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Abstract

Purpose To suppress the low-frequency vibration of dynamic systems such as underwater vehicles, this
research proposes a novel geometrically nonlinear vibration isolator using hybrid nonlinear inertial and

stiffness elements.

Methods A spring and an inerter are integrated together into a 4-rod linkage structure to form geometric
nonlinearity. The performance of isolator under force or base-motion excitation is analysed. The
performance of the proposed isolator in a flexible base structure simulating vibration isolation in ships
is also considered. The transmissibilities and vibrational energy transfer are taken to evaluate the

effectiveness of isolation.

Results The results demonstrate better performance in low-frequency vibration isolation comparing to
conventional linear isolator. The combined use of spring and inerter in the linkage mechanism can create

a frequency band of ultra-low transmissibility and energy flow at low frequencies.

Conclusion Structural parameters of the proposed hybrid nonlinear element can be designed to alter
the dynamic characteristic of the nonlinear isolator to attenuate low-frequency vibration transmission.

The proposed nonlinear isolator demonstrates a strong potential for application in naval architecture.

Keywords: geometric nonlinearity; vibration power flow; vibration isolator; inerter; nonlinear spring

1. Introduction

Vibration of the dynamic systems in vessels such as engines and pumps can be transmitted via the
mounting base to the wet surface and cause acoustic emission [1]. Considering the reliability, passive
vibration isolators are commonly used in vessels to attenuate vibrations from main engines and
auxiliaries to the hull [2]. The excessive low-frequency line-spectrum of the underwater vehicle can
significantly affect its acoustic stealth performance and harm the creatures in the ocean [3]. Suppression
of low-frequency vibration is challenging in the design of vibration isolators of underwater vehicle [4].

It is well-documented that the effective isolation band of a linear isolator starts when the excitation
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frequency is v/2 times of the natural frequency of the system [5, 6]. The stiffness of the linear isolator
has to be small to isolate low frequency vibration [7], which will affect the load-supporting capability
and increase the amplitude of dynamic displacement [8, 9].

To overcome this limitation and improve vibration isolation performance, many recent research
interests have focused on the development of vibration isolators exploiting nonlinear elements for
performance enhancement [10]. A negative stiffness mechanism (NSM) in parallel with a conventional
spring-damper isolator has been studied to reduce the dynamic stiffness of the system [11]. The static
deflection of the isolator can be kept small while the resonant frequency is reduced [12-15]. When the
system parameters are set at specific values, nonlinear isolators can exhibit quasi-zero-stiffness (QZS)
characteristic [16]. Alabuzhev et al. [17] proposed such an isolator consisting of a spring-damper
structure and compressed oblique springs. The oblique springs generate the negative stiffness to create
a low total dynamic stiffness. In recent years, different configurations of QZS mechanisms have been
developed to create the negative stiffness effect [18-21], including beam buckling [22], truss-spring-
based structure [23], circular ring [24], QZS isolator with displacement constraints [25] and X-shaped
structures [26-30]. Ji et al. [31] reviewed different designs of origami-based structures exhibiting
negative stiffness for vibration control. The foldability, multistability and tuneable stiffness
characteristics of origami-based structures can be applied to achieve desired vibration isolation
performance. Yan et al. [32, 33] examined the transmissibility of a novel lever-type isolator consisting
magnetic spring. An et al. [34] investigated the dynamics of a pneumatic QZS isolator having a
mistuned mass. Dai et al. [35] proposed a geometrically nonlinear isolator by embedding a spring into
a linkage mechanism. It was found that the proposed structure can broaden the effective bandwidth,
compared with conventional linear isolators, and reduce the peak value at the vicinity of the resonance.
Investigations of various nonlinear isolators have demonstrated the benefits of exploiting nonlinear
elements and geometric nonlinearities in vibration suppression.

Many previous studies have focused on nonlinearities by varying the structural stiffness and
damping while keeping the mass (i.e., inertial term) constant [36]. Some researchers used lever-type
structure to increase the effective mass to lower the natural frequency [37]. The recently proposed
inerter device can provide inertial coupling between subsystems (e.g., rack pinion and ball screw) of an
integrated structure, so the resulting inertance can be much greater than its physical mass [38]. In view
of this, inerter-based vibration isolation/absorption has been a popular research topic and has been
employed in various engineering applications [39, 40], including suspension systems [41], aircraft
landing gear [42], cables [43] and buildings [44, 45]. However, studies on the inerter-based nonlinear
vibration isolator are still lacking. Shi et al. [46] used an inerter in a linkage mechanism and found that
the geometric nonlinear inerter device can assist vibration isolation. It is suggested that the nonlinear
inertial force can be obtained by embedding inerter in a geometric nonlinear element, which can
enhance the isolation performance. Moreover, considering the advantages of spring-based NSM and

nonlinear inerter structure. It is interesting to use a hybrid nonlinear inertial and stiffness element in the
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nonlinear isolator design for further enhancement. However, research on the combined use of nonlinear
spring and inerter in nonlinear vibration isolator is rare.

In this study, a hybrid nonlinear inertial and stiffness element is proposed. An inerter and a spring
are integrated into a four-bar linkage mechanism. The isolation performance of the geometrically
nonlinear isolator is investigated. In addition to the dynamic analysis of a single degree-of-freedom
(SDOF) system, the dynamics and performance evaluation of a two degree-of-freedom (2DOF) system
representing vibrating equipment mounted on a flexible base is also conducted. The harmonic balance
method (HBM) is applied to determine the system response, and the Runge-Kutta method (RKM) is
employed as a numerical cross-verification. To understand the mechanism of vibration transmission,
vibration power flow indices are used to assess the energy transmission behaviour [47]. The vibrational
energy flow has been widely accepted in the quantification of vibration transmission in linear and
nonlinear systems [48, 49]. For the rest of the paper, a mathematical model of the hybrid nonlinear
element is provided in Section 2. Modelling, formulation and examination of the hybrid nonlinear
element in SDOF systems are presented in Section 3. The 2DOF nonlinear isolation system having a

flexible base is discussed in Section 4, followed by conclusions.

2. Hybrid nonlinear element with spring and inerter configured in linkage

mechanism

Figure 1 shows the model of hybrid nonlinear inertial and stiffness element (NISE), which is
configured by inserting a spring of k;, and an inerter of by, horizontally in a 4-rod linkage mechanism.
The rigid and massless rods with the same length of 1,4 are connected at four terminals. Terminal B is
the connection point to the foundation while terminal A is the load point for equipment mass. The linear
spring and the inerter are parallelly hinged to the joint points C and D. The NISE can either be

compressed and stretched in the vertical direction.

Fig. 1 The model of hybrid nonlinear inertial and stiffness element (NISE) at (a) original un-stretched
position and (b) certain position under compression.

Figure 1(a) shows the NISE with the spring un-stretched while Fig. 1(b) shows a certain position of
NISE under compression. The original height of NISE is h, and the original angle between AC and CD
IS ag, as shown in Fig. 1(a). At certain position in Fig. 1(b), the height of NISE becomes h and the angle

3



101
102
103
104
105

106

107
108
109
110
111
112
113
114
115
116
117
118

119

120
121

122

123
124

125
126
127
128

129

130
131
132
133

between AC and CD changes to a with 0 < a < 90°. It is noted that in the isolator models considered
in the current paper, the inerter is considered to be ideal with negligible physical mass as the inertance
to physical mass ratio of an inerter can be very high [44].

According to the geometric relation at certain position in Fig. 1(b), the distance relationships are

h =2loqsina, dep = 2loqcosa = /4lfod — h?, (1a)

where d¢p is the terminal distances of horizontal spring and inerter, i.e., the distance of C and D.

obtained as

Therefore, the relationships of velocity and acceleration are then derived as
sina) (2a, 2b)

h=2l,qdcosa, h=2l,q(dcosa— d?

dep = —2logdsina, dep = —2loq(@sina + d@%cosa) . (2c, 2d)

Note that the restoring force of the spring and the inertance force by the inerter depend on the

deflection 8¢p of spring and relative acceleration dcp, between two terminals of the inerter, respectively.

Assuming that the original un-stretched spring length is ;. When terminal A is moving upwards and
the NISE is under tension, the spring force and inerter force are

fspring = kn6cp = kn(ls — 21oqc0sQ), (3a)

finerter = bndcp = 2bplioq(ésina + d? cos a), (3b)

respectively. Based on the force equilibrium condition, the downward restoring force of NISE applied

to terminal A is

. . Lo

fNISE (0() = % (fspring + finerter) = kp (ls s:;z - erod sin a) + thlrod (acs:slaa + d? sin a)-

(4)

Using the relation between angle a and element height & in Eq. (1a), the Eq. (4) can be transformed as
N ls _ hn? 412 4hh? )

fNISE(h' & h) = knh 412 —p2 L)+ 0n (‘”fod—hz (4150d—h2)2 ' ©)

rod ™

3. NISE vibration isolator in SDOF system

3.1 System modelling
This section illustrates the NISE embedded in a SDOF isolation system subjected to force or
displacement excitation. The dynamic modelling and the linearized natural frequency as well as

dynamic stiffness characteristics of the system are presented.
3.1.1 SDOF system under force excitation

Figure 2 shows the SDOF isolator model with NISE under force excitation. The isolated equipment
has a mass of m, and hence the gravity of the mass is m; g. Here g is the gravitational coefficient. The
displacement response of the mass is defined as x,. The harmonic unbalanced force fye' induced by

the operation of the equipment is considered as the excitation source. The nonlinear isolator is formed
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by spring k;, damper ¢; and NISE with terminal B fixed to the ground. It is defined that when the
equipment mass is not installed on the nonlinear isolator, the spring k; is unstretched and the length is
ly;. After adding the equipment mass to the nonlinear isolator, the NISE is compressed and the height

h becomes h = hq, which is set as the equilibrium point of the nonlinear isolator of x; = 0.

foeia)t
A
Equipment
my
...... o
NISE-based
h; Ki % nonlinear
Isolator

Fig. 2 A SDOF nonlinear isolator model with force excitation

The governing equation is expressed as
my¥y + 1%, + kyxg + fNISE(hv h, h) +myg = foel®t, (6)
where the force of NISE is obtained by a substitution of h = h; + x4 into Eq. (5):

s l (hq+x1)2%, 412, 4 (hy+x)%?
h,h,h =ky(h, +x —_—s 1 ]|4+b ( rod 1 ) 7
farse( ) n(hy + x7) F?od—(hﬁxl)z W32, (hy 12,02 (2, s (na r0)2) (7

It is noted that when the equipment is installed and the mass reaches the static equilibrium at h = h4,
the gravity of the system m,g is balanced by the static restoring force fyisg static Of NISE with
INISE static = fnisg () and static restoring force fi; seatic OF the vertical linear spring at h = h, with

fx1_static = k1(ls1 — hq) , We have

ls

Mg — fi_static = /i ic = ky(hy — ls) —kphy | ———-1|+myg=0. (8)
1 1_static NISE_static 1\ s1 1 \/m 1

Here parameters are defined

k1 C1 fo w X1
a)=’—, = , Fy = , QA=—, T=wt, X;= , 9
1 my G 2mjwq 0 2K1lrod w1 1 1 2lrod ( )
h l kn bn hq
H = L,=— A =— Ah=— H; = 10
2lrod ' S 2lrod ’ k b ( )

Tk my 17T 2leg

where w, represents the linearized resonant frequency, ¢; marks the damping coefficient, F, denotes
the amplitude of excitation force, while Q and 7 are the corresponding frequency and time, respectively.
X is the response displacement. H is the non-dimensional height of the NISE. L is the dimensionless
unstretched horizontal spring length. Ay is the stiffness coefficient of the horizontal spring. 4, is the
inertance coefficient. H, is the dimensionless static equilibrium height of the NISE.

Therefore, the Eq. (6) can be nondimensionalized as
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X'+ X, + 20X, + Fysg(H, H' H') + =29 = Fel07, (11)

2k1lrod
where
N Ls _ X1 (X, +Hq)? X1%(X,+Hq)
Fise (L H H) = Ay + 40) (m 1) th (1—(x1+H1)2 * (1—(X1+H1)2)2)' (12)

According to Egs. (11) and (12), a negative stiffness could be obtained when L;,/{/1 — H? — 1 < 0.
Hence the value of (L + D?) should be set less than 1.

By using a second order Taylor expansion, the approximated dynamic force Fy;sg(H, H', H'") of
the NISE in Eq. (12) can be obtained as

Fise = Ak(ko + kX1) + A (X1*B(X1) + X1'A(X1)) (13)
where
Ko = <LS/ 1—H,% - 1) H, k= (le —1+Lg/ [1- H12>/(1 — H,?), (14)
_ H? 2H,; 1+3H > _H 1+3H% 6H1(1+HZ) |,
AG) = T+ B X+ ST BO) = i+ S + S (1)

Equation (11) is linearized as
X1 4 X1 + 24 X1 + Ae(ko + 16X1) + A, (X12B(X) + X1 A(X,)) = Fyel. (16)
The linearized resonant frequency is approximated as

Axk+1
QLinearized = ’1+Ab61' 17)

H? . . . .
L The linearized stiffness is
1

where €;=

1-H
K, = Axk + 1. (18)

It can be found from Egs. (17) and (18) that, increasing the inertance ratio can lower the value of
Qpinearized- Moreover, K; can be reduced to a small value approaching zero by adjusting the value of
Kk to be negative. This characteristic can be applied to enhance isolation performance at low frequencies.
Figure 3 shows Qyinearized Changing with four design parameters of NISE. In Fig. 3(a) and 3(b),

the effects of the stiffness ratio A, and the inertance-mass ratio Ay, 0N Qpinearized are €xamined. The
other design parameters of NISE are set as Ly = H; = 0.5. It is shown that the increase of Ay or A, can
reduce the value of Qp;inearizea- The reason can be found from Eq. (17) that the linearized natural
frequency Qpinearizea depends on the value of stiffness ratio A, and the inertance ratio 1. In Fig. 3(c)
and 3(d), the influence of original spring length L¢ and static equilibrium height H; on Qyinearized 1S
investigated. The other parameters are fixed as 4, = 2 and A;, = 3. It can be found that a smaller value
of L or H, can also reduce the linearized natural frequency. This is due to the relationship between
Qpinearizea @nd x and €, from Eq. (17). €, is decided by the dimensionless static equilibrium height H;
of the NISE while k is related to the dimensionless unstretched horizontal spring length L. Fig. 3 shows

that the inclusion of NISE can improve the low-frequency isolation performance.
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Fig. 3 Linearized resonant frequency of NISE-based SDOF isolator under the influence of (a) stiffness ratio Ay,
(b) inertance Ay, (c) static equilibrium height H,, and (d) horizontal spring length Lg. System parameters for (a)
and (b): Ly = 0.5,H; = 0.5; for (c) and (d): A4, = 2,4, = 3

3.1.2 SDOF system under base motion excitation

In this subsection, the NISE is applied for isolating sensitive equipment from the vibration of the
foundation shown in Fig. 4. Here the base excitation of z,e'®? is considered. Terminal B of the NISE
is mounted on the foundation while terminal A is connected to the mass m,. The static equilibrium is

reached at h = h, after loading, which is set as the reference point of response with x; = 0.



199
200

201
202
203

204

205

206

207
208
209
210
211

212

213

214

215
216
217
218
219
220
221
222
223

Equipment
my

iwt

ki  Zoe

N Foundation

Fig. 4 Model of nonlinear isolation system with NISE under base excitation
Note that the height h of the NISE is h = h; + x; — z, hence the governing equation is expressed
as

my¥y + ¢y (4 — 2) + ky ey — 2) + fase(h ) + myg =0, (19)

where

ls

fNISE(hr h, h) =kp(hy +x; — 2)
/4lfod—(h1+x1—z)2

4l?od(h1+x1—z)(ael—z')2) (20)
(412 4= (hy+x,-2)2)° )

(hy+x1—2)2 (%1 -2)
412 q—(hy+x1-2)2

-1 +bh(

Here the non-dimensional parameters of displacement amplitude Z, = z,/(2l,04) and Z = Z,e'¥*
are introduced. Recalling that at static equilibrium, the gravity of the equipment mass m, g is balanced
by the static restoring force fyisg static Of the NISE and the static restoring force fiq static Of the vertical

spring. The Eq. (19) is transformed to the dimensionless form as

X!+ X, —Z+20X] — 20,7 + Fyisg(H, H',H") + % =0, (21)
where
roggn L X;'-2'""Y(X,-Z+H,)?
Frise(H, H' HY) = A (Hy = 2+ %) (Jﬁ B 1) 2 <( 11—(X3—ZI+H1)21 +

(X1-2") (X, +H,~Z) 22)
(1-(X1-Z+H1)*)? )

3.2 Assessment of the SDOF isolation system

In solution determination of nonlinear governing equations of Eqgs. (11) and (21), both the
numerical time-marching method, i.e., the fourth order RKM, and the HBM with alternating frequency
time techniqgue (HBM-AFT) are employed [50, 51]. The procedures of HBM-AFT method are
illustrated briefly below.

By an approximation of the response and the nonlinear dynamic force of NISE using a N order
Fourier series, we have

Xl = Zﬁ:o I}17(1,71) einﬂry FNISE_dynamic(Hr H’: H”) = ﬁ:o Qn einﬂr ' (23)
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where Fyisg_dynamic = Faise(H, H', H"') — Fyisg static(H1), W(1,n) @nd @, are the n-th order Fourier
coefficients with 0 < n < N. The corresponding velocity and acceleration response of the mass are
X1 = ZN_o inQWy ) ™ and X{' = — IN_o(nQ)?*W(y ) ™. The AFT technique is then applied
to determine the I/T/(Ln) and @Q,,. By a substitution of time history of response in Eq. (23) into nonlinear
restoring force expression in Eq. (12) or Eq. (22) for the system under force or displacement excitation,
respectively, the time history of the dynamic force Fyisg_dynamic(7) is obtained. Then, discrete Fourier
transform is taken on the Fyisg_aynamic (7). Hence the nonlinear force expression of Fyisg_dynamic I

frequency domain is derived, and the complex coefficients of Q,, are determined. Subsequently, by a
substitution of those Fourier series expression of response and force into Egs. (11) or (21), and applying
HBM for terms with the same order of n, we have

(i(2nQg) — (M))HWy ) = T, — Qp, (24)
where T,, is the corresponding Fourier coefficients of the excitation term, with T; = F, for the forced
system and T; = Z + 20, Z' = Z, +i2{;QZ, for the base-motion excited system. Recalling that 0 <
n < N, we can obtain (2N + 1) nonlinear algebraic equations by balancing the complex terms of Eq.
(24). By employing the Newton-Raphson method and the pseudo-arclength continuation method for
tracing the solution branches [52], the responses of the mass are calculated. The performance indices

can be then determined for further assessment.
3.2.1 Performance assessment for force excited system

For assessment of the vibration isolation system under force excitation, both transmissibility and

vibrational energy are taken as performance indicators [35]. The force transmissibility is

max(|R{Fe}])

TRf = Fo

(25)
where Fi¢ is the transmitted force with Fif = Fgynamic nise + X1 + 2{;X1. The R{ } represents taking
the real part of the variable.

Using the expression of response in Eq. (23), the time-averaged vibrational energy input (TAVEI)
Py, is defined as

P = 2 [ () Ry ar = 7)1 (26)
where [t4,T; + T,] are time range of taking the average in steady state which can be set as t, = 2r/Q.
()* marks operation of taking complex conjugate.

The Kinetic energy Kijnetic 1S also used for the isolation assessment, expressed as

2
max(X; )

Kinetic = > - (27)

Figures 5-7 depict performance indices under the changes of four design parameters of NISE,

including the spring stiffness ratio Ay, the inertance-to-mass ratio Ay, the original spring length Lg and

the equilibrium height H; of NISE. Q is the non-dimensional frequency in x -axis. The system
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parameters are fixed at F, = 0.002 and {; =0.01. For the investigation of stiffness ratio, the value of A,
is selected as 0, 2, 3 and 4 while 4, = 5, Ly = 0.7 and H, = 0.4. It is noted that the case with A, = 0
represents that only the inerter is embedded in the linkage mechanism of the nonlinear isolator. When
examining inertance-to-mass ratio, the value of A, is selected as 0, 5 10 and 20 while A, = 2, Ly = 0.5
and H; = 0.4. The case with A, = 0 denotes that only the spring is used in the linkage mechanism of
the nonlinear isolator. For the original spring length, the value of Ly is changing between 0.5, 0.55, 0.7
and 0.85 while A = 2, A, = 10 and H; = 0.4. In the study of equilibrium height of NISE, the value of
H, is selected as 0.3, 0.4, 0.5 and 0.6, while 1, = 2, 1, = 5 and Ly =0.5. Moreover, the result of a

linear isolation system without using NISE is also presented for comparison.
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Fig. 5 Maximum displacement response X,,, of the equipment under the effect of (a) stiffness ratio of the horizontal
spring Ay , (b) inertance-to-mass ratio A;,, (c) original spring length Lg and (d) height H, of NISE at static
equilibrium. Lines: HBM-AFT results, Symbols: RKM results

The variation of maximum displacement X, under four design parameters of NISE is shown in
Fig. 5. From Fig. 5(a), compared to linear case marked by the black dashed line, the use of NISE can
shift the resonant peak of the vibration isolation system towards low frequencies, providing a good low-

frequency isolation ability. According to the linearized natural frequency and stiffness analysis in
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subsection 3.1.1, the horizontal spring can result in a negative stiffness, which can lead to a reduced
dynamic stiffness and resonant frequency. Moreover, the add-on of the inerter can also decrease the
resonant frequency. By comparison to case of A, = 0 with inerter only in NISE, the increase of A, can
further decrease the resonant frequency. A stronger softening behaviour is observed. This is caused by
the stronger negative stiffness provided by the NISE with an increasing value of Ay. Fig. 5(b) shows
that as inertance A;, of NISE increases, the whole response curve is moved towards left with a higher
peak. Fig. 5(c) and 5(d) shows that original spring length L and equilibrium height H; of NISE can
significantly affect the system response. A smaller value of Lg or H; can reduce the corresponding
frequency of the peak, while the peak value is increased. The reason is that the nonlinear spring force
of NISE depends on Lg and H, according to Eq. (13), smaller values of two parameters can introduce a
smaller dynamic stiffness. Nonlinear inertial force is also related to H; due to the geometric nonlinearity
of the linkage mechanism. In the low-frequency range, a local maximum value is found when L and
H, are small. The system response becomes larger with a smaller value of H; in high frequencies, while
the changes of Lg have minor influence on the response curve.

Figure 6 depicts the force transmissibility TR under variations of four design parameters of NISE.
In Fig. 6(a), by a comparison between the linear isolator and case of 1, = 0 using inerter only in NISE,
it can be found that the use of inerter can generate an anti-peak in the transmissibility curve. A larger
stiffness ratio A, of the horizontal spring in NISE can not only move the resonant peak towards left but
also lower the peak height of TR¢. Moreover, the peak is extended to the left, demonstrating a desirable
vibration isolation performance. Fig. 6(b) shows that when the inertance value A is not zero, the
transmissibility values become nearly constant at high frequencies. When A, increases, frequency of
the peak in TR; curve is decreased, while the peak value is decreased first and then increased. Fig. 6(c)
shows that a smaller Lg can shift the peaks towards left with smaller peak values. Fig. 6(a-c)
demonstrates that the anti-peak frequency can be modified by adjusting the parameters of NISE. If the
anti-peak frequency is designed to be coincidental with the dominant frequency line spectrum of the
installed equipment. Ultra-low force transmission to the ground can be obtained and the vibration
transmission is minimized. Fig. 6(d) shows that a reduction of H; can twist the peak towards low
frequencies and lower its height. The transmissibility value is also decreased at high frequencies but the
anti-resonant peak shows little variance. It can be found from Fig. 6 that by tuning the parameters of

NISE, the low-frequency force transmission to the ground can be reduced.
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Fig. 6 Force transmissibility under the effect of (a) stiffness ratio of the horizontal spring 4, , (b) inertance-to-
mass ratio A, (c) original spring length L¢ and (d) height H; of NISE at static equilibrium. Lines: HBM-AFT
results, Symbols: RKM results

Figure 7 depicts the time-averaged vibrational energy input TAVEI and kinetic energy. Fig. 7(a)
shows compared to the linear isolator, the use of NISE with inerter only (case of A, = 0) can reduce
the resonant frequency of TAVEI. With the variations of 4;, the amount of input energy remains almost
unchanged in the area of resonance and high frequencies. Fig. 7(b) shows that increasing the value of
Ap can move the TAVEI curve to the left. The peak value shows minor differences but the values at
high frequencies are decreased. Fig. 7(c) and (d) shows that a smaller original spring length Lg or
equilibrium height H, of NISE can result in a reduced resonant frequency of kinetic energy. In the
contrast, peak values of Kjnetic Show little changes. Local peaks can be observed near O = 0.2 when
the values of Lg and H, are small. At high frequencies, the Kinetic energy decreases with a larger H;.
Fig. 7 indicates that the peak frequency of vibrational energy input and maximum kinetic energy can
be adjusted by NISE. Combining the results in Fig. 6 and 7, it can be summarized that for the SDOF
vibration system under force excitation, by selecting a proper value of design parameters of NISE, the

low-frequency vibration transmitted to the ground can be considerably controlled.
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Fig. 7 Time-averaged vibrational energy input under the effect of (a) stiffness ratio of the horizontal spring 4, ,
(b) inertance-to-mass ratio A,; Kinetic energy of the equipment mass under the effect of (c) original spring length
L and (d) height H; of NISE at static equilibrium. Lines: HBM-AFT results, Symbols: RKM results

3.2.2 Performance assessment for base-motion excited system

For base-motion excited system, the displacement transmissibility TRy, is usually used, which

can be defined as

R(X,
TRgisp = el (28)

Zy

where X, denotes the displacement amplitude.
The definition of the kinetic energy is still the same to Eq. (27) in previous section. Based on the
law of conservation of energy, the input energy TAVEI for a cycle of excitation is expressed as
= 1

Pin == [ 20,(R(Z - X ()P dr. (29)

T2
Figures 8-10 show the performance of the nonlinear isolator using indices of response,
displacement transmissibility and vibrational energy. The parameters are Z, = 0.006 and ¢; =0.01.

Four parameters of NISE are evaluated including 1) the stiffness ratio A, with A, =0, 4, 6 and 8 while
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Fig. 8 Maximum displacement response X, of the equipment under the effect of (a) stiffness ratio of the
horizontal spring Ay , (b) inertance-to-mass ratio A;,, (c) original spring length L¢ and (d) height H; of NISE at
static equilibrium. Lines: HBM-AFT results, Symbols: RKM results

Figure 8 depicts the variations of the maximum displacement. From Fig. 8(a), by comparing to the
case of linear system without NISE, the maximum response displacement in the case of A, = 0 with
inerter only in the NISE is decreased and resonant frequency is reduced. Anti-resonance is observed
due to the usage of inerter. With addition of spring in NISE (4 # 0), the response peak and anti-peak
are lowered, and the peak is extended more towards low frequencies. However, the dynamic response
is increased at high frequencies with the inclusion of NISE. It shows NISE is better to be used in
isolating low-frequency vibration from foundation. Fig. 8(b) shows the combination of inerter and
spring in NISE (4, # 0) can lower the peak of X,,,. The peak and anti-peak frequencies can be altered

by modifying the inertance A,,. Fig. 8(c) and (d) shows a decrease of original spring length Lg or
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Fig. 9 Displacement transmissibility TRg;sp, to the equipment under the effect of (a) stiffness ratio of the horizontal
spring 4y , (b) inertance-to-mass ratio A, (c) original spring length L and (d) height H; of NISE at static
equilibrium. Lines: HBM-AFT results, Symbols: RKM results

Figure 9 shows the displacement transmissibility under influence of design parameters of NISE.
In Fig. 9(a), compared to the reference linear system case, the nonlinear isolator case A, = 0 with
inerter only in NISE can lower the level of TRg;sp, at peak frequency and provide an ultra-low TRg;sp
in the original resonance frequency for the linear system. Moreover, according to the linearized stiffness
analysis in the previous section, a larger value of 4y can lead to a smaller dynamic stiffness. Therefore,
as shown in Fig. 9(a), peak and anti-peak frequencies of TR, are changed with the value of stiffness
ratio Ay. In addition, the TRg;sp, CUrve is twisted towards low frequencies when using a larger 4. Fig.
9(b) shows both inerter and spring in NISE can benefit the isolation of low-frequency vibration. The
peak and anti-peak frequencies are reduced when using a larger inertance value A;. In the contrast, the

TRyg;sp at high frequencies is increased with Ay,. Fig. 9(c) shows that a smaller value of Lg can move the
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TRgjsp curve to the left and the peaks values are reduced. At high frequencies, the values of TR;sp
show little difference in the changing value of Lg. Fig. 9(d) shows that reducing the equilibrium height
Hy can bend the TRy;s, peak to the low frequencies and reduce the TRg;s, at high frequencies. From
Fig. 9, it is demonstrated that increasing the A, and Ay, or reducing the Lg and H, can attenuate low-
frequency vibration. The frequency band of ultra-low TRy, is obtained by using NISE and it can be

adjusted by designing those parameters of NISE.
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Fig. 10 Time-averaged vibrational energy input TAVEI under the effect of (a) stiffness ratio of the horizontal
spring Ay , (b) inertance-to-mass ratio 4,; Kinetic energy of the equipment mass under effect of (c) original spring
length Lg and (d) height H, of NISE at static equilibrium. Lines: HBM-AFT results, Symbols: RKM results

Figure 10 depicts the variations of TAVEI and Kjpetjc. Fig. 10(a) shows that the NISE can reduce
the amount of vibrational input energy. Increasing 4, can further lower the peak of P;, and twist the
peak to the left. Fig. 10(b) demonstrates that increasing the inertance 4;, can lower the peak and reduce
the resonant frequency. From Fig. 10(a) and (b), it is found that the TAVEI is sensitive to the variation
of inertance at high frequencies and sensitive to the changes in A, at low frequencies. This phenomenon
demonstrates that the spring and inerter in NISE have different impacts on the vibrational energy. Fig

10(c) and (d) shows with decreasing original spring length L and equilibrium height H; of NISE, the
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Kinetic energy Kjnetic i reduced. An anti-resonance is observed in kinetic energy curve, indicating that
vibrational energy transfer to the mass can be suppressed considerably in the certain frequency band.
At high frequencies, Kjpetic 1S also lowered with a decreasing value of H,. Fig. 10 demonstrates the
benefits of using NISE in the system subjected to foundation excitation. The vibrational energy input

and transmitted to the mass can be reduced.

4. NISE vibration isolator in 2DOF system
4.1 Modelling of 2DOF isolation system

Considering the need for vibration isolation of mechanical systems in vessels or aircraft whose
mounting bases are not rigid, the characteristic of the proposed NISE applied in a 2DOF system with
flexible base structure is investigated. As shown in Fig. 11, equipment mass m, is installed on the
flexible base mg, via the NISE-based vibration isolator. A harmonic force is applied on mass m, for
the simulation of excitation by the operation of the equipment. The stiffness and damping of the flexible
base are kg, and cq,. After the installation of the equipment mass, the system reaches equilibrium and
terminal distance AB becomes h = h,. The response displacement of the equipment and the base are
x; and xg,, respectively. The reference point of x; = xf, = 0 is set when the system is at static

equilibrium with h = h;.

f eiwt
0 Equipment mass

NISE-based
nonlinear < hl
Isolator

Flexible
Base <

Fig. 11 Model of 2DOF NISE-based vibration isolation system with a flexible base
The equation motion of the system is:

o A LS ol )
iwt
5} e

where
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4130 q—(hy+xq —xgp,)? Hroq=(hatx:=xm)?

. .. _ 2( %
fNISE(h: h, h) = kn(hy + x4 — xpp) J ks —1|+by ((h1+x1 Xfb)” (¥1—%fp) +

4lgod(h1 +x1—Xgp) (%1 —xtb)z) (31)
(4lfod—(h1+x1—xﬂ,)2)2 '

By introducing the following parameters

k
Xep = =2, wg = /m_fft,’ Vg = 22, gy = —2—, g =2, (32)

" 2lrod w1 T 2mpwm’ my
where Xg, is the base displacement, wg, and vg, denote the resonant frequency and frequency ratio of

flexible base, respectively. {5, and By, are the damping and mass ratios of the base. Then Eq. (30) is

R e e 4 o ROl | A

mig
{ FNISE(H’ H,, H”) " eroldk1 } - FoemT

transformed using Eq. (32), expressed as

@3
—Fyise(H,H',H"") —% 0

where

2
1oy L X! -x4) (X, —Xep+Hp)?
Faisg(H, H', H") = 2k (X, = Xgp + Hy) <m - 1) th <( 11—f(b)31—xlfb+1fib1)2 —

(X' -X{) (X1 —Xgo+Hy)
A-(X,—Xm+H)?)? [ (34)

It is noted that the equipment load is balanced by NISE and linear vertical spring at the equilibrium
position of h = h,.

To solve the governing equation, the HBM-AFT is applied. The Eg. (23) is reused for
approximation of response of equipment mass and dynamic force of NISE. The displacement response
of the base mg, is estimated by Xg, = YN_o Wisp, ) €™7. By a substitution of responses approximation
into Eq. (23) with Fyisg(H,H',H') defined by Eq. (34), the time history of dynamic force
FNisg_dynamic(T) Of NISE is obtained. The coefficient Q,, can then be determined by taking Fourier
transform on the Fyisg_dynamic(7)- By applying the HBM on Eq. (33), the n-th order terms of Eq. (33)

are balanced and expressed as

o R R O 3 1+_f>’1bvf2b]){wwz/(:f)}={%’}+

Due to the degree of freedom of the system being 2 and 0 < n < N, there are 2(2N + 1) algebraic
equations in total. The solution can be determined by using the Newton-Raphson method. The pseudo-
arclength continuation method is also used in the calculation. The results are compared with those

obtained by the RK numerical integration method.
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4.2 Assessment of the 2DOF isolation system
The force transmissibility TRy, to the flexible base is

TRp, = —maX(F'OF tbl) (36)

where transmitted force is the sum of dynamic force of NISE and spring and the damper force as Fi, =
Fnise_dynamic(H, H', H")+Xy — Xpp, + 283 (X1 — Xpp)-

The vibrational energy transfer is usually used for quantification of vibration transmission from
one sub-structure to another, here the time-averaged vibrational energy transfer (TAVET) Py, is taken

for the indicator of vibration isolation performance, expressed as

Py = — [7 28mBrov (R{XR)? dr, (37)

T2
where X, can be approximated by the Fourier series and Eq. (37) can be transformed as

=1 s . L2
Pro = SR{(ZN=0 QWWsp.m)) (2s0BroVib Zn=0 INQW(sp,m)} = SrmBroVin| Zn=o inOWimm|~ (38)

By using the definition of TAVEI in subsection 3.2.1, the power transmission ratio is obtained

Re. = P _ fobﬁfbvfb|21r\1’=oinﬂw(fb,n)|2 (39)
fb Pin FOER{(iQW(Ll))*}

Figures 12-14 present the influence of four parameters of NISE on 2DOF system with flexible base
structure. The parameters of system are g, = v, = 1, Fy = 0.0015, {; = {g, =0.01. In the evaluation
of stiffness ratio, the value of Ay is changing between 0, 3, 4 and 5 while A, = 5, Ly = 0.7 and H; =
0.4. When investigating inertance Ay, the value is chosen as 0, 5 10 and 20 while A, = 2, Ly = 0.5 and
H; = 0.4. For the investigation on the original spring length L, its value is varying between 0.5, 0.55,
0.7 and 0.85 while A = 2, 1, = 10 and H; = 0.4. As for the equilibrium height H; of NISE, the value
isselected as 0.3, 0.4,0.5and 0.6, while A, = 2, A, = 5 and Ly =0.5. For comparison, the linear system
case without NISE is also shown.

Figure 12 depicts the force transmission to the base under four design parameter sets of the NISE.
Fig. 12(a) shows compared to the linear reference case, the addition of NISE can lower remarkably the
second peak height of TRy, near Q = 0.9. By adjusting the value of Ay in NISE, the second peak in the
original linear system can be minimized, demonstrating enhanced vibration mitigation. By increasing
the value of Ay, the first peak near Q = 0.4 is lowered and twisted to the left. Fig. 12(b) shows that peak
and anti-peak frequencies of TRy, can be tailored by designing the value of inertance ratio 4;,. The
frequency range of TRg, < 1 at low frequencies can be widened by increasing 4. As a result, the
system can provide a superior ultra-low force transmission. Fig. 12(c) and (d) shows reducing original
spring length Lg and equilibrium height H; of NISE can lower the first peak of T Rg, but increase the
second. Meanwhile, the resonant frequencies of two peaks in TRg, curve are both reduced and the
frequency range of TRg, < 1 becomes broader. It is shown that the values of T Rg, are reduced at high
frequencies as H; decreases. From Fig. 12(b-d), it can be found that the frequency bandwidth and range

for ultra-low values of TRy, (i.e., the frequency band of TRg, < 1 at low frequencies) can be designed
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by changing the values of 4;,, Ly and H,. The low-frequency vibration force transmission from the

equipment to the base can then be significantly suppressed.
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Fig. 12 Force transmissibility TRy, to the base under the effect of (a) stiffness ratio of the horizontal spring A, ,
(b) inertance-to-mass ratio A, (c) original spring length L, and (d) height H; of NISE at static equilibrium. Lines:
HBM-AFT results, Symbols: RKM results

Figure 13 shows the variations of TAVET from vibrating equipment to the base through NISE.
Fig. 13(a) shows that two peaks of Pg, are observed in the linear case while an extra anti-peak is noticed
in the cases with NISE. It is shown that two positive peaks of Py, are lowered when the NISE is added
into the isolation system. The heights of the first peak of Pg, is reduced when using a larger A, while
the second peak is lowered with a smaller Ay. Fig. 13(b) shows frequencies of peaks can be moved left
by increasing 4;,. The first peak value decreases, which can contribute to low-frequency vibration
mitigation. Fig. 13(c) and (d) shows variations in original spring length Lg and equilibrium height H,
are mainly taking the effect on the first peak and anti-peak of the P, curve. The reduction of Lg can
reduce the resonant frequencies of the peaks while the decrease of H; will twist the first peak towards
low-frequencies. Moreover, a smaller Lg or H; can significantly lower the amount of energy transfer at

the first peak frequency. Combining Figs. 12 and 13, it demonstrates by inserting NISE into a linear
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isolator mounted on a flexible base, the vibration transmission at low frequencies to the base can be

effectively suppressed.
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Fig. 13 Time-averaged energy transfer Pg, to the base under the effect of (a) stiffness ratio of the horizontal spring
Ax , (b) inertance-to-mass ratio A;,, (c) original spring length L and (d) height H; of NISE at static equilibrium.
Lines: HBM-AFT results, Symbols: RKM results

Figure 14 shows the variations of energy transfer ratio Rg,. Fig. 14(a) shows compared to the linear
reference case, the NISE-based isolator can reduce Rg, at low frequencies between QL = 0.1 and Q = 2.
It is interesting to find an anti-resonance in Ry, curve and its frequency as well as its value can be
reduced by increasing the value of 4y, which can enhance the isolation performance. In addition, the
values of Rg, are also reduced at low frequencies with a larger 1. Fig. 16(b) shows the case of NISE
without inerter (4, = 0) cannot generate the anti-peak. When increasing A, from 0 to 20, the anti-peak
is found in the Rg, curve and the peak is moved to the low frequencies. Fig. 14(c) and (d) shows
reducing original spring length Lg and equilibrium height H; can lower the ratio of energy transfer in
low-frequency range, particularly for 0.1 < Q < 0.4, demonstrating a good performance of NISE.
Moreover, a smaller value of H; can reduce the Rg, in the high-frequency range. Extra peaks can be

found in the curve near Q = 0.4, which are possibly related to the super-harmonic responses of the
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system. Fig. 14 suggests that the vibration energy transfer can be minimized by tuning the design

parameters of NISE.
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Fig. 14 Ratio of vibration energy transmission Rg, to the base under the effect of (a) stiffness ratio of the horizontal
spring A, (b) inertance-to-mass ratio A;,, (c) original spring length L and (d) height H; of NISE at static
equilibrium. Lines: HBM-AFT results, Symbols: RKM results

5. Conclusions

This research proposed a hybrid geometrically nonlinear inertial and stiffness element (NISE) for
enhancement of vibration isolation in SDOF system under force and base-motion excitation, and a
2DOF system with a flexible mounting base for simulating the environment of ship and aircraft. The
HBM-AFT and RKM were used for the determination of performance indicators of vibration isolator
including transmissibility and energy flow indices. The results show that the NISE can improve
substantially the effectiveness on isolating low frequency vibration either in SDOF systems or in 2DOF
system. The combination of spring and inerter in the linkage mechanism outperforms the one with
spring or inerter only in linkage mechanism. The peaks in the curve of displacement response,

transmissibility and energy flow indices are suppressed and moved to low frequencies. A frequency
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band with ultra-low transmissibility, kinetic energy and vibrational energy transfer can be obtained by
adding NISE into linear isolator in low frequencies. The frequency band can be tailored by designing
the structure parameters of NISE to meet the main excitation frequency of vibration source such as
marine main engines and auxiliaries, hence the NISE-based nonlinear isolator can effectively attenuate
vibration transmission between the machines and feundationmounting base. The low-frequency line-

spectrum of dynamic systems such as underwater vehicle can be significantly suppressed.
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