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Abstract 10 

Purpose To suppress the low-frequency vibration of dynamic systems such as underwater vehicles, this 11 

research proposes a novel geometrically nonlinear vibration isolator using hybrid nonlinear inertial and 12 

stiffness elements.  13 

Methods A spring and an inerter are integrated together into a 4-rod linkage structure to form geometric 14 

nonlinearity. The performance of isolator under force or base-motion excitation is analysed. The 15 

performance of the proposed isolator in a flexible base structure simulating vibration isolation in ships 16 

is also considered. The transmissibilities and vibrational energy transfer are taken to evaluate the 17 

effectiveness of isolation.  18 

Results The results demonstrate better performance in low-frequency vibration isolation comparing to 19 

conventional linear isolator. The combined use of spring and inerter in the linkage mechanism can create 20 

a frequency band of ultra-low transmissibility and energy flow at low frequencies.  21 

Conclusion Structural parameters of the proposed hybrid nonlinear element can be designed to alter 22 

the dynamic characteristic of the nonlinear isolator to attenuate low-frequency vibration transmission. 23 

The proposed nonlinear isolator demonstrates a strong potential for application in naval architecture. 24 

Keywords: geometric nonlinearity; vibration power flow; vibration isolator; inerter; nonlinear spring 25 

1. Introduction 26 

Vibration of the dynamic systems in vessels such as engines and pumps can be transmitted via the 27 

mounting base to the wet surface and cause acoustic emission [1]. Considering the reliability, passive 28 

vibration isolators are commonly used in vessels to attenuate vibrations from main engines and 29 

auxiliaries to the hull [2]. The excessive low-frequency line-spectrum of the underwater vehicle can 30 

significantly affect its acoustic stealth performance and harm the creatures in the ocean [3]. Suppression 31 

of low-frequency vibration is challenging in the design of vibration isolators of underwater vehicle [4]. 32 

It is well-documented that the effective isolation band of a linear isolator starts when the excitation 33 
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frequency  is √2 times of the natural frequency of the system [5, 6]. The stiffness of the linear isolator 34 

has to be small to isolate low frequency vibration [7], which will affect the load-supporting capability 35 

and increase the amplitude of dynamic displacement [8, 9].  36 

To overcome this limitation and improve vibration isolation performance, many recent research 37 

interests have focused on the development of vibration isolators exploiting nonlinear elements for 38 

performance enhancement [10]. A negative stiffness mechanism (NSM) in parallel with a conventional 39 

spring-damper isolator has been studied to reduce the dynamic stiffness of the system [11]. The static 40 

deflection of the isolator can be kept small while the resonant frequency is reduced [12-15]. When the 41 

system parameters are set at specific values, nonlinear isolators can exhibit quasi-zero-stiffness (QZS) 42 

characteristic [16]. Alabuzhev et al. [17] proposed such an isolator consisting of a spring-damper 43 

structure and compressed oblique springs. The oblique springs generate the negative stiffness to create 44 

a low total dynamic stiffness. In recent years, different configurations of QZS mechanisms have been 45 

developed to create the negative stiffness effect [18-21], including beam buckling [22], truss-spring-46 

based structure [23], circular ring [24], QZS isolator with displacement constraints [25] and X-shaped 47 

structures [26-30]. Ji et al. [31] reviewed different designs of origami-based structures exhibiting 48 

negative stiffness for vibration control. The foldability, multistability and tuneable stiffness 49 

characteristics of origami-based structures can be applied to achieve desired vibration isolation 50 

performance. Yan et al. [32, 33] examined the transmissibility of a novel lever-type isolator consisting 51 

magnetic spring. An et al. [34] investigated the dynamics of a pneumatic QZS isolator having a 52 

mistuned mass. Dai et al. [35] proposed a geometrically nonlinear isolator by embedding a spring into 53 

a linkage mechanism. It was found that the proposed structure can broaden the effective bandwidth, 54 

compared with conventional linear isolators, and reduce the peak value at the vicinity of the resonance. 55 

Investigations of various nonlinear isolators have demonstrated the benefits of exploiting nonlinear 56 

elements and geometric nonlinearities in vibration suppression. 57 

Many previous studies have focused on nonlinearities by varying the structural stiffness and 58 

damping while keeping the mass (i.e., inertial term) constant [36]. Some researchers used lever-type 59 

structure to increase the effective mass to lower the natural frequency [37]. The recently proposed 60 

inerter device can provide inertial coupling between subsystems (e.g., rack pinion and ball screw) of an 61 

integrated structure, so the resulting inertance can be much greater than its physical mass [38]. In view 62 

of this, inerter-based vibration isolation/absorption has been a popular research topic and has been 63 

employed in various engineering applications [39, 40], including suspension systems [41], aircraft 64 

landing gear [42], cables [43] and buildings [44, 45]. However, studies on the inerter-based nonlinear 65 

vibration isolator are still lacking. Shi et al. [46] used an inerter in a linkage mechanism and found that 66 

the geometric nonlinear inerter device can assist vibration isolation. It is suggested that the nonlinear 67 

inertial force can be obtained by embedding inerter in a geometric nonlinear element, which can 68 

enhance the isolation performance. Moreover, considering the advantages of spring-based NSM and 69 

nonlinear inerter structure. It is interesting to use a hybrid nonlinear inertial and stiffness element in the 70 
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nonlinear isolator design for further enhancement. However, research on the combined use of nonlinear 71 

spring and inerter in nonlinear vibration isolator is rare. 72 

In this study, a hybrid nonlinear inertial and stiffness element is proposed. An inerter and a spring 73 

are integrated into a four-bar linkage mechanism. The isolation performance of the geometrically 74 

nonlinear isolator is investigated.  In addition to the dynamic analysis of a single degree-of-freedom 75 

(SDOF) system, the dynamics and performance evaluation of a two degree-of-freedom (2DOF) system 76 

representing vibrating equipment mounted on a flexible base is also conducted. The harmonic balance 77 

method (HBM) is applied to determine the system response, and the Runge-Kutta method (RKM) is 78 

employed as a numerical cross-verification. To understand the mechanism of vibration transmission, 79 

vibration power flow indices are used to assess the energy transmission behaviour [47]. The vibrational 80 

energy flow has been widely accepted in the quantification of vibration transmission in linear and 81 

nonlinear systems [48, 49]. For the rest of the paper, a mathematical model of the hybrid nonlinear 82 

element is provided in Section 2. Modelling, formulation and examination of the hybrid nonlinear 83 

element in SDOF systems are presented in Section 3. The 2DOF nonlinear isolation system having a 84 

flexible base is discussed in Section 4, followed by conclusions.  85 

 86 

2. Hybrid nonlinear element with spring and inerter configured in linkage 87 

mechanism 88 

Figure 1 shows the model of hybrid nonlinear inertial and stiffness element (NISE), which is 89 

configured by inserting a spring of 𝑘h and an inerter of 𝑏h horizontally in a 4-rod linkage mechanism. 90 

The rigid and massless rods with the same length of 𝑙rod are connected at four terminals. Terminal B is 91 

the connection point to the foundation while terminal A is the load point for equipment mass. The linear 92 

spring and the inerter are parallelly hinged to the joint points C and D. The NISE can either be 93 

compressed and stretched in the vertical direction.  94 
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Fig. 1 The model of hybrid nonlinear inertial and stiffness element (NISE) at (a) original un-stretched 96 

position and (b) certain position under compression. 97 

Figure 1(a) shows the NISE with the spring un-stretched while Fig. 1(b) shows a certain position of 98 

NISE under compression. The original height of NISE is ℎ0 and the original angle between AC and CD 99 

is 𝛼0, as shown in Fig. 1(a). At certain position in Fig. 1(b), the height of NISE becomes ℎ and the angle 100 
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between AC and CD changes to 𝛼 with  0 < 𝛼 < 90°. It is noted that in the isolator models considered 101 

in the current paper, the inerter is considered to be ideal with negligible physical mass as the inertance 102 

to physical mass ratio of an inerter can be very high [44]. 103 

According to the geometric relation at certain position in Fig. 1(b), the distance relationships are 104 

obtained as 105 

ℎ = 2𝑙rod sin 𝛼,      𝑑CD = 2𝑙rod cos 𝛼 = √4𝑙rod
2 − ℎ2,                       (1a) 106 

where 𝑑CD is the terminal distances of horizontal spring and inerter, i.e., the distance of C and D. 107 

Therefore, the relationships of velocity and acceleration are then derived as 108 

ℎ̇ = 2𝑙rod𝛼̇ cos 𝛼 ,        ℎ̈ = 2𝑙rod(𝛼̈ cos 𝛼 − 𝛼̇2 sin 𝛼)   ,                     (2a, 2b) 109 

  𝑑̇CD = −2𝑙rod𝛼̇ sin 𝛼 ,      𝑑̈CD = −2𝑙rod(𝛼̈ sin 𝛼 + 𝛼̇2 cos 𝛼)    .          (2c, 2d)  110 

Note that the restoring force of the spring and the inertance force by the inerter depend on the 111 

deflection 𝛿CD of spring and relative acceleration 𝑑̈CD between two terminals of the inerter, respectively. 112 

Assuming that the original un-stretched spring length is 𝑙s. When terminal A is moving upwards and 113 

the NISE is under tension, the spring force and inerter force are 114 

 𝑓spring =  𝑘h𝛿CD = 𝑘h(𝑙s − 2𝑙rodcos𝛼),                                     (3a)           115 

  𝑓inerter = 𝑏h𝑑̈CD =  2𝑏h𝑙rod(𝛼̈ sin 𝛼 + 𝛼̇2 cos 𝛼),                           (3b) 116 

respectively. Based on the force equilibrium condition, the downward restoring force of NISE applied 117 

to terminal A is  118 

𝑓NISE(𝛼) =
sin 𝛼

cos 𝛼
(𝑓spring + 𝑓inerter) = 𝑘h (𝑙s

sin 𝛼

cos 𝛼
− 2𝑙rod sin 𝛼) + 2𝑏h𝑙rod (

𝛼̈ sin2 𝛼

cos 𝛼
+ 𝛼̇2 sin 𝛼). 119 

(4) 120 

Using the relation between angle 𝛼 and element height ℎ in Eq. (1a), the Eq. (4) can be transformed as 121 

𝑓NISE(ℎ, ℎ̇, ℎ̈) =  𝑘hℎ (
𝑙s

√4𝑙rod
2 −ℎ2

− 1) + 𝑏h (
ℎ̈ℎ2

4𝑙rod
2 −ℎ2 +

4𝑙rod
2 ℎℎ̇2

(4𝑙rod
2 −ℎ2)

2).               (5) 122 

 123 

3. NISE vibration isolator in SDOF system  124 

3.1 System modelling 125 

This section illustrates the NISE embedded in a SDOF isolation system subjected to force or 126 

displacement excitation. The dynamic modelling and the linearized natural frequency as well as 127 

dynamic stiffness characteristics of the system are presented.  128 

3.1.1 SDOF system under force excitation 129 

Figure 2 shows the SDOF isolator model with NISE under force excitation. The isolated equipment 130 

has a mass of 𝑚1 and hence the gravity of the mass is 𝑚1𝑔. Here 𝑔 is the gravitational coefficient. The 131 

displacement response of the mass is defined as 𝑥1. The harmonic unbalanced force 𝑓0ei𝜔𝑡 induced by 132 

the operation of the equipment is considered as the excitation source. The nonlinear isolator is formed 133 
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by spring 𝑘1, damper 𝑐1 and NISE with terminal B fixed to the ground. It is defined that when the 134 

equipment mass is not installed on the nonlinear isolator, the spring 𝑘1 is unstretched and the length is 135 

𝑙s1. After adding the equipment mass to the nonlinear isolator, the NISE is compressed and the height 136 

ℎ becomes ℎ = ℎ1, which is set as the equilibrium point of the nonlinear isolator of 𝑥1 = 0. 137 

 138 
Fig. 2 A SDOF nonlinear isolator model with force excitation 139 

The governing equation is expressed as 140 

𝑚1𝑥̈1 + 𝑐1𝑥̇1 + 𝑘1𝑥1 + 𝑓NISE(ℎ, ℎ̇, ℎ̈) + 𝑚1𝑔 = 𝑓0ei𝜔𝑡,                          (6) 141 

where the force of NISE is obtained by a substitution of ℎ = ℎ1 + 𝑥1 into Eq. (5): 142 

𝑓NISE(ℎ, ℎ̇, ℎ̈) = 𝑘h(ℎ1 + 𝑥1) (
𝑙s

√4𝑙rod
2 −(ℎ1+𝑥1)2

− 1) + 𝑏h (
(ℎ1+𝑥1)2𝑥̈1

4𝑙rod
2 −(ℎ1+𝑥1)2 +

4𝑙rod
2 (ℎ1+𝑥1)𝑥̇1

2

(4𝑙rod
2 −(ℎ1+𝑥1)2)

2) .  (7) 143 

It is noted that when the equipment is installed and the mass reaches the static equilibrium at ℎ = ℎ1, 144 

the gravity of the system 𝑚1𝑔  is balanced by the static restoring force 𝑓NISE_static  of NISE with 145 

𝑓NISE_static = 𝑓NISE(ℎ1) and static restoring force 𝑓k1_static of the vertical linear spring at ℎ = ℎ1 with 146 

𝑓k1_static = 𝑘1(𝑙s1 − ℎ1) , we have 147 

𝑚1𝑔 − 𝑓k1_static − 𝑓NISE_static = 𝑘1(ℎ1 − 𝑙s1) − 𝑘hℎ1 (
𝑙s

√4𝑙rod
2 −ℎ1

2
− 1) + 𝑚1𝑔 = 0.       (8) 148 

Here parameters are defined 149 

𝜔1 = √
𝑘1

𝑚1
,   𝜁1 =

𝑐1

2𝑚1𝜔1
,  𝐹0 =

𝑓0

2𝑘1𝑙rod
,  Ω =

𝜔

𝜔1
,    𝜏 = 𝜔1𝑡,  𝑋1 =

𝑥1

2𝑙rod 
,                  (9) 150 

 𝐻 =
ℎ

2𝑙rod 
,  𝐿s =

𝑙s

2𝑙rod
 ,    𝜆k =

𝑘h

𝑘1
 ,     𝜆b =

𝑏h 

𝑚1
,    𝐻1 =

ℎ1

2𝑙rod 
                          (10)                                                   151 

where 𝜔1 represents the linearized resonant frequency, 𝜁1 marks the damping coefficient, 𝐹0 denotes 152 

the amplitude of excitation force, while Ω and 𝜏 are the corresponding frequency and time, respectively. 153 

𝑋1 is the response displacement. 𝐻 is the non-dimensional height of the NISE. 𝐿s is the dimensionless 154 

unstretched horizontal spring length. 𝜆k is the stiffness coefficient of the horizontal spring. 𝜆b is the 155 

inertance coefficient. 𝐻1 is the dimensionless static equilibrium height of the NISE.  156 

Therefore, the Eq. (6) can be nondimensionalized as  157 

m1
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𝑋1
′′ + 𝑋1 + 2𝜁1𝑋1

′ + 𝐹NISE(𝐻, 𝐻′, 𝐻′′) +
𝑚1𝑔

2𝑘1𝑙rod
= 𝐹0eiΩ𝜏,                         (11) 158 

where 159 

𝐹NISE(𝐻, 𝐻′, 𝐻′′) = 𝜆k(𝐻1 + 𝑋1) (
𝐿s

√1−(𝐻1+𝑋1)2
− 1) + 𝜆b (

𝑋1
′′(𝑋1+𝐻1)2

1−(𝑋1+𝐻1)2 +
𝑋1

′2(𝑋1+𝐻1)

(1−(𝑋1+𝐻1)2)2).     (12) 160 

According to Eqs. (11) and (12), a negative stiffness could be obtained when 𝐿h √1 − 𝐻1
2⁄ − 1 < 0. 161 

Hence the value of (𝐿h
2 + 𝐷1

2) should be set less than 1. 162 

By using a second order Taylor expansion, the approximated dynamic force 𝐹NISE(𝐻, 𝐻′, 𝐻′′) of 163 

the NISE in Eq. (12) can be obtained as 164 

𝐹NISE ≈ 𝜆k(𝜅0 + 𝜅𝑋1) + 𝜆b(𝑋1
′2𝐵(𝑋1) + 𝑋1

′′𝐴(𝑋1))                            (13) 165 

where 166 

𝜅0 = (𝐿s √1 − 𝐻1
2⁄ − 1) 𝐻1,     𝜅 = (𝐻1

2 − 1 + 𝐿s √1 − 𝐻1
2⁄ ) (1 − 𝐻1

2)⁄ ,        (14) 167 

𝐴(𝑋1) =
𝐻1

2

1−𝐻1
2 +

2𝐻1

(1−𝐻1
2)

2 𝑋1 +
1+3𝐻1

2

(1−𝐻1
2)

3 𝑋1
2 ,  𝐵(𝑋1) =

𝐻1

(1−𝐻1
2)

2 +
1+3𝐻1

2

(1−𝐻1
2)

3 𝑋1 +
6𝐻1(1+𝐻1

2)

(1−𝐻1
2)

4 𝑋1
2.   (15) 168 

Equation (11) is linearized as 169 

𝑋1
′′ + 𝑋1 + 2𝜁1𝑋1

′ + 𝜆k(𝜅0 + 𝜅𝑋1) + 𝜆b(𝑋1
′2𝐵(𝑋1) + 𝑋1

′′𝐴(𝑋1)) = 𝐹0eiΩ𝜏.          (16) 170 

The linearized resonant frequency is approximated as 171 

ΩLinearized = √
𝜆k𝜅+1

1+𝜆b𝜖1
,                                                      (17)  172 

where 𝜖1=
𝐻1

2

1−𝐻1
2. The linearized stiffness is 173 

𝐾L = 𝜆k𝜅 + 1.                                                            (18) 174 

It can be found from Eqs. (17) and (18) that, increasing the inertance ratio can lower the value of 175 

ΩLinearized. Moreover, 𝐾L can be reduced to a small value approaching zero by adjusting the value of 176 

𝜅 to be negative. This characteristic can be applied to enhance isolation performance at low frequencies. 177 

Figure 3 shows ΩLinearized changing with four design parameters of NISE. In Fig. 3(a) and 3(b), 178 

the effects of the stiffness ratio 𝜆k and the inertance-mass ratio 𝜆b on ΩLinearized are examined. The 179 

other design parameters of NISE are set as 𝐿s = 𝐻1 = 0.5. It is shown that the increase of 𝜆k or 𝜆b can 180 

reduce the value of ΩLinearized. The reason can be found from Eq. (17) that the linearized natural 181 

frequency ΩLinearized depends on the value of stiffness ratio 𝜆k and the inertance ratio 𝜆b. In Fig. 3(c) 182 

and 3(d), the influence of original spring length 𝐿s and static equilibrium height 𝐻1 on ΩLinearized is 183 

investigated. The other parameters are fixed as 𝜆𝑘 = 2 and 𝜆b = 3. It can be found that a smaller value 184 

of 𝐿s or 𝐻1 can also reduce the linearized natural frequency. This is due to the relationship between 185 

ΩLinearized and 𝜅 and 𝜖1 from Eq. (17). 𝜖1 is decided by the dimensionless static equilibrium height 𝐻1 186 

of the NISE while 𝜅 is related to the dimensionless unstretched horizontal spring length 𝐿s. Fig. 3 shows 187 

that the inclusion of NISE can improve the low-frequency isolation performance. 188 
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 189 
Fig. 3 Linearized resonant frequency of NISE-based SDOF isolator under the influence of (a) stiffness ratio 𝜆k, 190 
(b) inertance 𝜆b, (c) static equilibrium height 𝐻1, and (d) horizontal spring length 𝐿s. System parameters for (a) 191 
and (b): 𝐿s = 0.5, 𝐻1 = 0.5; for (c) and (d): 𝜆k = 2, 𝜆b = 3 192 

 193 

3.1.2 SDOF system under base motion excitation 194 

In this subsection, the NISE is applied for isolating sensitive equipment from the vibration of the 195 

foundation shown in Fig. 4. Here the base excitation of 𝑧0𝑒i𝜔𝑡 is considered. Terminal B of the NISE 196 

is mounted on the foundation while terminal A is connected to the mass 𝑚1. The static equilibrium is 197 

reached at ℎ = ℎ1 after loading, which is set as the reference point of response with 𝑥1 = 0.  198 
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 199 

Fig. 4 Model of nonlinear isolation system with NISE under base excitation 200 

Note that the height ℎ of the NISE is ℎ = ℎ1 + 𝑥1 − 𝑧, hence the governing equation is expressed 201 

as  202 

𝑚1𝑥̈1 + 𝑐1(𝑥̇1 − 𝑧̇) + 𝑘1(𝑥1 − 𝑧) + 𝑓NISE(ℎ, ℎ̇, ℎ̈) + 𝑚1𝑔 = 0,                        (19)  203 

where  204 

𝑓NISE(ℎ, ℎ̇, ℎ̈) = 𝑘h(ℎ1 + 𝑥1 − 𝑧) (
𝑙s

√4𝑙rod
2 −(ℎ1+𝑥1−𝑧)2

− 1) + 𝑏h (
(ℎ1+𝑥1−𝑧)2(𝑥̈1−𝑧̈)

4𝑙rod
2 −(ℎ1+𝑥1−𝑧)2 +205 

4𝑙rod
2 (ℎ1+𝑥1−𝑧)(𝑥̇1−𝑧̇)2

(4𝑙rod
2 −(ℎ1+𝑥1−𝑧)2)

2 ).                         (20) 206 

Here the non-dimensional parameters of displacement amplitude 𝑍0 = 𝑧0 (2𝑙rod)⁄  and 𝑍 = 𝑍0eiΩ𝜏 207 

are introduced. Recalling that at static equilibrium, the gravity of the equipment mass 𝑚1𝑔 is balanced 208 

by the static restoring force 𝑓NISE_static of the NISE and the static restoring force 𝑓k1_static of the vertical 209 

spring. The Eq. (19) is transformed to the dimensionless form as 210 

𝑋1
′′ + 𝑋1 − 𝑍 + 2𝜁1𝑋1

′ − 2𝜁1𝑍′ + 𝐹NISE(𝐻, 𝐻′, 𝐻′′) +
𝑚1𝑔

2𝑘1𝑙rod
= 0,                    (21) 211 

where 212 

𝐹NISE(𝐻, 𝐻′, 𝐻′′) = 𝜆k(𝐻1 − 𝑍 + 𝑋1) (
𝐿s

√1−(𝐻1−𝑍+𝑋1)2
− 1) + 𝜆b (

(𝑋1
′′−𝑍′′)(𝑋1−𝑍+𝐻1)2

1−(𝑋1−𝑍+𝐻1)2 +213 

(𝑋1
′−𝑍′)

2
(𝑋1+𝐻1−𝑍)

(1−(𝑋1−𝑍+𝐻1)2)2 ).    (22) 214 

 215 

3.2 Assessment of the SDOF isolation system 216 

In solution determination of nonlinear governing equations of Eqs. (11) and (21), both the 217 

numerical time-marching method, i.e., the fourth order RKM, and the HBM with alternating frequency 218 

time technique (HBM-AFT) are employed [50, 51]. The procedures of HBM-AFT method are 219 

illustrated briefly below. 220 

By an approximation of the response and the nonlinear dynamic force of NISE using a 𝑁 order 221 

Fourier series, we have 222 

𝑋1 = ∑ 𝑊̃(1,𝑛)
𝑁
𝑛=0 ei𝑛Ω𝜏,             𝐹NISE_dynamic(𝐻, 𝐻′, 𝐻′′) = ∑ 𝑄̃𝑛

𝑁
𝑛=0 ei𝑛Ω𝜏 ,          (23) 223 

z0e
iωt 
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where 𝐹NISE_dynamic = 𝐹NISE(𝐻, 𝐻′, 𝐻′′) − 𝐹NISE_static(𝐻1), 𝑊̃(1,𝑛) and 𝑄̃𝑛 are the 𝑛-th order Fourier 224 

coefficients with 0 ≤ 𝑛 ≤ 𝑁. The corresponding velocity and acceleration response of the mass are 225 

𝑋1
′ = ∑ 𝑖𝑛Ω𝑊̃(1,𝑛)

𝑁
𝑛=0 ei𝑛Ω𝜏 and 𝑋1

′′ = − ∑ (𝑛Ω)2𝑊̃(1,𝑛)
𝑁
𝑛=0 ei𝑛Ω𝜏. The AFT technique is then applied 226 

to determine the  𝑊̃(1,𝑛) and 𝑄̃𝑛. By a substitution of time history of response in Eq. (23) into nonlinear 227 

restoring force expression in Eq. (12) or Eq. (22) for the system under force or displacement excitation, 228 

respectively, the time history of the dynamic force 𝐹NISE_dynamic(𝜏) is obtained. Then, discrete Fourier 229 

transform is taken on the 𝐹NISE_dynamic(𝜏). Hence the nonlinear force expression of 𝐹NISE_dynamic in 230 

frequency domain is derived, and the complex coefficients of 𝑄̃𝑛 are determined. Subsequently, by a 231 

substitution of those Fourier series expression of response and force into Eqs. (11) or (21), and applying 232 

HBM for terms with the same order of 𝑛, we have  233 

 (i(2𝑛Ω𝜁1) − (𝑛Ω)2)𝑊̃(1,𝑛) = 𝑇̃𝑛 − 𝑄̃𝑛,                                         (24) 234 

where 𝑇̃𝑛 is the corresponding Fourier coefficients of the excitation term, with 𝑇̃1 = 𝐹0 for the forced 235 

system and 𝑇̃1 = 𝑍 + 2𝜁1𝑍′ = 𝑍0 + i2𝜁1Ω𝑍0 for the base-motion excited system. Recalling that 0 ≤236 

𝑛 ≤ 𝑁, we can obtain (2𝑁 + 1) nonlinear algebraic equations by balancing the complex terms of Eq. 237 

(24). By employing the Newton-Raphson method and the pseudo-arclength continuation method for 238 

tracing the solution branches [52], the responses of the mass are calculated. The performance indices 239 

can be then determined for further assessment. 240 

3.2.1 Performance assessment for force excited system 241 

For assessment of the vibration isolation system under force excitation, both transmissibility and 242 

vibrational energy are taken as performance indicators [35]. The force transmissibility is  243 

𝑇𝑅f =
max( |ℜ{𝐹tf}|)

𝐹0
,                                                          (25) 244 

where 𝐹tf is the transmitted force with 𝐹tf = 𝐹dynamic_NISE + 𝑋1 + 2𝜁1𝑋1
′ . The ℜ{ } represents taking 245 

the real part of the variable.  246 

Using the expression of response in Eq. (23), the time-averaged vibrational energy input (TAVEI) 247 

𝑃̅in is defined as  248 

𝑃̅in =
1

𝜏2
ℜ ∫ ℜ{𝑋1

′}{𝐹0eiΩ𝜏}
𝜏1+𝜏2

𝜏1
d𝜏 =

ℜ{(iΩ𝑊̃(1,1))
∗
}𝐹0

2
,                           (26) 249 

where  [𝜏1, 𝜏1 + 𝜏2] are time range of taking the average in steady state which can be set as 𝜏2 = 2𝜋 Ω⁄ . 250 

()* marks operation of taking complex conjugate.  251 

The kinetic energy 𝐾inetic is also used for the isolation assessment, expressed as 252 

𝐾inetic =
max(𝑋1

′2
)

2
.                                                        (27) 253 

Figures 5-7 depict performance indices under the changes of four design parameters of NISE, 254 

including the spring stiffness ratio 𝜆k, the inertance-to-mass ratio 𝜆b, the original spring length 𝐿s and 255 

the equilibrium height 𝐻1  of NISE. Ω  is the non-dimensional frequency in 𝑥 -axis. The system 256 
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parameters are fixed at 𝐹0 = 0.002 and 𝜁1 =0.01. For the investigation of stiffness ratio, the value of 𝜆k 257 

is selected as 0, 2, 3 and 4 while 𝜆b = 5, 𝐿s = 0.7 and 𝐻1 = 0.4. It is noted that the case with 𝜆k = 0 258 

represents that only the inerter is embedded in the linkage mechanism of the nonlinear isolator. When 259 

examining inertance-to-mass ratio, the value of 𝜆b is selected as 0, 5 10 and 20 while 𝜆k = 2, 𝐿s = 0.5 260 

and 𝐻1 = 0.4. The case with 𝜆b = 0 denotes that only the spring is used in the linkage mechanism of 261 

the nonlinear isolator. For the original spring length, the value of 𝐿s is changing between 0.5, 0.55, 0.7 262 

and 0.85 while 𝜆k = 2, 𝜆b = 10 and 𝐻1 = 0.4. In the study of equilibrium height of NISE, the value of 263 

𝐻1 is selected as 0.3, 0.4, 0.5 and 0.6, while 𝜆k = 2, 𝜆b = 5 and 𝐿s =0.5. Moreover, the result of a 264 

linear isolation system without using NISE is also presented for comparison. 265 

 266 
Fig. 5 Maximum displacement response 𝑋m of the equipment under the effect of (a) stiffness ratio of the horizontal 267 
spring 𝜆k  , (b) inertance-to-mass ratio 𝜆b , (c) original spring length 𝐿s  and (d) height 𝐻1  of NISE at static 268 
equilibrium. Lines: HBM-AFT results, Symbols: RKM results 269 

The variation of maximum displacement 𝑋m under four design parameters of NISE is shown in 270 

Fig. 5. From Fig. 5(a), compared to linear case marked by the black dashed line, the use of NISE can 271 

shift the resonant peak of the vibration isolation system towards low frequencies, providing a good low-272 

frequency isolation ability. According to the linearized natural frequency and stiffness analysis in 273 
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subsection 3.1.1, the horizontal spring can result in a negative stiffness, which can lead to a reduced 274 

dynamic stiffness and resonant frequency. Moreover, the add-on of the inerter can also decrease the 275 

resonant frequency. By comparison to case of 𝜆k = 0 with inerter only in NISE, the increase of  𝜆k can 276 

further decrease the resonant frequency. A stronger softening behaviour is observed. This is caused by 277 

the stronger negative stiffness provided by the NISE with an increasing value of 𝜆k. Fig. 5(b) shows 278 

that as inertance 𝜆b of NISE increases, the whole response curve is moved towards left with a higher 279 

peak. Fig. 5(c) and 5(d) shows that original spring length 𝐿s and equilibrium height 𝐻1 of NISE can 280 

significantly affect the system response. A smaller value of 𝐿s or 𝐻1 can reduce the corresponding 281 

frequency of the peak, while the peak value is increased. The reason is that the nonlinear spring force 282 

of NISE depends on 𝐿s and 𝐻1 according to Eq. (13), smaller values of two parameters can introduce a 283 

smaller dynamic stiffness. Nonlinear inertial force is also related to 𝐻1 due to the geometric nonlinearity 284 

of the linkage mechanism. In the low-frequency range, a local maximum value is found when 𝐿s and 285 

𝐻1 are small. The system response becomes larger with a smaller value of 𝐻1 in high frequencies, while 286 

the changes of 𝐿s have minor influence on the response curve. 287 

Figure 6 depicts the force transmissibility 𝑇𝑅f under variations of four design parameters of NISE. 288 

In Fig. 6(a), by a comparison between the linear isolator and case of 𝜆k = 0 using inerter only in NISE, 289 

it can be found that the use of inerter can generate an anti-peak in the transmissibility curve. A larger 290 

stiffness ratio 𝜆k of the horizontal spring in NISE can not only move the resonant peak towards left but 291 

also lower the peak height of 𝑇𝑅f. Moreover, the peak is extended to the left, demonstrating a desirable 292 

vibration isolation performance. Fig. 6(b) shows that when the inertance value 𝜆b  is not zero, the 293 

transmissibility values become nearly constant at high frequencies. When 𝜆b increases, frequency of 294 

the peak in 𝑇𝑅f curve is decreased, while the peak value is decreased first and then increased. Fig. 6(c) 295 

shows that a smaller 𝐿s  can shift the peaks towards left with smaller peak values. Fig. 6(a-c) 296 

demonstrates that the anti-peak frequency can be modified by adjusting the parameters of NISE. If the 297 

anti-peak frequency is designed to be coincidental with the dominant frequency line spectrum of the 298 

installed equipment. Ultra-low force transmission to the ground can be obtained and the vibration 299 

transmission is minimized. Fig. 6(d) shows that a reduction of 𝐻1  can twist the peak towards low 300 

frequencies and lower its height. The transmissibility value is also decreased at high frequencies but the 301 

anti-resonant peak shows little variance. It can be found from Fig. 6 that by tuning the parameters of 302 

NISE, the low-frequency force transmission to the ground can be reduced. 303 



12 

 

 304 
Fig. 6 Force transmissibility under the effect of (a) stiffness ratio of the horizontal spring 𝜆k , (b) inertance-to-305 
mass ratio 𝜆b, (c) original spring length 𝐿s and (d) height 𝐻1 of NISE at static equilibrium. Lines: HBM-AFT 306 
results, Symbols: RKM results 307 

Figure 7 depicts the time-averaged vibrational energy input TAVEI and kinetic energy. Fig. 7(a) 308 

shows compared to the linear isolator, the use of NISE with inerter only (case of 𝜆k = 0) can reduce 309 

the resonant frequency of TAVEI. With the variations of 𝜆k, the amount of input energy remains almost 310 

unchanged in the area of resonance and high frequencies. Fig. 7(b) shows that increasing the value of 311 

𝜆b can move the TAVEI curve to the left. The peak value shows minor differences but the values at 312 

high frequencies are decreased. Fig. 7(c) and (d) shows that a smaller original spring length 𝐿s or 313 

equilibrium height 𝐻1 of NISE can result in a reduced resonant frequency of kinetic energy. In the 314 

contrast, peak values of 𝐾inetic show little changes. Local peaks can be observed near Ω = 0.2 when 315 

the values of 𝐿s and 𝐻1 are small. At high frequencies, the kinetic energy decreases with a larger 𝐻1. 316 

Fig. 7 indicates that the peak frequency of vibrational energy input and maximum kinetic energy can 317 

be adjusted by NISE. Combining the results in Fig. 6 and 7, it can be summarized that for the SDOF 318 

vibration system under force excitation, by selecting a proper value of design parameters of NISE, the 319 

low-frequency vibration transmitted to the ground can be considerably controlled. 320 
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 321 
Fig. 7 Time-averaged vibrational energy input under the effect of (a) stiffness ratio of the horizontal spring 𝜆k , 322 
(b) inertance-to-mass ratio 𝜆b; Kinetic energy of the equipment mass under the effect of (c) original spring length 323 
𝐿s and (d) height 𝐻1 of NISE at static equilibrium. Lines: HBM-AFT results, Symbols: RKM results 324 

 325 

3.2.2 Performance assessment for base-motion excited system 326 

For base-motion excited system, the displacement transmissibility 𝑇𝑅disp is usually used, which 327 

can be defined as  328 

𝑇𝑅disp =
 |ℜ{𝑋a}|

𝑍0
 .                                                       (28) 329 

where 𝑋a denotes the displacement amplitude.  330 

The definition of the kinetic energy is still the same to Eq. (27) in previous section. Based on the 331 

law of conservation of energy, the input energy TAVEI for a cycle of excitation is expressed as 332 

𝑃̅in =
1

𝜏2
∫ 2𝜁1(ℜ{𝑍′ − 𝑋1

′ })2𝜏1+𝜏2

𝜏1
d𝜏.                                  (29) 333 

Figures 8-10 show the performance of the nonlinear isolator using indices of response, 334 

displacement transmissibility and vibrational energy. The parameters are 𝑍0 = 0.006 and 𝜁1 =0.01. 335 

Four parameters of NISE are evaluated including 1) the stiffness ratio 𝜆k with 𝜆k = 0, 4, 6 and 8 while 336 
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𝜆b = 5, 𝐿s = 0.7 and 𝐻1 = 0.4; 2) the inertance 𝜆b with 𝜆b= 0, 5 10 and 20 while 𝜆k = 2, 𝐿s = 0.5 337 

and 𝐻1 = 0.4;  3) the original spring length 𝐿s with 𝐿s = 0.5, 0.55, 0.7 and 0.85 while 𝜆k = 2, 𝜆b = 10 338 

and 𝐻1 = 0.4; 4) the equilibrium height 𝐻1 of NISE with 𝐻1= 0.3, 0.4, 0.5 and 0.6 while 𝜆k = 2, 𝜆b =339 

10 and 𝐿s =0.5. The results of a linear isolator system without NISE are also shown as a reference case. 340 

 341 
Fig. 8 Maximum displacement response 𝑋m  of the equipment under the effect of (a) stiffness ratio of the 342 
horizontal spring 𝜆k , (b) inertance-to-mass ratio 𝜆b, (c) original spring length 𝐿s and (d) height 𝐻1 of NISE at 343 
static equilibrium. Lines: HBM-AFT results, Symbols: RKM results 344 

Figure 8 depicts the variations of the maximum displacement. From Fig. 8(a), by comparing to the 345 

case of linear system without NISE, the maximum response displacement in the case of 𝜆k = 0 with 346 

inerter only in the NISE is decreased and resonant frequency is reduced. Anti-resonance is observed 347 

due to the usage of inerter. With addition of spring in NISE (𝜆k ≠ 0), the response peak and anti-peak 348 

are lowered, and the peak is extended more towards low frequencies. However, the dynamic response 349 

is increased at high frequencies with the inclusion of NISE. It shows NISE is better to be used in 350 

isolating low-frequency vibration from foundation. Fig. 8(b) shows the combination of inerter and 351 

spring in NISE (𝜆b ≠ 0) can lower the peak of 𝑋m. The peak and anti-peak frequencies can be altered 352 

by modifying the inertance 𝜆b . Fig. 8(c) and (d) shows a decrease of original spring length 𝐿s  or 353 
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equilibrium height 𝐻1  of NISE can cause reduction in resonant frequency and peak height of 354 

displacement response. It is also found that the anti-peak is insensitive to the equilibrium height 𝐻1 of 355 

NISE. 356 

 357 
Fig. 9 Displacement transmissibility 𝑇𝑅disp to the equipment under the effect of (a) stiffness ratio of the horizontal 358 

spring 𝜆k  , (b) inertance-to-mass ratio 𝜆b , (c) original spring length 𝐿s  and (d) height 𝐻1  of NISE at static 359 
equilibrium. Lines: HBM-AFT results, Symbols: RKM results 360 

Figure 9 shows the displacement transmissibility under influence of design parameters of NISE. 361 

In Fig. 9(a), compared to the reference linear system case, the nonlinear isolator case 𝜆k = 0 with 362 

inerter only in NISE can lower the level of 𝑇𝑅disp at peak frequency and provide an ultra-low 𝑇𝑅disp 363 

in the original resonance frequency for the linear system. Moreover, according to the linearized stiffness 364 

analysis in the previous section, a larger value of 𝜆k can lead to a smaller dynamic stiffness. Therefore, 365 

as shown in Fig. 9(a), peak and anti-peak frequencies of 𝑇𝑅disp are changed with the value of stiffness 366 

ratio 𝜆k. In addition, the 𝑇𝑅disp curve is twisted towards low frequencies when using a larger 𝜆k. Fig. 367 

9(b) shows both inerter and spring in NISE can benefit the isolation of low-frequency vibration. The 368 

peak and anti-peak frequencies are reduced when using a larger inertance value 𝜆b. In the contrast, the 369 

𝑇𝑅disp at high frequencies is increased with 𝜆b. Fig. 9(c) shows that a smaller value of 𝐿s can move the 370 
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𝑇𝑅disp curve to the left and the peaks values are reduced. At high frequencies, the values of 𝑇𝑅disp 371 

show little difference in the changing value of 𝐿s. Fig. 9(d) shows that reducing the equilibrium height 372 

𝐻1 can bend the 𝑇𝑅disp peak to the low frequencies and reduce the 𝑇𝑅disp at high frequencies. From 373 

Fig. 9, it is demonstrated that increasing the 𝜆k and 𝜆b, or reducing the 𝐿s and 𝐻1 can attenuate low-374 

frequency vibration. The frequency band of ultra-low 𝑇𝑅disp is obtained by using NISE and it can be 375 

adjusted by designing those parameters of NISE. 376 

 377 
Fig. 10 Time-averaged vibrational energy input TAVEI under the effect of (a) stiffness ratio of the horizontal 378 
spring 𝜆k , (b) inertance-to-mass ratio 𝜆b; Kinetic energy of the equipment mass under effect of (c) original spring 379 
length 𝐿s and (d) height 𝐻1 of NISE at static equilibrium. Lines: HBM-AFT results, Symbols: RKM results 380 

Figure 10 depicts the variations of TAVEI and 𝐾inetic. Fig. 10(a) shows that the NISE can reduce 381 

the amount of vibrational input energy. Increasing 𝜆k can further lower the peak of 𝑃̅in and twist the 382 

peak to the left. Fig. 10(b) demonstrates that increasing the inertance 𝜆b can lower the peak and reduce 383 

the resonant frequency. From Fig. 10(a) and (b), it is found that the TAVEI is sensitive to the variation 384 

of inertance at high frequencies and sensitive to the changes in 𝜆k at low frequencies. This phenomenon 385 

demonstrates that the spring and inerter in NISE have different impacts on the vibrational energy. Fig 386 

10(c) and (d) shows with decreasing original spring length 𝐿s and equilibrium height 𝐻1 of NISE, the 387 
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kinetic energy 𝐾inetic is reduced. An anti-resonance is observed in kinetic energy curve, indicating that 388 

vibrational energy transfer to the mass can be suppressed considerably in the certain frequency band. 389 

At high frequencies, 𝐾inetic is also lowered with a decreasing value of 𝐻1. Fig. 10 demonstrates the 390 

benefits of using NISE in the system subjected to foundation excitation. The vibrational energy input 391 

and transmitted to the mass can be reduced.  392 

4. NISE vibration isolator in 2DOF system  393 

4.1 Modelling of 2DOF isolation system 394 

Considering the need for vibration isolation of mechanical systems in vessels or aircraft whose 395 

mounting bases are not rigid, the characteristic of the proposed NISE applied in a 2DOF system with 396 

flexible base structure is investigated. As shown in Fig. 11, equipment mass 𝑚1 is installed on the 397 

flexible base 𝑚fb via the NISE-based vibration isolator. A harmonic force is applied on mass 𝑚1 for 398 

the simulation of excitation by the operation of the equipment. The stiffness and damping of the flexible 399 

base are 𝑘fb and 𝑐fb. After the installation of the equipment mass, the system reaches equilibrium and 400 

terminal distance AB becomes ℎ = ℎ1. The response displacement of the equipment and the base are 401 

𝑥1  and 𝑥fb , respectively. The reference point of 𝑥1 = 𝑥fb = 0  is set when the system is at static 402 

equilibrium with ℎ = ℎ1. 403 

  404 

Fig. 11 Model of 2DOF NISE-based vibration isolation system with a flexible base 405 

The equation motion of the system is:  406 

[
𝑚1 0
0 𝑚fb

] {
𝑥̈1

𝑥̈fb
} + [

𝑘1 −𝑘1

−𝑘1 𝑘1 + 𝑘fb
] {

𝑥1

𝑥fb
} + [

𝑐1 −𝑐1

−𝑐1 𝑐fb + 𝑐1
] {

𝑥̇1

𝑥̇fb
} + {

𝑓NISE(ℎ, ℎ̇, ℎ̈) + 𝑚1𝑔

−𝑓NISE(ℎ, ℎ̇, ℎ̈) − 𝑚1𝑔
} =407 

{𝑓0ei𝜔𝑡

0
},  (30) 408 

where  409 
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𝑓NISE(ℎ, ℎ̇, ℎ̈) = 𝑘h(ℎ1 + 𝑥1 − 𝑥fb) (
𝑙s

√4𝑙rod
2 −(ℎ1+𝑥1−𝑥fb)2

− 1) + 𝑏h (
(ℎ1+𝑥1−𝑥fb)2(𝑥̈1−𝑥̈fb)

4𝑙rod
2 −(ℎ1+𝑥1−𝑥fb)2 +410 

4𝑙rod
2 (ℎ1+𝑥1−𝑥fb)(𝑥̇1−𝑥̇fb)2

(4𝑙rod
2 −(ℎ1+𝑥1−𝑥fb)2)

2 ), (31) 411 

By introducing the following parameters 412 

   𝑋fb =
𝑥fb

2𝑙rod 
 ,   𝜔fb = √

𝑘fb

𝑚fb
,   𝜈fb =

𝜔fb

𝜔1
,   𝜁fb =

𝑐fb

2𝑚fb𝜔fb
,    𝛽fb =

𝑚fb

𝑚1
 ,                (32) 413 

where 𝑋fb is the base displacement, 𝜔fb and 𝜈fb denote the resonant frequency and frequency ratio of 414 

flexible base, respectively. 𝜁fb and 𝛽fb are the damping and mass ratios of the base. Then Eq. (30) is 415 

transformed using Eq. (32), expressed as 416 

[
1 0
0 𝛽

fb
] {

𝑋1
′′

𝑋fb
′′ } + [

2𝜁1 −2𝜁1

−2𝜁1    2(𝜁1 + 𝜁fb𝛽
fb

𝜈fb)
] {

𝑋1
′

𝑋fb
′ } + [

1 −1
−1   1 + 𝛽

fb
𝜈fb

2] {
𝑋1

𝑋b
} +417 

{
𝐹NISE(𝐻, 𝐻′, 𝐻′′) +

𝑚1𝑔

2𝑙rod𝑘1

  −𝐹NISE(𝐻, 𝐻′, 𝐻′′) −
𝑚1𝑔

2𝑙rod𝑘1

} = {𝐹0eiΩ𝜏

0
},  (33)          418 

where   419 

𝐹NISE(𝐻, 𝐻′, 𝐻′′) = 𝜆k(𝑋1 − 𝑋fb + 𝐻1) (
𝐿s

√1−(𝑋1−𝑋fb+𝐻1)2
− 1) + 𝜆b (

(𝑋1
′−𝑋fb

′ )
2

(𝑋1−𝑋fb+𝐻1)2

1−(𝑋1−𝑋fb+𝐻1)2 +420 

(𝑋1
′′−𝑋fb

′′ )(𝑋1−𝑋fb+𝐻1)

(1−(𝑋1−𝑋fb+𝐻1)2)2 ). (34) 421 

It is noted that the equipment load is balanced by NISE and linear vertical spring at the equilibrium 422 

position of ℎ = ℎ1. 423 

To solve the governing equation, the HBM-AFT is applied. The Eq. (23) is reused for 424 

approximation of response of equipment mass and dynamic force of NISE. The displacement response 425 

of the base 𝑚fb is estimated by 𝑋fb = ∑ 𝑊̃(fb,𝑛)
𝑁
𝑛=0 ei𝑛Ω𝜏. By a substitution of responses approximation 426 

into Eq. (23) with 𝐹NISE(𝐻, 𝐻′, 𝐻′′)  defined by Eq. (34), the time history of dynamic force 427 

𝐹NISE_dynamic(𝜏) of NISE is obtained. The coefficient 𝑄̃𝑛 can then be determined by taking Fourier 428 

transform on the 𝐹NISE_dynamic(𝜏). By applying the HBM on Eq. (33), the 𝑛-th order terms of Eq. (33) 429 

are balanced and expressed as 430 

(−(𝑛Ω)2 [
1 0
0 𝛽fb

] + i(𝑛Ω) [
2𝜁1 −2𝜁1

−2𝜁1    2(𝜁1 + 𝜁fb𝛽fb𝜈fb)
] + [

1 −1
−1  1 + 𝛽fb𝜈fb

2 ]) {
𝑊̃(1,𝑛)

𝑊̃(fb,𝑛)
} = {

𝐹0

0
} +431 

{
−𝑄̃𝑛

𝑄̃𝑛

}.  (35) 432 

Due to the degree of freedom of the system being 2 and 0 ≤ 𝑛 ≤ 𝑁, there are 2(2𝑁 + 1) algebraic 433 

equations in total. The solution can be determined by using the Newton-Raphson method. The pseudo-434 

arclength continuation method is also used in the calculation. The results are compared with those 435 

obtained by the RK numerical integration method. 436 
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4.2 Assessment of the 2DOF isolation system 437 

The force transmissibility 𝑇𝑅fb to the flexible base is  438 

𝑇𝑅fb =
max( |𝐹tfb|)

𝐹0
,                                                    (36) 439 

where transmitted force is the sum of dynamic force of NISE and spring and the damper force as  𝐹tfb =440 

𝐹NISE_dynamic(𝐻, 𝐻′, 𝐻′′)+𝑋1 − 𝑋fb + 2𝜁1(𝑋1
′ − 𝑋fb

′ ).  441 

The vibrational energy transfer is usually used for quantification of vibration transmission from 442 

one sub-structure to another, here the time-averaged vibrational energy transfer (TAVET) 𝑃̅fb is taken 443 

for the indicator of vibration isolation performance, expressed as 444 

𝑃̅fb =
1

𝜏2
∫ 2𝜁fb𝛽fb𝜈fb(ℜ{𝑋fb

′ })2𝜏1+𝜏2

𝜏1
d𝜏,                                   (37) 445 

where 𝑋fb
′  can be approximated by the Fourier series and Eq. (37) can be transformed as  446 

𝑃̅fb =
1

2
ℜ{(∑ i𝑛Ω𝑊̃(fb,𝑛)

𝑁
𝑛=0 )

∗
(2𝜁fb𝛽fb𝜈fb ∑ i𝑛Ω𝑊̃(fb,𝑛)

𝑁
𝑛=0 )} = 𝜁fb𝛽fb𝜈fb|∑ i𝑛Ω𝑊̃(fb,𝑛)

𝑁
𝑛=0 |

2
.   (38) 447 

By using the definition of TAVEI in subsection 3.2.1, the power transmission ratio is obtained  448 

𝑅fb =
𝑃̅fb

𝑃̅in
=

2𝜁fb𝛽fb𝜈fb|∑ i𝑛Ω𝑊̃(fb,𝑛)
𝑁
𝑛=0 |

2

𝐹0ℜ{(iΩ𝑊̃(1,1))
∗
}

.                                    (39) 449 

Figures 12-14 present the influence of four parameters of NISE on 2DOF system with flexible base 450 

structure. The parameters of system are 𝛽fb = 𝜈fb = 1, 𝐹0 = 0.0015, 𝜁1 = 𝜁fb =0.01. In the evaluation 451 

of stiffness ratio, the value of 𝜆k is changing between 0, 3, 4 and 5 while 𝜆b = 5, 𝐿s = 0.7 and 𝐻1 =452 

0.4. When investigating inertance 𝜆b, the value is chosen as 0, 5 10 and 20 while 𝜆k = 2, 𝐿s = 0.5 and 453 

𝐻1 = 0.4. For the investigation on the original spring length 𝐿s, its value is varying between 0.5, 0.55, 454 

0.7 and 0.85 while 𝜆k = 2, 𝜆b = 10 and 𝐻1 = 0.4. As for the equilibrium height 𝐻1 of NISE, the value 455 

is selected as 0.3, 0.4, 0.5 and 0.6, while 𝜆k = 2, 𝜆b = 5 and 𝐿s =0.5. For comparison, the linear system 456 

case without NISE is also shown. 457 

Figure 12 depicts the force transmission to the base under four design parameter sets of the NISE. 458 

Fig. 12(a) shows compared to the linear reference case, the addition of NISE can lower remarkably the 459 

second peak height of 𝑇𝑅fb near Ω = 0.9. By adjusting the value of 𝜆k in NISE, the second peak in the 460 

original linear system can be minimized, demonstrating enhanced vibration mitigation. By increasing 461 

the value of 𝜆k, the first peak near Ω = 0.4 is lowered and twisted to the left. Fig. 12(b) shows that peak 462 

and anti-peak frequencies of 𝑇𝑅fb can be tailored by designing the value of inertance ratio 𝜆b. The 463 

frequency range of 𝑇𝑅fb < 1 at low frequencies can be widened by increasing 𝜆b. As a result, the 464 

system can provide a superior ultra-low force transmission. Fig. 12(c) and (d) shows reducing original 465 

spring length 𝐿s and equilibrium height 𝐻1 of NISE can lower the first peak of 𝑇𝑅fb but increase the 466 

second. Meanwhile, the resonant frequencies of two peaks in 𝑇𝑅fb curve are both reduced and the 467 

frequency range of 𝑇𝑅fb < 1 becomes broader. It is shown that the values of 𝑇𝑅fb are reduced at high 468 

frequencies as 𝐻1 decreases. From Fig. 12(b-d), it can be found that the frequency bandwidth and range 469 

for ultra-low values of 𝑇𝑅fb (i.e., the frequency band of 𝑇𝑅fb < 1 at low frequencies) can be designed 470 
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by changing the values of 𝜆b, 𝐿s  and 𝐻1. The low-frequency vibration force transmission from the 471 

equipment to the base can then be significantly suppressed. 472 

 473 
Fig. 12 Force transmissibility 𝑇𝑅fb to the base under the effect of (a) stiffness ratio of the horizontal spring 𝜆k , 474 
(b) inertance-to-mass ratio 𝜆b, (c) original spring length 𝐿s and (d) height 𝐻1 of NISE at static equilibrium. Lines: 475 
HBM-AFT results, Symbols: RKM results 476 

Figure 13 shows the variations of TAVET from vibrating equipment to the base through NISE. 477 

Fig. 13(a) shows that two peaks of 𝑃̅fb are observed in the linear case while an extra anti-peak is noticed 478 

in the cases with NISE. It is shown that two positive peaks of 𝑃̅fb are lowered when the NISE is added 479 

into the isolation system. The heights of the first peak of 𝑃̅fb is reduced when using a larger 𝜆k while 480 

the second peak is lowered with a smaller 𝜆k. Fig. 13(b) shows frequencies of peaks can be moved left 481 

by increasing 𝜆b. The first peak value decreases, which can contribute to low-frequency vibration 482 

mitigation. Fig. 13(c) and (d) shows variations in original spring length 𝐿s and equilibrium height 𝐻1 483 

are mainly taking the effect on the first peak and anti-peak of the 𝑃̅fb curve. The reduction of 𝐿s can 484 

reduce the resonant frequencies of the peaks while the decrease of 𝐻1 will twist the first peak towards 485 

low-frequencies. Moreover, a smaller 𝐿s or 𝐻1 can significantly lower the amount of energy transfer at 486 

the first peak frequency. Combining Figs. 12 and 13, it demonstrates by inserting NISE into a linear 487 
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isolator mounted on a flexible base, the vibration transmission at low frequencies to the base can be 488 

effectively suppressed. 489 

 490 
Fig. 13 Time-averaged energy transfer 𝑃̅fb to the base under the effect of (a) stiffness ratio of the horizontal spring 491 
𝜆k , (b) inertance-to-mass ratio 𝜆b, (c) original spring length 𝐿s and (d) height 𝐻1 of NISE at static equilibrium. 492 
Lines: HBM-AFT results, Symbols: RKM results 493 

Figure 14 shows the variations of energy transfer ratio 𝑅fb. Fig. 14(a) shows compared to the linear 494 

reference case, the NISE-based isolator can reduce 𝑅fb at low frequencies between Ω ≈ 0.1 and Ω ≈ 2. 495 

It is interesting to find an anti-resonance in 𝑅fb curve and its frequency as well as its value can be 496 

reduced by increasing the value of 𝜆k, which can enhance the isolation performance. In addition, the 497 

values of 𝑅fb are also reduced at low frequencies with a larger 𝜆k. Fig. 16(b) shows the case of NISE 498 

without inerter (𝜆b = 0) cannot generate the anti-peak. When increasing 𝜆b from 0 to 20, the anti-peak 499 

is found in the 𝑅fb curve and the peak is moved to the low frequencies. Fig. 14(c) and (d) shows 500 

reducing original spring length 𝐿s and equilibrium height 𝐻1 can lower the ratio of energy transfer in 501 

low-frequency range, particularly for 0.1 < Ω < 0.4, demonstrating a good performance of NISE. 502 

Moreover, a smaller value of 𝐻1 can reduce the 𝑅fb in the high-frequency range. Extra peaks can be 503 

found in the curve near Ω = 0.4, which are possibly related to the super-harmonic responses of the 504 
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system. Fig. 14 suggests that the vibration energy transfer can be minimized by tuning the design 505 

parameters of NISE.  506 

 507 
Fig. 14 Ratio of vibration energy transmission 𝑅fb to the base under the effect of (a) stiffness ratio of the horizontal 508 
spring 𝜆k , (b) inertance-to-mass ratio 𝜆b , (c) original spring length 𝐿s  and (d) height 𝐻1  of NISE at static 509 
equilibrium. Lines: HBM-AFT results, Symbols: RKM results 510 
 511 
 512 

5. Conclusions 513 

This research proposed a hybrid geometrically nonlinear inertial and stiffness element (NISE) for 514 

enhancement of vibration isolation in SDOF system under force and base-motion excitation, and a 515 

2DOF system with a flexible mounting base for simulating the environment of ship and aircraft. The 516 

HBM-AFT and RKM were used for the determination of performance indicators of vibration isolator 517 

including transmissibility and energy flow indices. The results show that the NISE can improve 518 

substantially the effectiveness on isolating low frequency vibration either in SDOF systems or in 2DOF 519 

system. The combination of spring and inerter in the linkage mechanism outperforms the one with 520 

spring or inerter only in linkage mechanism. The peaks in the curve of displacement response, 521 

transmissibility and energy flow indices are suppressed and moved to low frequencies. A frequency 522 
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band with ultra-low transmissibility, kinetic energy and vibrational energy transfer can be obtained by 523 

adding NISE into linear isolator in low frequencies. The frequency band can be tailored by designing 524 

the structure parameters of NISE to meet the main excitation frequency of vibration source such as 525 

marine main engines and auxiliaries, hence the NISE-based nonlinear isolator can effectively attenuate 526 

vibration transmission between the machines and foundationmounting base. The low-frequency line-527 

spectrum of dynamic systems such as underwater vehicle can be significantly suppressed. 528 

 529 

Declaration of competing interest: 530 

On behalf of all authors, the corresponding author states that there is no conflict of interest. 531 

 532 

Acknowledgements 533 

This work has been supported by the National Natural Science Foundation of China under Grant 534 

numbers 12202152, 51839005 and 12172185. 535 

 536 

Data availability  537 

The data supporting this study’s findings are available from the corresponding author, upon reasonable 538 

request. 539 

 540 

References 541 

[1] Ruan Y, Liang X, Hua X, Zhang C, Xia H, Li C (2021) Isolating low-frequency vibration from power 542 

systems on a ship using spiral phononic crystals. Ocean Eng 225: 108804. 543 

[2] Harris CM, Piersol AG (2002) Shock and vibration handbook. McGraw-Hill, New York. 544 

[3] Zhang H, Li P, Jin H, Bi R, Xu D (2022) Nonlinear wave energy dissipator with wave attenuation and 545 

energy harvesting at low frequencies. Ocean Eng 266: 112935.  546 

[4] Zhang, Y., Cheng, J., Xu, W., Wang, C., Liu, J., Li, Y., & Yang, S. (2022). Particle damping vibration 547 

absorber and its application in underwater ship. J Vib Eng Technol. https://doi.org/10.1007/s42417-548 

022-00700-y 549 

[5] Chen D, Zi H, Li Y, Li X (2021) Low frequency ship vibration isolation using the band gap concept 550 

of sandwich plate-type elastic metastructures. Ocean Eng 235: 109460.  551 

[6] Yan B, Ma H, Zhang L, Zheng W, Wang K, Wu C (2020) A bistable vibration isolator with nonlinear 552 

electromagnetic shunt damping. Mech Syst Signal Process 136: 106504.  553 

[7] Hao RB, Lu ZQ, Ding H, Chen LQ (2022) Orthogonal six-DOFs vibration isolation with tunable high-554 

static-low-dynamic stiffness: Experiment and analysis. Int J Mech Sci 222: 107237.  555 

[8] Xing X, Chen Z, Feng Z (2022) A variable stiffness and damping control strategy for improving 556 

vibration isolation performances in low-frequency excitation. J Vib Eng Technol. 557 

https://doi.org/10.1007/s42417-022-00659-w 558 



24 

 

[9] Fang H, Liu Z, Lei M, Duan L (2022) A high-stiffness sandwich structure with a tristable core for 559 

low-frequency vibration isolation. J Vib Eng Technol 10(5): 1989-2003. 560 

[10] Ibrahim RA (2008) Recent advances in nonlinear passive vibration isolators. J Sound Vib 314(3-5): 561 

371–452.  562 

[11] Han WJ, Lu ZQ, Niu MQ, Chen LQ (2022) A high-static-low-dynamics stiffness vibration isolator 563 

via an elliptical ring. Mech Syst Signal Process 162: 108061.  564 

[12] Carrella A, Brennan MJ, Waters TP, Lopes Jr. V (2012) Force and displacement transmissibility of a 565 

nonlinear isolator with high-static-low-dynamic-stiffness. Int J Mech Sci 55: 22-29. 566 

[13] Yang J, Xiong YP, Xing JT (2013) Dynamics and power flow behaviour of a nonlinear vibration 567 

isolation system with a negative stiffness mechanism. J Sound Vib 332: 167-183. 568 

[14] Shaw AD, Neild SA, Wagg DJ (2013) Dynamic analysis of high static low dynamic stiffness vibration 569 

isolation mounts. J Sound Vib 332(6): 1437–1455. 570 

[15] Lu ZQ, Wu D, Ding H, Chen LQ (2021) Vibration isolation and energy harvesting integrated in a 571 

Stewart platform with high static and low dynamic stiffness. Appl Math Model 89: 249-267. 572 

[16] Xu J, Sun X (2015) A multi-directional vibration isolator based on Quasi-Zero-Stiffness structure and 573 

time-delayed active control. Int J Mech Sci 100: 126-135.  574 

[17] Alabuzhev P, Gritchin A, Kim L, Migirenko G, Chon V, Stepanov P (1989) Vibration protecting and 575 

measuring system with quasi-zero stiffness. Hemisphere Publishing, New York.  576 

[18] Zhao F, Cao S, Luo Q, Li L, Ji JC (2022) Practical design of the QZS isolator with one pair of oblique 577 

bars by considering pre-compression and low-dynamic stiffness. Nonlinear Dyn 108(4): 3313-3330.  578 

[19] Zhao F, Ji JC, Ye K, Luo Q (2021). An innovative quasi-zero stiffness isolator with three pairs of 579 

oblique springs. Int J Mech Sci 192: 106093.  580 

[20] Zhao F, Ji JC, Ye K, Luo Q (2020) Increase of quasi-zero stiffness region using two pairs of oblique 581 

springs. Mech Syst Signal Process 144: 106975.  582 

[21] Zhang C, He J, Zhou G, Wang K, Xu D, Zhou J (2023) Compliant quasi-zero-stiffness isolator for 583 

low-frequency torsional vibration isolation. Mech Mach Theory 181: 105213.  584 

[22] Liu XT, Huang XC, Hua HX (2013) On the characteristics of a quasi-zero stiffness isolator using 585 

Euler buckled beam as negative stiffness corrector. J Sound Vib 332(14): 3359-3376. 586 

[23] Ye K, Ji JC (2022) An origami inspired quasi-zero stiffness vibration isolator using a novel truss-587 

spring based stack Miura-ori structure. Mech Syst Signal Process 165: 108383. 588 

[24] Lu ZQ, Gu DH, Ding H, Lacarbonara W, Chen LQ (2020) Nonlinear vibration isolation via a circular 589 

ring. Mech Syst Signal Process 136: 106490.  590 

[25] Zeng R, Yin S, Wen G, Zhou J (2022) A non-smooth quasi-zero-stiffness isolator with displacement 591 

constraints. Int J Mech Sci 225: 107351. 592 

[26] Wang Y, Li HX, Cheng C, Ding H, Chen LQ (2020) A nonlinear stiffness and nonlinear inertial 593 

vibration isolator. J Vib Control 27: 1336-1352. 594 



25 

 

[27] Jia G, Li B, Huang H, Zhang D (2020) Type synthesis of metamorphic mechanisms with scissor-like 595 

linkage based on different kinds of connecting pairs. Mech Mach Theory 151: 103848. 596 

[28] Zhou S, Liu Y, Jiang Z, Ren Z (2022) Nonlinear dynamic behavior of a bio-inspired embedded X-597 

shaped vibration isolation system. Nonlinear Dyn 110(1): 153-175. 598 

[29] Niu MQ, Chen LQ (2022) Analysis of a bio-inspired vibration isolator with a compliant limb-like 599 

structure. Mech Syst Signal Process 179: 109348.  600 

[30] Jing X (2022) The X-structure/mechanism approach to beneficial nonlinear design in engineering. 601 

Appl Math Mech 43(7): 979-1000. 602 

[31] Ji JC, Luo Q, Ye K (2021) Vibration control based metamaterials and origami structures: A state-of-603 

the-art review. Mech Syst Signal Process 161: 107945.  604 

[32] Yan B, Wang Z, Ma H, Bao H, Wang K, Wu C (2021) A novel lever-type vibration isolator with eddy 605 

current damping. J Sound Vib 494: 115862.  606 

[33] Yan B, Yu N, Wang Z, Wu C, Wang S, Zhang W (2022) Lever-type quasi-zero stiffness vibration 607 

isolator with magnetic spring. J Sound Vib 527: 116865.  608 

[34] An J, Chen G, Deng X, Xi C, Wang T, He H (2022) Analytical study of a pneumatic quasi-zero-609 

stiffness isolator with mistuned mass. Nonlinear Dyn 108(4): 3297-3312.  610 

[35] Dai W, Li T, Yang J (2022) Energy flow and performance of a nonlinear vibration isolator exploiting 611 

geometric nonlinearity by embedding springs in linkages. Acta Mech 233(4): 1663-1687. 612 

[36] Zhang W, Chang ZY, Chen J (2022) Vibration reduction for an asymmetric elastically supported beam 613 

coupled to an inertial nonlinear energy sink. J Vib Eng Technol. https://doi.org/10.1007/s42417-022-614 

00666-x 615 

[37] Deng J, Yang J, Jiao S, Long X (2022) Band-stop characteristics of a nonlinear anti-resonant vibration 616 

isolator for low-frequency applications. Int J Mech Sci 107914. 617 

[38] Chowdhury S, Banerjee A, Adhikari S (2022) Optimal negative stiffness inertial-amplifier-base-618 

isolators: Exact closed-form expressions. Int J Mech Sci 218: 107044. 619 

[39] Dai W, Shi B, Yang J, Zhu X, Li T (2022) Enhanced suppression of longitudinal vibration 620 

transmission in propulsion shaft system using nonlinear tuned mass damper inerter. J Vib Control.  621 

[40] Philip R, Santhosh B, Balaram B (2022) Analytical and numerical investigations on inerter-based NES 622 

absorber system with nonlinear damping. Acta Mech 233(11): 4365-4383.  623 

[41] Nie J, Chen L, Huang X, Wei H, Zhang X (2022) Network synthesis design method of nonlinear 624 

suspension system with mem-inerter. J Vib Eng Technol. https://doi.org/10.1007/s42417-022-00751-625 

1 626 

[42] Li Y, Jiang JZ, Neild SA (2017) Inerter-based configurations for main-landing-gear shimmy 627 

suppression. J Aircr 54(2): 684–693.  628 

[43] Gao H, Wang H, Li J, Mao J, Wang Z (2022) Dynamic behavior and damping enhancement of cable 629 

with negative stiffness inerter damper. Int J Mech Sci 235: 107664.  630 



26 

 

[44] Xue S, Zhang L, Xie L, Zhang R, Kang J (2022) Analytical solutions of inerter-added sliding isolation 631 

structures to ground motions. Int J Mech Sci 231: 107568.  632 

[45] Tai YJ, Wang HD, Chen ZQ (2022) Vibration isolation performance and optimization design of a 633 

tuned inerter negative stiffness damper. Int J Mech Sci 107948. 634 

[46] Shi B, Dai W, Yang J (2022) Performance analysis of a nonlinear inerter-based vibration isolator with 635 

inerter embedded in a linkage mechanism. Nonlinear Dyn 109(2): 419-442.  636 

[47] Dai W, Yang J (2021) Vibration transmission and energy flow of impact oscillators with nonlinear 637 

motion constraints created by diamond-shaped linkage mechanism. Int J Mech Sci 194: 106212.  638 

[48] Dai W, Yang J, Shi B (2020) Vibration transmission and power flow in impact oscillators with linear 639 

and nonlinear constraints. Int J Mech Sci 168: 105234.  640 

[49] Dai W, Yang J, Wiercigroch M (2022) Vibration energy flow transmission in systems with Coulomb 641 

friction. Int J Mech Sci 214: 106932. 642 

[50] Chen Y, Hou L, Chen G, Song H, Lin R, Jin Y, Chen Y (2023) Nonlinear dynamics analysis of a dual-643 

rotor-bearing-casing system based on a modified HB-AFT method. Mech Syst Signal Process 185: 644 

109805. 645 

[51] Krack M, Gross J (2019) Harmonic balance for nonlinear vibration problems. Springer Nature, 646 

Switzerland. 647 

[52] Colaïtis Y, Batailly A (2021) The harmonic balance method with arc-length continuation in blade-648 

tip/casing contact problems. J Sound and Vib 502: 116070.  649 


