 13 show the effects of the inertance-to-mass ratio 𝜆 and the friction-to-excitation ratio 479 

𝛼2 on the displacement transmissibility 𝐷𝑇𝑅B and the maximum kinetic energy 𝑘2,max of the mass for 480 

the system subjected base motion excitation, respectively. Figs. 12(a) and 13(a) demonstrate the influence 481 

of 𝜆  at 0 , 0.5 , 1,  and 5 , while 𝛼2 = 0  and 0.2. The black line represents the conventional spring-482 

damper-mass isolator with 𝜆 = 0 and 𝛼2 = 0, the black and grey lines are for isolators with an ideal 483 

inerter without friction. Figs. 12(b) and 13(b) show the influence of the friction inside the inerter with the 484 

friction level represented by 𝛼2. Other parameters are set as 𝜁 = 0.01 and 𝑌0 = 0.1. The 7th  order HB-485 

AFT approximation results shown with different lines and numerical results shown with different types of 486 

symbols by using the RK method are presented. 487 

In Fig. 12(a), the black line shows the displacement transmissibility characteristics of the linear 488 

vibration isolator with a peak value 𝐷𝑇𝑅B = 50 , while the grey line represents the vibration isolator with 489 

an ideal inerter, resulting in a lower peak value of 𝐷𝑇𝑅𝐵 = 40 and an inverse peak. With an inherent 490 

friction coefficient of 𝛼2 = 0.2, increasing the inertance-to-mass ratio 𝜆 from 0.5 to 1, and then to 5, 491 

results in a reduction of the critical starting frequency of effective isolation (Eq. (21)), where 𝐷𝑇𝑅B < 1, 492 

from 1 to 0.82, and then to 0.43. At 𝜆 = 5, 𝐷𝑇𝑅B of the NFI-VIS remains smaller than 1 in a wide 493 

frequency range. According to Eq. (22b), at high frequencies, a larger inertance-to-mass value results in a 494 

higher level of displacement transmissibility, which is consistent with the observation in Fig. 1 2(a). Fig. 495 

12(b) shows that the friction force at 𝛼2 = 0.4, can reduce the peak in 𝐷𝑇𝑅B curves for 𝜆 = 0.5 and 1. 496 

A stuck phenomenon occurs causing the peak frequency to shift to the right, for the case with 𝛼2 = 0.4 497 

and 𝜆 = 1 , due to larger inertial force. Similar to the motion characteristics due to force excitation, 498 
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increasing the inertance can broaden the frequency range of the effective isolation and lower the peaks of 499 

the transmissibility curve. 500 

Fig. 13 shows that there is an anti-peak in the curve of 𝐾2,max  when 𝜆 = 0.5  or 1 . The peak 501 

frequency of 𝐾2,max becomes lower and the peak value decreases as 𝜆 increases. At a prescribed high 502 

exciting frequency, the maximum kinetic energy increases with 𝜆 . At low excitation frequencies, the 503 

parameter 𝜆  and 𝛼2  both have weaker effect on 𝐾2,max  as the curves for different cases merge. By 504 

increasing the friction-to-excitation ratio 𝛼2 from 0.1 to 0.5, the effects of friction force are depicted in 505 

Fig. 13(b). The peak and anti-peak frequencies of 𝐾2,max  both increase. Compared with the force 506 

excitation case shown in Fig. 8, it can be seen that the overall trends of the 𝐾2,max curves are different for 507 

the force and base-motion excitation cases. 508 

 509 

Fig. 12 Effects of the (a) inertance-to-mass ratio 𝜆  and (b) friction-to-excitation ratio 𝛼2   on the displacement 510 

transmissibility 𝐷𝑇𝑅B of the system. The black and grey lines for the frictionless system at 𝜆 = 0 and 𝜆 = 0.5. The 511 

blue, red, and pink lines for 𝜆 = 0.5, 1, and 5 while 𝛼1 = 0.2, respectively. The dashed cyan and green lines for 𝜆 =512 

0.5,1 with 𝛼1 = 0.4. Symbols: RK results. The line and symbols are colored the same for the same case.  513 
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 514 

Fig. 13 Effects of the (a) inertance-to-mass ratio 𝜆 and (b) friction-to-excitation ratio 𝛼2  on the maximum kinetic 515 

𝑘max of the mass. The black and grey lines for the frictionless system at 𝜆 = 0 and 𝜆 = 0.5. The blue, red, and pink 516 

lines for 𝜆 = 0.5, 1, and 5 while 𝛼1 = 0.2, respectively. In Fig. 13(b), different colour lines for 𝛼1  from 0.1 to 0.5 517 

with 𝜆 = 1. Symbols: RK results. The line and symbols are coloured the same for the same case. 518 

Fig. 14 shows the effects of 𝜆 and 𝛼2 of the NFI-VIS on the time-averaged energy dissipation of the 519 

base motion excited vibration isolator. As previously defined, 𝑅d is the dissipation ratio of the viscous 520 

damper and 𝑅f is the ratio of friction. Figs. 14(a) and (c) show the percentage of power dissipation by the 521 

viscous damping and friction for the system with 𝜆 = 0.5, 1, and 5 with 𝛼2 = 0.2. When the exciting 522 

frequency is lower than 0.5, the NFI-VIS is in a stick phase and is almost ineffective in power dissipation. 523 

At the resonant frequency, the maximum value of 𝑅d  is 62%, and the correspondingly 𝑅f    is 38%. 524 

Increasing the inertance-to-mass ratio 𝜆 causes the peak frequency to shift to lower frequencies. When 525 

𝜆 = 5, the resonant peak disappears due to the strong inertia force. At high frequencies, 𝑅d decreases, 526 

while 𝑅f increases with 𝜆. For a certain given 𝜆, 𝛼2 and Ω, the portion of frictional energy can be over 527 

90% of the total energy dissipation. However, in the high-frequency range, 𝑅d  increases with the 528 

excitation frequency Ω. Figs. 14(b) and (d) show the effects of the friction of the NFI-VIS with 𝛼2 = 0.2 529 
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and 0.4  at 𝜆 = 0.5  and 1 , respectively. As 𝛼2  increases, the power dissipation ratio 𝑅d  increases 530 

significantly to the local maximum and 𝑅f reaches the local minimum value. Increasing 𝛼2 reduces the 531 

energy dissipation by the damper at high frequencies; this is caused by the frictional resistance. In contrast, 532 

the viscous damper of the NFI-VIS issipates energy more efficiently than the inerter friction in the high-533 

frequency range. 534 

To further study the power flow characteristics of the NFI-VIS under base-motion excitation, the time 535 

histories of instantaneous dissipated power of damping 𝑃dv , dissipated power of friction 𝑃f , input power 536 

𝑃in are presented in Figs. 15(a), (b), and (c), respectively. Fig. 15(d) shows the steady-state responses with 537 

the magnitude of friction force 𝐹d  being 0.02  and 0.04 while 𝜆 = 1 and Ω =  0.7. The values of the 538 

remaining parameters are consistent with those used for Fig. 14. It can be found that at low frequencies, the 539 

NFI-VIS exhibits stick-slip phenomenon. The power dissipation of the damper and the friction as well as 540 

the power input reduces with the increase of the friction-to-excitation ratio 𝛼2. In Fig. 15(d), the relative 541 

velocity 𝑍2′  between terminals is reduced when 𝛼2  increases from 0.2 to 0.4 at Ω = 0.7 . That is 542 

consistent what is shown in Fig. 13(b) in the low-frequency range. Similarly, there is only a positive part of 543 

𝑃f  due to the velocity and friction being of the same sign, and friction reduces the performance. Fig. 16 544 

shows the power flow characteristics at a higher excitation frequency of Ω =  5 . The effects of the 545 

inertance and friction force on instantaneous power flow of damping 𝑃dv of friction 𝑃f and power input 546 

𝑃in of the system are studied. It can be concluded that in the high-frequency range, increasing the inertance 547 

will reduce the power input of the system, while increasing friction force will have the opposite effect. In 548 

Fig. 16(a), the friction-to-excitation ratio 𝛼2 influences slightly the instantaneous power flow related to 549 

damping but significantly increases the power flow associated with friction.  550 
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 551 

Fig. 14 Effects of the (a) inertance-to-mass ratio 𝜆 and (b) friction-to-excitation ratio 𝛼2  on the power dissipation 552 

of the system. The blue, red, and pink lines for 𝜆 = 0.5, 1, and 5 while 𝛼1 = 0.2, respectively. The dashed cyan and 553 

green lines for 𝜆 = 0.5,1 with 𝛼1 = 0.4. Symbols: RK results. The line and symbols are colored the same for the 554 

same case. 555 
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      556 

Fig. 15 Time histories of (a) instantaneous dissipated power by damping 𝑃dv, (b) instantaneous dissipated power by 557 

friction 𝑃f, (c) instantaneous input power 𝑃in and (d) dynamic responses in the steady state at Ω =  0.7 for the 558 

system with dry friction. In (a), (b), and (c), the blue and red lines are characteristics with 𝛼2 = 0.2 and 0.4 at 𝜆 = 1. 559 

In (d), the blue and red lines are the dry friction force 𝐹d, and the dashed black and green lines are the response 560 

velocity of the mass at 𝛼2 = 0.2 and 0.4, respectively. 561 

 562 

Fig. 16 Time histories of (a) instantaneous dissipated power by damping 𝑃dv, (b) instantaneous dissipated power by 563 

friction 𝑃f, (c) instantaneous input power 𝑃in in the steady state at Ω =  5 for the system with dry friction. The blue 564 

line is characteristic with 𝛼2 = 0.2 at 4 at 𝜆 = 0.5. The red line is the characteristic with 𝛼2 = 0.2 at 4 at 𝜆 = 1. 565 

The green line is characteristic with 𝛼2 = 0.4 at 4 at 𝜆 = 1. 566 

Fig. 17 demonstrates the effects of 𝜆 and 𝛼2 on the frictional force ratio 𝑅bc for the NFI-VIS under 567 

base motion excitation. Fig. 17(a) shows the trend of the friction ratio 𝑅bc with parameters set at 𝛼2 =568 
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0.2, 𝜆 = 0.5, 1, and 5. It is found that when 𝜆 varies from 0.5 to 1, the local minimum of 𝑅bc changes 569 

only slightly. When 𝜆 increases to 5, the anti-peak nearly disappears. In the high-frequency range, the 570 

friction force ratio 𝑅bc decreases with the increase of 𝜆 and Ω. This is because the friction has relatively 571 

weak effect in the high-frequency band, as shown in Fig. 14. It is also found that 𝑅bc is almost 100% in 572 

the stick phase, while 𝑅bc is less than 50% in a specific wide frequency range of the slip phase. For base 573 

excitation case, increasing the value of 𝛼2 for the inerter enlarges the percentage of friction in the inertial 574 

force, as shown in Fig. 17(b). With high-frequency excitation, the effect of friction on inertial force becomes 575 

weak due to the larger relative motion, which results in a smaller 𝑅bc with the value being lower than 10%. 576 

In comparison, the friction force has a stronger effect on the dynamics of the inerter-based system when the 577 

forcing excitation away from the resonance. 578 

 579 

Fig. 17 Effects of the friction-to-excitation ratio 𝛼2  on the friction force ratio 𝑅bc of the inerter. The blue, red, and 580 

pink lines for 𝜆 = 0.5, 1, and 5 while 𝛼1 = 0.2, respectively. In Fig. 17(b), different color lines for 𝛼1 from 0.1 to 581 

0.5 with 𝜆 = 1. Symbols: RK results. The line and symbols are colored the same for the same case.  582 

4.4 CASE Ⅲ: 2DOF NFI-VIS subjected to force excitation 583 

In this section, force transmission and power flow properties of the 2DOF NFI-VIS are investigated to 584 
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evaluate the isolation performance. The seventh-order HB-AFT and numerical RK methods are used to 585 

obtain dynamic responses with the results shown by lines and symbols, respectively. System parameters are 586 

set as 𝐹0 = 0.1, 𝛾 = 𝜇 = 𝜂 = 1, 𝜁 = 𝜁1 = 0.01. 587 

Figs. 18(a) and (b) show the effects of the inertance-to-mass ratio 𝜆 and the friction-to-excitation 588 

ratio 𝛼3 of the inerter on the relative response amplitude |𝑋4 − 𝑋3
| between the mass 𝑚 and 𝑚 1. The 589 

black line represents the conventional linear isolator case without an inerter, with two resonance peaks and 590 

one anti-resonance peak. Peaks of the relative displacement |𝑋4 − 𝑋3
| shift to lower frequencies with the 591 

inclusion of the non-frictional inerter shown by the grey line at 𝜆 = 0.5, 𝛼3 = 0. When a frictional inerter 592 

with 𝜆 = 0.5 and 𝛼3 = 0.2 is used, the nonlinearity of the NFI-VIS becomes strong leading to peaks and 593 

a decrease in the anti-peak, as shown by the blue line. It is noted that increasing the inerter-to-mass ratio 𝜆 594 

results in an increase in the value of first peaks and lower peak frequencies but it has a slight effect on the 595 

anti-peak at excitation frequency Ω ≈ 1. At high frequencies, the relative displacement decreases with the 596 

exciting frequency. Fig. 18(b) shows that as the value of  𝛼3 increases from 0.2 to 0.4, values of |𝑋4 − 𝑋3
| 597 

decrease, especially at high frequency. However, increasing with 𝛼3 has weaker effect on peak frequencies. 598 

As Ω reduces in the low-frequency range, these curves tend to merge and the effects of inertance 𝜆 and 599 

friction ratio 𝛼3 have a weak influence on the relative displacement. It is also noted that using NFI-VIS 600 

leads to a smaller peak relative response amplitude compared to a conventional spring-damper isolator with 601 

inerter, indicating the enhanced suppression by the nonlinear isolator. 602 

Fig. 19 investigates the performance of the nonlinear isolator using the force transmissibility 𝑇𝑅B2 603 

as a performance index. Due to the frictionless inerter, the curve of 𝑇𝑅B2 has two peaks and two anti-604 

peaks compared to the conventional linear isolator case (the black curve). An increase in the frictional force 605 
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of the inerter leads to the decrease of the first peak. The first peak decreases from 52.6 to 50.5 and moves 606 

to a lower frequency range as the inertance-to-mass ratio 𝜆 increases from 0.5 to 1. The curve of force 607 

transmissibility 𝑇𝑅B2 shows new peaks and anti-peaks at 𝜆 = 3 and 5, resulting in lower transmitted 608 

force in a frequency range between peaks. Meanwhile, increasing 𝜆 shifts the frequency-response curve 609 

to the left, and the first peak decreases while the second increases. A larger frequency band with force 610 

transmissibility below 1 is created. The figure shows 𝜆 and 𝛼3 have a weak effect on the anti-peaks of 611 

the force transmissibility of the system. As the value of 𝛼3 increases from 0.2 to 0.4, the first and second 612 

peaks decrease, while the anti-peak value increases. These properties show benefits in vibration isolation 613 

using nonlinear frictional inerter. When Ω > 1, 𝑇𝑅B2 associated with NFI-VIS increases with Ω and 614 

approaches an asymptotic value in the high-frequency range. This value increases with 𝛼3  and 𝜆  but 615 

remains smaller than 1. At low frequencies, the lines for different cases tend to merge. 616 

 617 

Fig. 18 Effects of the (a) inertance-to-mass ratio 𝜆 and (b) friction-to-excitation ratio 𝛼3  on the response amplitude 618 

𝑋4  of 𝑚. Effects of the (a) inertance-to-mass ratio 𝜆 and (b) friction-to-excitation ratio 𝛼3  on the relative response 619 

amplitude 𝑋4  of 𝑚. The black and grey lines for the frictionless system at 𝜆 = 0 and 𝜆 = 0.5. The blue, red, yellow, 620 

and pink lines for 𝜆 = 0.5, 1, 3, and 5 while 𝛼3 = 0.2, respectively. The dashed cyan and steel-blue lines for 𝜆 =621 

0.5,1 with 𝛼3 = 0.4. Symbols: RK results. The line and symbols are colored the same for the same case.  622 
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 623 

Fig. 19 Effects of the (a) inertance-to-mass ratio 𝜆 and (b) friction-to-excitation ratio 𝛼3  on the force transmissibility 624 

𝑇𝑅B2 of the system. The black and grey lines for the frictionless system at 𝜆 = 0 and 𝜆 = 0.5. The blue, red, yellow, 625 

and pink lines for 𝜆 = 0.5, 1, 3, and 5 while 𝛼3 = 0.2, respectively. The dashed cyan and steel-blue lines for 𝜆 =626 

0.5,1 with 𝛼3 = 0.4. Symbols: RK results. The line and symbols are colored the same for the same case.  627 

Fig. 20 shows the effects of the inertance-to-mass ratio 𝜆 and the friction-to-excitation ratio 𝛼3 on 628 

the maximum kinetic energy 𝐾3,max of mass 𝑚. Fig. 20(a) shows that for the 2DOF NFI-VIS, the peak 629 

and anti-peak of 𝐾3,max shift toward lower frequencies as 𝜆 increases. The first peak value of 𝐾3,max 630 

decreases from 38.2 to 16.5 and the first anti-peak decrease to 3.2 × 10−4 with 𝜆 increasing from 0.5 to 631 

5. When the excitation frequency is high, the maximum value of 𝐾3,max  for the NFI-VIS case is 632 

significantly lower than that for the linear isolator case (represented by the black line). These characteristics 633 

demonstrate the benefit of using the NFI-VIS for vibration isolation. In Fig. 20(b), it is shown that as 𝛼3 634 

increases from 0.1 to 0.5 at 𝜆 = 5, both peak and anti-peak values decrease, suggesting that friction can 635 

suppress excessive vibrations. Using a nonlinear inerter-based isolator results in a substantial decrease in 636 

the kinetic energy level of the system in the high-frequency range, which enhances vibration isolation when 637 

compared to a linear isolator. 638 
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 639 

Fig. 20 Effects of the (a) inertance-to-mass ratio 𝜆 and (b) friction-to-excitation ratio 𝛼3  on the max kinetic 𝐾3,max 640 

of the mass 𝑚. The black and grey lines for the frictionless system at 𝜆 = 0 and 𝜆 = 0.5. The blue, red, and pink 641 

lines for 𝜆 = 0.5, 1, and 5 while 𝛼3 = 0.2, respectively. In Fig. 20(b), different colored lines for 𝛼3  being 0.1, 0.2, 642 

0.3, 0.4 and 0.5, with 𝜆 = 5. Symbols: RK results. The line and symbols are colored the same for the same case.  643 

Figs. 21(a) and (b) show the effects of the inertance-to-mass ratio 𝜆 and the friction-to-excitation 644 

ratio 𝛼3 on the time-averaged transmitted power 𝑃t, respectively. Figs. 21(c) and (d) show the effects of 645 

𝜆 and 𝛼3 on the power transmission ratio 𝑅T, respectively. Figs. 21(a) and (c) show that the NFI-VIS 646 

produces an anti-peak in curves of 𝑃t, leading to a significant reduction in the transmission of vibration 647 

energy to the foundation structure. With NFI-VIS, the peak value of 𝑅T is reduced as 𝜆 and 𝛼3 increase 648 

in the low-frequency range. In the high-frequency range, 𝑅T increases with 𝜆 and 𝛼3. This observation 649 

is consistent with Figs. 23(a) and (d), where the instantaneous transmitted power 𝑃t and the steady-state 650 

velocity 𝑋3
′  of mass 𝑚 1  increase with friction force. Additionally, the peak value moves to lower 651 

frequencies as 𝜆 increases. In the low-frequency range, the effect of 𝜆 on 𝑃t becomes insignificant, as 652 

the different lines merge together. Fig. 21(d) shows that in the high-frequency range, the transmitted energy 653 

increases with the friction, as predicted in Eq. (24). The peaks and anti-peaks in the curve of 𝑅T correspond 654 
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to peaks and local minimum of the transmitted power 𝑃t of the system, as shown in Figs. 21(a) and (b). 655 

These characteristics are desirable for vibration isolation. When Ω ≈ 1, the transmission ratio 𝑅T of the 656 

system is almost 100%, regardless of the variation of 𝜆 and 𝛼3. This is because the system resonates at 657 

the same frequency, and the input power is almost completely transmitted to the base and dissipated by its 658 

damping. 659 

 660 

Fig. 21 Effects of the inertance-to-mass ratio 𝜆 and friction-to-excitation ratio 𝛼3  on the (a), (c) transmitted power 661 

𝑃t and (b), (d) power transmission ratio 𝑅T of the system. The black and grey lines for the frictionless system at 662 

𝜆 = 0 and 𝜆 = 0.5. The blue, red, yellow, and pink lines for 𝜆 = 0.5, 1, 3, and 5 while 𝛼3 = 0.2, respectively. The 663 

dashed cyan and steel-blue lines for 𝜆 = 0.5,1   with 𝛼3 = 0.4 . Symbols: RK results. The line and symbols are 664 

colored the same for the same case. 665 
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Fig. 22 shows the effects of 𝜆 and 𝛼3 on the time-averaged energy dissipation of the system. Over a 666 

cycle of periodic response, the input energy of the frictionless 2DOF system is dissipated entirely by the 667 

viscous damping 𝑐  and 𝑐1. For the nonlinear structure, when 𝜆 = 0.5, 1, 3, and 5 at 𝛼3 = 0.2, Fig. 22(a) 668 

shows that damping 𝑐 provides almost negligible energy dissipation at both low and high frequencies. 669 

This is due to the low relative velocity, indicating a small power dissipated by the damper 𝑐. Also, when 670 

Ω is away from the resonance, the transmitted energy is small. As a result, more than 90% of the input 671 

energy is dissipated by the inerter friction. Fig. 22 shows that both energy dissipation by the damping 𝑅d 672 

and by the friction 𝑅f increase as 𝜆 increases for the first peak when Ω < 1 but decrease when Ω > 1, 673 

due to the strong nonlinearity at high frequencies. Moreover, Fig. 21 demonstrates that more energy is 674 

transmitted when there is lower relative motion between the masses 𝑚 and 𝑚1. In Fig. 23, it is confirmed 675 

that the relative velocity 𝑉r (= 𝑋4
′ − 𝑋3

′.) between the masses decreases with 𝛼3, while the velocity 𝑋3
′ of 676 

mass 𝑚1 increases with it. At 𝛼3 = 0.4, the friction leads to a decrease in 𝑅d and an increase in 𝑅f. 677 

When Ω ≈ 1, the energy is entirely transferred to the base through the NFI-VIS (𝑅T ≈ 1). Therefore, it can 678 

be summarized that alterations to the friction can change the dissipation of energy within the system. 679 

Fig. 23 shows the time histories of the power flow and response of the system at excitation frequency 680 

Ω = 3  with inertance-to-mass ratio 𝜆 = 5 . The instantaneous transmitted power 𝑃t  of damping 𝑐1, 681 

power flow of friction 𝑃f , power dissipation by the damper 𝑃dv1  of damping 𝑐 , and steady-state 682 

responses are studied at 𝛼3  = 0.2 and 𝛼3  = 0.4, respectively. Both 𝑃f  and 𝑃dv1  decrease with the 683 

increase of friction force, while the transmitted power 𝑃t  increases at high excitation frequency. 684 

Corresponding to the characteristics shown in Fig. 23(d), with the increase of friction, the velocity response 685 

𝑋3
′  increases but the relative velocity 𝑉r  decreases. Also, the frictional power flow 𝑃f  (10−5 ) and 686 
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transmitted power 𝑃t (10−5) exhibit larger magnitudes than that of the damping power 𝑃dv1 . This is why 687 

a significant portion of the energy within the system is dissipated by the inherent friction of the inerter. 688 

Moreover, the friction has a greater effect on 𝑃f  and 𝑃t, compared its effect on 𝑃dv1 . These agree with 689 

the behaviour shown in Fig. 21(d) and Fig. 22(d). 690 

 691 

Fig. 22 Effects of the inertance-to-mass ratio 𝜆 and the friction-to-excitation ratio 𝛼3  on the power dissipation (a) 692 

by damper 𝑅d and (b) by friction 𝑅f of the system. The black and grey lines for the frictionless system at 𝜆 = 0 693 

and 𝜆 = 0.5. The blue, red, yellow, and pink lines for 𝜆 = 0.5, 1, 3, and 5 while 𝛼3 = 0.2, respectively. The dashed 694 

cyan and steel-blue lines for 𝜆 = 0.5,1  with 𝛼3 = 0.4. Symbols: RK results. The line and symbols are colored the 695 

same for the same case. 696 
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    697 

Fig. 23 Time histories of the (a) instantaneous transmitted power 𝑃t  (b) instantaneous dissipated power by friction 698 

𝑃f, (c) instantaneous dissipated power by damping 𝑃dv1, and (d) dynamic responses in the steady state at Ω =699 

 3 for the system with dry friction. In (a), (b), and (c), the blue and red lines are characteristics with 𝛼2 = 0.2 and 700 

0.4 at 𝜆 = 5. In (d), the blue and red lines are the dry friction force 𝐹d, and the dashed black, green, sky-blue, and 701 

pink lines are the response velocity of the mass 𝑚1 and relative velocity 𝑉r at 𝛼2 = 0.2 and 0.4, respectively. 702 

The effects of the inertance ratio 𝜆 and the friction-to-excitation 𝛼3 on the frictional influence on 703 

the total inerter force in the 2DOF system are shown in Fig. 24. In Fig. 24(a), the consideration of the 704 

inherent friction of the inerter is essential, accounting for more than 50% of the total inerter force both in 705 

low- and high- frequency ranges. An increasing inertance-to-mass ratio 𝜆 leads to a decrease in 𝑅bc and 706 

lower anti-peak frequencies. However, the value of 𝑅bc increases with an increasing 𝛼3. When Ω ≈ 1, 707 

𝑅bc is approximately 100%, which means 𝐹b ≈ 𝐹bc3. This is because the mass 𝑚 moving with the mass 708 

𝑚1 with a very small relative motion velocity (𝑉r ≈ 0), as shown in Fig. 22. When the excitation frequency 709 

Ω ≈ ∞, the friction force ratio 𝑅bc has an asymptotic value. This is because the relative motion decreases 710 
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as the exciting frequency increases, as shown in Fig. 18, indicating a smaller value of the term 𝜆𝑉𝑟
′  of the 711 

inertance force 𝐹b . 712 

 713 

Fig. 24 Effects of the (a) inertance-to-mass ratio 𝜆 and (b) friction-to-excitation ratio 𝛼3  on the on the friction force 714 

ratio 𝑅bc of the system. The blue, red, yellow, and pink lines for 𝜆 = 0.5, 1, 3, and 5 while 𝛼3 = 0.2, respectively. 715 

In Fig. 24(b), different color lines for 𝛼3 = 0.1~0.5 with 𝜆 = 5. Symbols: RK results. The line and symbols are 716 

colored the same for the same case. 717 

5 Conclusions 718 

This study investigated the force transmission and power dissipation behaviour of frictional inerter-719 

based vibration isolation systems. Different configurations of nonlinear vibration isolators with frictional 720 

inerters in single DOF and 2DOF systems under force and motion excitations were studied. The Karnopp 721 

model and the smooth friction model were used when using the HB-AFT method and numerical integration 722 

method, respectively. Vibration transmission characteristics of SDOF and 2DOF systems were shown by 723 

using force and displacement transmissibility as well as power flow variables.  724 

For the SDOF system, the use of NFI-VIS under force (CASE Ⅰ) and base motion (CASE Ⅱ) excitation 725 

was studied. It is found that the inclusion of the nonlinear frictional inerter in vibration isolator can widen 726 
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the effective frequency band where the force transmissibility is lower than 1. The anti-resonance in the 727 

force transmissibility and displacement transmissibility curves can be used to significantly reduce the 728 

vibration transmission at prescribed excitation frequencies. The inherent friction of inerter provides further 729 

benefits to the performance of the vibration isolator. For example, the asymptotic value of 𝑇𝑅B increases 730 

to 0.63 at 𝜆 = 0.5 and 0.7 at 𝜆 = 1 when the friction-to-excitation ratio increases from 0.2 to 0.4. Over 731 

a wide frequency range, more than 50% of the energy in the system is dissipated by  the inerter friction, For 732 

the force excitation case, the friction force accounts for more than 20% of the total inerter force when the 733 

exciting frequency is away from resonance, and less than 10% near the resonant frequency. These 734 

demonstrate that it is the necessary to consider friction in inerter-based vibration isolator design. It is also 735 

noted that the NFI-VIS is only effective when the excitation amplitude is larger than the static friction of 736 

the inerter. 737 

For the 2DOF NFI-VIS subjected to the force excitation, it is shown that the use of nonlinear frictional 738 

inerter lead to an anti-resonant peak between two peaks where the dynamic response, vibration transmission, 739 

and power transmission level is significantly reduced. With a proper design of inertance and friction in the 740 

NFI-VIS, it is possible to reduce the power transmitted ratio to nearly zero for a specific excitation 741 

frequency. This can be achieved, for example, by setting 𝜆 = 5 and 𝛼3 = 0.4 for low-frequency range or 742 

𝜆 = 0.5 and 𝛼3 = 0.2 in the high-frequency range. When the excitation frequency is away from peak 743 

frequencies, more than 20% of the total inerter force can be caused by friction. This study showed that the 744 

internal friction of inerters should be considered in the design of inerter-based vibration isolators. 745 
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Appendix 757 

Compared with the HB-AFT method and numerical RK method, the 1st   order analytical HB 758 

approximation can be used to seek solutions providing good physical insights at low computational cost 759 

[19, 30]. For the SDOF NFI-VIS (CASE Ⅰ), the steady-state displacement response can be approximated by 760 

𝑋1 = 𝑅1cos(Ω𝜏 + 𝜃1 ) = 𝑅1cos𝜙1 , (29) 761 

where 𝑅1 is dimensionless displacement amplitudes and 𝜙1 = Ω𝜏 + 𝜃1 . The nondimensional dry friction 762 

force is expressed using harmonic terms as [30]: 763 

𝐹bc1 ≈ 𝐹d sgn(𝑋1
′) ≈ −

4𝐹d

𝜋
sin𝜙1 −

4𝐹d

3𝜋
sin3𝜙1 . (30) 764 

Substituting Eq. (30) into Eq. (9), and using 𝛼1 = 𝐹d 𝐹0
⁄  , the steady-state frequency-response 765 

relationship can be obtained, 766 

−(𝜆 + 1)𝑅1Ω2cos𝜙1 − 2𝜁𝑅1Ωsin𝜙1 + 𝑅1cos𝜙1 −
4𝛼1𝐹0

𝜋
sin 𝜙1 = 𝐹0 cos(𝜙1 − 𝜃1 ). (31) 767 
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Balancing the coefficients of the associated harmonic terms, the following equations can be obtained: 768 

𝑅1 − (𝜆 + 1)Ω2𝑅1 = 𝐹0 cos𝜃1,                       (32a) 769 

−
4

𝜋
𝛼1𝐹0 − 2𝜁𝑅1Ω = 𝐹0 sin 𝜃1.                       (32b) 770 

Eliminating the sine and cosine terms from Eqs. (32), further simplifying the equation, results in  771 

𝑅1
2 + (𝜆 + 1)2Ω4𝑅1

2 − 2(𝜆 + 1)Ω2𝑅1
2 + 16 (

𝛼1

𝜋
)

2

𝐹0
2 + 4𝜁2Ω2 𝑅1

2 +
16

𝜋
𝜁𝑅1Ω𝛼1𝐹0 = 𝐹0

2.  (33) 772 

Eq. (33) is an algebraic relationship equation of the frequency Ω and the response amplitude response 773 

𝑅1, for which the quadratic equation can be solved: 774 

|𝑅1
| =

−
16𝜁Ω𝛼1𝐹0

𝜋
+ √(

16𝜁Ω 𝛼1𝐹0
𝜋

)
2

− 4((1 − ( 𝜆 + 1)Ω2)2 + 4𝜁2Ω2 )(
16(𝛼1𝐹0 )2

𝜋 2 − 𝐹0
2)

2((1 − ( 𝜆 + 1)Ω2)2 + 4𝜁2Ω2 )
. (34)

 775 

The following equation can be obtained: 776 

|𝑅1
|

𝐹0

=
−

16𝜁Ω 𝛼1
𝜋

+ √(
16𝜁Ω𝛼1

𝜋
)

2

− 4((1 − ( 𝜆 + 1)Ω2)2 + 4𝜁2Ω2  )(
16(𝛼1)2

𝜋2 − 1)

2((1 − ( 𝜆 + 1)Ω2 )2 + 4𝜁2Ω2 )
. (35)

 777 

It is obvious that when 
16(𝛼1)2

𝜋2 − 1 < 0, i.e., 𝛼1 < 𝜋/4, there exist positive and real solutions for |𝑅1
| 𝐹0
⁄ . 778 

For the SDOF system with base motion (CASE Ⅱ), the steady-state relative displacement's analytical 779 

first-order HB expression is 780 

𝑍2 = 𝑅2cos(Ω𝜏 + 𝜃2 ) = 𝑅2cos𝜙2， (36) 781 

where 𝑍2 = 𝑋2 − 𝑌0 cos (Ω𝜏) is the relative displacement between the mass and the base as depicted in 782 

Fig. 4(b), 𝑅2 is dimensionless displacement amplitudes and 𝜙2 = Ω𝜏 + 𝜃2. Using Flourier expression of 783 

dry friction force in Eq. (30) with 𝛼2 = 𝐹d 𝑌0
⁄  and substituting Eq. (36) into Eq. (10), by similar derivation 784 

approach to force excited system, following equations can be obtained: 785 
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𝐹bc2 ≈ 𝐹d sgn(𝑍2
′) ≈ −

4

𝜋
(sin 𝜙2 +

1

3
sin3𝜙2 ) 𝐹d , (37a) 786 

−(1 + 𝜆)Ω2𝑅2cos𝜙2 − 2𝜁Ω𝑅2sin𝜙2 + 𝑅2cos𝜙2 −
4𝛼2 𝑌0

𝜋
sin𝜙2 = 𝑌0Ω2 cos(𝜙2 − 𝜃2 ). (37b) 787 

Balancing the corresponding harmonic terms in Eq. (37b), we have: 788 

(1 − (1 + 𝜆)Ω2 )𝑅2 = 𝑌0Ω2 cos𝜃2 , (38a) 789 

−2𝜁Ω 𝑅2 −
4𝛼2𝑌0

𝜋
= 𝑌0Ω2 sin𝜃2 . (38b) 790 

Because of sin2 𝜃2 + cos2𝜃2 = 1, Eqs. (38) can be rewritten as 791 

(1 − (1 + 𝜆)Ω2)2𝑅2
2 +

16𝛼2
2𝑌0

2

𝜋 2
+ 4𝜁2Ω2𝑅2

2 +
8𝛼2 𝑌0

𝜋
𝜁Ω𝑅2 = 𝑌0

2Ω4. (39) 792 

The relative displacement response amplitude response 𝑅2 can be solved by using a bisection method: 793 

|𝑅2
| =

−
16𝜁Ω𝛼2𝑌0

𝜋
+ √(

16𝜁Ω𝛼2𝑌0
𝜋

)
2

− 4((1 − (1 + 𝜆)Ω2 )2 + 4𝜁2Ω2) (
16(𝛼2𝑌0 )2

𝜋2 − 𝑌0
2Ω4  )

2((1 − (1 + 𝜆)Ω2)2 + 4𝜁2Ω2 )
. (40)

 794 

Similarly, it can be deduced from Eq. (40), when 
16(𝛼2)2

𝜋2 − Ω4 < 0 , i.e., 𝛼2 <
𝜋Ω

4
 , Eq. (40) has 795 

meaningful solutions. The displacement response 𝑋2(𝜏)  of the mass in CASE Ⅱ can be expressed by 796 

converting equation 𝑍2 = 𝑋2 − 𝑌0 cos (Ω𝜏): 797 

𝑋2(𝜏) = 𝑍2(𝜏) + 𝑌0 cosΩ𝜏 ≈ 𝑅2 cos(Ω𝜏 + 𝜃2 ) + 𝑌0 cosΩ𝜏. (41) 798 

Therefore, the dimensionless response amplitude for base excitation can be acquired by using Eqs. 799 

(38) for the simplification: 800 

𝑋2_am = √(𝑅2cos𝜃2 + 𝑌0 )2 + 𝑅2
2sin2 𝜃2 = √𝑅2

2 + 𝑌0
2 + 2𝑅2

2 (
1 − (1 + 𝜆)Ω2

Ω2
) . (42) 801 
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