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Solvability of superlinear fractional parabolic equations

YOHEI FUIllSHIMA, KOTARO HISA, KAZUHIRO ISHIGE AND ROBERT LAISTER

Abstract. We study necessary conditions and sufficient conditions for the existence of local-in-time solu-
tions of the Cauchy problem for superlinear fractional parabolic equations. Our conditions are sharp and
clarify the relationship between the solvability of the Cauchy problem and the strength of the singularities
of the initial measure.

1. Introduction

We consider the Cauchy problem for a superlinear fractional parabolic equation

du+ (=N u=Fu), xeRN, >0,

u0) = in RV, ®)

where p is a nonnegative Radon measure in R . Throughout the paper, we assume
that N > 1,0 <6 <2,and F : [0, c0) — [0, 00) is (at least) continuous.

In general, the existence of local-in-time nonnegative solutions of problem (P)
depends crucially on the delicate interplay between the strength of the singularities
of the initial measure p and the behavior of F(t) as T — oo. In this paper, for a
large class of nonlinearities F', we obtain new necessary conditions and new sufficient
conditions for the local solvability of problem (P). The prototypical example we have
in mind is

F(t) = t”[log(L + 7)]9, where p > 1,q € R, and L > 1.

As a consequence of our more general results, we are then able to derive sharp re-
sults for classes of nonlinearities which include these prototypes as special cases, and
quantify this interplay more precisely via ‘optimal singularities.’

Throughout this paper, we use the following notations. For T > 0, we set Q1 :=
RN x (0, T) and let B(x, o) denote the Euclidean ball in R center x, radius . We
use fB f dx for the average value of f over B with respect to the Lebesgue measure
dx. The set of nonnegative Lebesgue measurable functions in R is denoted by Lo,
while M denotes the set of nonnegative Radon measures in RY. For nw € Ly, we
abuse terminology somewhat by speaking of ‘measure p’ defined via du = p(x)dx.
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1.1. Background

The solvability of the Cauchy problem for superlinear parabolic equations has been
studied in many papers since the pioneering work by Fujita [14]. The literature is now
very extensive, and we refer to the comprehensive monograph [35]. We also mention
the following works, some of which are directly related to this paper, others with a
different emphasis (higher-order equations, systems, nonlinear boundary conditions):
superlinear parabolic equations [2,6,7,14,29-31,33,36,38—41]; linear heat equation
with nonlinear boundary conditions [10,15,20,27,28]; superlinear parabolic equa-
tions with a potential [1,3,9,22,23,39]; superlinear parabolic systems [11-13,26,34];
superlinear fractional parabolic equations [18,19,21,32,37]; superlinear higher-order
parabolic equations [8,16,17,24,25].

In [19], the second and third authors of this paper considered problem (P) in the
special case of the power law nonlinearity F(u) = u” with p > 1:

(1.1)

atu—l—(—A)%u:u”, xeRN, >0,
u0) = p in RV.

There, as here, the exponent py := 1 4 6/N plays a critical role. They proved the
following necessary conditions for the local existence (cases (i) and (ii)).
(1) Let u € M. If problem (1.1) possesses a nonnegative solution in Qr for some
T > 0, then there exists C; = C1(N, 6, p) > 0 such that

(2]
sup w(B(x,0)) < Cio¥ 7T, 0<o <T7. (12)
xeRN
In the case where 1 < p < py, the function (0, 0) > 0 — oN=0/(p=1) ig
decreasing so that relation (1.2) is equivalent to

1

sup w(B(x, T%)) < Cng_F,

xeRN

In the case where p = py, there exists Co = C2(N, 6) > 0 such that

1 -0
T?o
sup w(B(x,0)) < Cy log(e+ —) , O0<o < T%.
xeRN o

(See [2] for the Laplacian case 6 = 2.)
Condition (i) implies the following nonexistence result.

(ii) Let p > py. There exists y = y (N, 6, p) > 0 such that if u € L satisfies

N
1\ 7" .
M(x)2y|x|_N|:log <e+—>i| it p= po,

x|
__0 A
n(x) = ylx| »1 it p> pg,

for almost all (a.a.) x in a neighborhood of the origin, then problem (1.1) pos-
sesses no local-in-time nonnegative solutions.
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Regarding sufficiency, in [19] they obtained results (iii) and (iv) below.
(iii) Let u € Mand 1 < p < pg. There exists ¢ = ¢(N, 6, p) > 0 such that if

N 1
sup u(B(x, T%)) <cTe 1
xeRN
for some 7' > 0, then problem (1.1) possesses a nonnegative solution in Q7.
(iv) Let u € Lo and p > pg. There exists ¢ = ¢(N, 6, p) > 0 such that if

N
1\ 7!
Osu(x)felxlN[log(evLﬂ)} +K if p=py,
X

[}

0<ux <elx| »T+K it p> pg,

for a.a. x € RY for some K > 0, then problem (1.1) possesses a local-in-time
nonnegative solution.

For . € Ly, the results in (ii) and (iv) demonstrate that the ‘strength’ of the singu-
larity at the origin of the functions
0

x| 2= it p > py,

He(x) = ..
if p=po,

N
x|~V | log |||~ ¥
is the critical threshold for the local solvability of problem (1.1). We term such a
singularity in the initial data an optimal singularity for the solvability for problem (1.1).
Of course, by translation invariance the singularity could be located at any point of
RV,

Subsequently, the results of [19] were extended to some related parabolic problems
with a power law nonlinearity (see [20-25]). However, one cannot apply the arguments
in these papers to problem (P) with a general nonlinearity F since they depend heavily
upon the homogeneous structure of the power law nonlinearity.

1.2. The main result

In this paper, we improve the arguments in [19] to obtain necessary conditions and
sufficient conditions for the existence of local-in-time solutions of problem (P) for a
significantly larger class of nonlinearities F' and determine the optimal singularities
of the initial data for the solvability of problem (P).

Let f1 and f; be real-valued functions defined in an interval [L, co), where L € R.
We write f1(t) < fa(t) as t — oo if there exists C > 0 such that f1(z) < Cf>(t) for
all large enough ¢ € [L, 00). We define > in the obvious way, namely f>(¢) > f1(¢)
ast — oo if and only if f1(r) < fo(¢) ast — oco. We write fi(t) < fo(t) ast — o0
whenever f1(t) <X fa(t) and f1(¢) > fa(t) ast — 00, i.e., there exists C > 0 such
that C’lfz(t) < f1(t) < Cf>2(t) for large enough ¢ € [L, 00).

We consider nonlinearities which are asymptotic to the prototypical example (F),
in this sense:
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(F1) F is locally Lipschitz continuous in [0, 00);
(F2) F(r) < tP[logt]? ast — oo forsome p > 1 andg € R.
Theorem 1.1. Assume conditions (F1) and (F2).
(i) Let u € M and either
G l<p<pg or (i) p=pgandqg < —1.

Problem (P) possesses a local-in-time solution if and only if
SUP RN w(B(z, 1)) < oc.
(ii) Suppose n € Ly.
(1) Let p = pg and q = —1. There exists y; > 0 such that if

N _
1w(x) = y1lx] ™ log |x|| "' [log | log |x||]~ 7 ! (1.3)

in a neighborhood of x = 0, then problem (P) possesses no local-in-time
solutions. On the other hand, for any R € (0, 1), there exists ¢1 > 0 such that

if
—N —1 N N
0 < pux) <erlx|""[log|x||” [log [log |x[II" 7~ xpo,r)(x) + K1, x € R,
(1.4)
for some K1 > 0, then problem (P) possesses a local-in-time solution.
(2) Let p = pg and q > —1. There exists y» > 0 such that if
_ _ Ng+D
) = yalx| "N log lx||~ 7! (1.5)

in a neighborhood of x = 0, then problem (P) possesses no local-in-time
solutions. On the other hand, for any R € (0, 1), there exists €2 > 0 such that

if
_ __N@+D
0 < u(x) <elx|Mloglxl|" 7 'xporx)+ Ky xeRY, (16

for some Ky > 0, then problem (P) possesses a local-in-time solution.
(3) Let p > pg. There exists y3 > 0 such that if

q

__0_ __q_

w(x) = yslx| r=tllog x| ! (1.7)
in a neighborhood of x = 0, then problem (P) possesses no local-in-time
solutions. On the other hand, for any R € (0, 1), there exists €3 > 0 such that
if

0

_ _q
0 < pu(x) < eslx| 7T |log [x||” 7T xpo.p)(x) + K3, x € RY, (1.8)

for some K3 > 0, then problem (P) possesses a local-in-time solution.
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While Theorem 1.1 provides sharp results on the identification of optimal singu-
larities for the solvability of problem (P), we point out that we have obtained several
other interesting and powerful results in this paper regarding necessary conditions and
sufficient conditions for existence under very general conditions on F. We mention,
in particular, Theorems 3.1, 4.1, 4.2, and 4.3.

Subject to mild assumptions on F (essentially that of majorizing a convex func-
tion with suitable monotonicity properties), we follow the strategy in [19] and obtain
necessary conditions for the existence in Theorem 3.1. However, the iteration step
in [19] to obtain the estimate for the optimal singularity relies on the homogeneity
of the pure power law nonlinearity considered there. For the class of nonlinearities
satisfying (F1)—(F2), we combine the arguments in [19] with the method introduced
in [32], to obtain a sharper necessary condition in Corollary 3.1. Conversely, in order
to derive sharp sufficient conditions we require delicate arguments for F satisfying
(F1)—(F2). Indeed, the arguments are separated into three cases: (i) 1 < p < pg
(see Theorem 4.1), p > pp (see Theorem 4.3), and (iii) p = pg (see Theorem 4.2).
The arguments in case (i) are somewhat standard but the other cases involve certain
intricacies, in particular, for the critical case p = pg.

The rest of this paper is organized as follows. In Sect. 2, we recall some properties of
the fundamental solution I'y and prove some preliminary lemmas. In Sect. 3, we obtain
necessary conditions for the existence of local-in-time solutions of problem (P). In
Sect. 4, we prove several theorems on sufficient conditions for the existence of local-in-
time solutions of problem (P). In Sect. 4.4, we also provide a necessary and sufficient
condition on the nonlinearity F for which problem (P) is solvable for the case of initial
data a Dirac measure (Corollary 4.4). Finally, in Sect.5 we complete the proof of our
main result, Theorem 1.1, and outline some analogous results for nonlinearities which
are asymptotic to further log-refinements of the cases above (see Remark 5.1).

2. Preliminaries

In this section, we prove some important technical lemmas, modifying the arguments
in [19] for the more general nonlinearities considered here. We make precise our
notion of solution used throughout this paper, which implicitly considers nonnegative
functions only. The word ‘solvability’ for problem (P) is always used with respect
to this solution concept. In all that follows, we will use C to denote generic positive
constants which depend only on N, 6, and F and point out that C may take different
values within a calculation. We begin by recalling some properties of the kernel for
the fractional Laplacian.

Let I'y = I'g(x, t) be the fundamental solution of

4+ (=A)2u=0 in RY x (0, 00).

The function I'y satisfies
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N AN
Fop(x,t) = (4mt)” 2 exp ~ 4 if 0 =2,
! 2.1
1N _1 N0 _N _1 NTN=O
c s 9(1+t 9|x|> <Ty(x,1) < Ct 9<l—|—t H|x|) if 0<6 <2,
for all x € RY and ¢ > 0 and has the following properties:
e [y is positive and smooth in RN x (0, 00),
o Ty(x.1) =1 9Ty (féx, 1) , / To(x, f)dx = 1, (2.2)
RN
e ['y(-, 1) is radially symmetric and T'g(x, 1) < I'p(y, 1) if [x]| > |y], (2.3)
oot = [ ol =yt = 9Fars)dy. 2.4)
R

for all x,y € RY and 0 < s < 1 (see for example [4,5,37]). Furthermore, we
have the following smoothing estimate for the semigroup associated with Iy (see [19,
Lemma 2.1]).

Lemma 2.1. For any i € M, set

[S@)pl(x) := /RN To(x —y, 0 du(y), xeRY, 1>0.

Then, there exists C = C(N, 0) > 0 such that

ISl poegry < 17 sup w(B(x,17)), > 0.

xeRN
Remark 2.1. (i) S(t)ju is possibly infinite everywhere in RY; (ii) if © € M is such
that

sup w(B(x,r)) < oo
xeRN

for some r > 0, then for any R > r there exists C > 1 such that

sup u(B(x, R)) < C sup u(B(x,r)) < oo.

xeRN xeRN
See for example [27, Lemma 2.1] or [12, Lemma 2.4].
We now make precise our solution concepts for problem (P).

Definition 2.1. Let 7 > 0 and u be a nonnegative, measurable, finite almost every-
where function in Q7. Let F be a nonnegative and continuous function in [0, 00).

(1) We say that u satisfies

g+ (—A)2u = Fu) 2.5)
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in Q7 if, fora.a. T € (0, T), u satisfies

t
M(x,t)=/ Fe(x—y,t—f)u(y,f)dY-*-// Fo(x —y, 1 —s)Fu(y,s))dyds
RN T JRN

fora.a. (x,1) € RN x (¢, T).
(ii) Let u € M. We say that u is a solution of problem (P) in Q7 if u satisfies

t
u(x, 1) = ‘/];%N Fo(x —y, ) du(y) +A /RN Fo(x —y,t —s)F(u(y,s))dyds
(2.6)

for a.a. (x,t) € Qr. If u satisfies (2.6) with ‘=" replaced by ‘>, then u is said
to be a supersolution of problem (P) in Q7.

Next, we recall alemma on the existence of solutions of problem (P) in the presence
of a supersolution (see [19, Lemma 2.2]).

Lemma 2.2. Let F be an increasing, nonnegative continuous function in [0, 00). Let
w e MandO < T < oo. If there exists a supersolution v of problem (P) in Qr, then
there exists a solution u of problem (P) in Q1 such that 0 <u(x,t) <wv(x,t)in Q7.

Combining Lemma 2.2 and parabolic regularity theory, we have:

Lemma 2.3. Let u € M be such that sup (B(z, 1)) < co. Suppose
z€RN

(1) Fj is nonnegative and locally Lipschitz continuous in [0, 00);
(il) F3 is an increasing and continuous function in [0, 0o) such that F1(t) < F>(1)
forall T € [0, 00).

If there exists a supersolution v of (P) in Qr with F replaced by F, such that for all
1€ (0, T)

sup V(D) || poo gy < 00, 2.7)

t<t<T

then there exists a solution u of (P) in Qr with F replaced by Fi, with u satisfying
0<u(x,t) <v(x,t)in Q.

Proof. For any m, n € N set

Fi m(t) == min{Fi(r), m} fort >0,

pn (x) = /N To(x —y,2n Hdu(y) forx e RV.
R

It follows from Lemma 2.1 that S(n ") € L®(RY). Also, since u, = S~ HS
(n~Yu, we have that u, € BC(RN). For each m, n € N define the sequence
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{um,n,k}]?io by
om0 (6, 1) 1= f Co(x — y. Optn () dy,
RN
U k+1(X, 1) 1= /N Fo(x —y, OHuu(y)dy
R

t
+/ / FG(X_y’t_S)Fl,m(um,n,k(y’s))dyds'
0 JRN

By (2.4) and Definition 2.1 (ii), we have
Um,n,0(X, 1) = / Fo(x —y, 1) (/ Fo(y —z, 2n_1)du(z)> dy
RV RN

=/ To(x —z, 1 +2n" Y du(z)
RN
< v(x,t+2n_l)

forx € RN andr € [0, T —2n~1). Since F)(z) < Fa(z) fort € [0, 00), by induction,
we obtain

0 < tpmai(x,1) <vix,r+2n7") (2.8)

forallx e RN, r [0, T — 2n_1), and k > 0. Here, we used the assumption that F;
is increasing. Since F1 ,, is globally Lipschitz in [0, oo), we may apply the standard
theory of evolution equations to see that the pointwise limit

Um,n (x,1) := lim Mm,n,k(xa 1)
k—o00
exists in RY x [0, co) and satisfies

U (X, 1) =f Fg(x —y,Hup(y)dy
RN

t
+ / / Pt = yot — ) Fym(imn(v, ) dyds (29
0 JRN

forall x € RN and ¢ > 0. Furthermore, by (2.8) we see that
0 < tmn(x, 1) Sv(x,t+2n"") (2.10)

forall x e RN and r € [0, T — 2n~"). Then, by (2.7), forany 7 € (0, T —2n~") we
have

sup ltm,n (@l poowny < sup [[v(0) ]| poomry < 00.
T<t<T—2n""! t<t<T

Applying the standard parabolic regularity theory to integral equation (2.9), we find
a € (0, 1) such that

sup ||’/‘m‘n||cd:m/2(1() < o0 (2.11)
n
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for any compact set K C Q7. By the Ascoli-Arzeld theorem and the diagonal argu-
ment we obtain a subsequence {u,, ,/} of {u,, ,} and a function u,, € C(Qr) such
that

lim wpy (x,t) = upm(x,t) in Q7. (2.12)
n'—o0o0

Since Fi ,, is bounded and continuous in (0, 00), by (2.9), we have

t
Up (x, 1) =/ Fe(x—y,t)u(y)dy+/ / Tog(x —y,t =) F1 y(um (v, s))dyds
RN 0 JRN
(2.13)

in Q7. Furthermore, by (2.10) and (2.12), we see that
0<uyu(x,t) <vx,t) (2.14)

forall x € RV and ¢ € [0, T).
Similarly to (2.11), using (2.14), instead of (2.10), we have

sup ||Mm||ca;a/2(K) < X
m

for any compact set K C Q7. By the Ascoli—Arzeld theorem and the diagonal ar-
gument we obtain a subsequence {u,,} of {u,,} and a function u € C(Q7r) such
that

im wu,(x,t) =u(x,t) in Qr. (2.15)
'—00

m

Since Fi ,(t) < Fi(t) < F2(7) for 7 € (0, 00), by (2.14) we see that
t
Sup/ f Fo(x =y, t = $)F) (U (y,5))dyds
m' JO JRN

t
< / / Fo(x —y,t —s)F(v(y,s))dyds < v(x,t) < o0
0 JRV

for a.a. (x,#) € Qr. Then, by (2.13) and (2.15) we apply Lebesgue’s dominated
convergence theorem to see that « is a solution of problem (P) in Qr with F replaced
by Frand 0 < u(x,t) < v(x,t)in Q7. Thus, Lemma 2.3 follows. O

Next, we provide two lemmas on the relationship between the initial measure and
the initial trace for problem (P).

Lemma 2.4. Let F be a nonnegative continuous function in [0, 00).
(1) Let u satisfy (2.5) in Q7 for some T > 0. Then,

€ess sup / u(y,t)dy < oo
B(O,R)

O<t<T—¢
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forall R > 0and 0 < ¢ < T. Furthermore, there exists a unique v € M as an
initial trace of the solution u, that is,

ess lim u(y,t)n(y)dy=/ n(y)dv(y)
t——+0 RN RN

forall n € Co(RN).
(ii) Let u be a solution of problem (P) in Q1 for some T > 0. Then, assertion (i)
holds with v replaced by .

The proof of Lemma 2.4 is the same as in [19, Lemma 2.3]. Furthermore, by
assertion (i) we can apply the same argument as in the proof of [19, Theorem 1.2] to
obtain the following lemma.

Lemma 2.5. Let F be a nonnegative continuous function in [0, 00) and T > 0. Let
u satisfy (2.5) in Qr. Let © € M be the unique initial trace of u guaranteed by
Lemma 2.4. If sup, gy (1(B(z, 1)) < 00, then u is a solution of problem (P) in Qr.

In the rest of this section, we prepare preliminary lemmas.

Lemma 2.6. Leta > Q0 and b, ¢ € R. Set
(1) = %(log t)b(log log7)¢, 1 € (e, 00).

Then, there exists L € (e, 00) such that ¢' > 0 in (L, 00) and the inverse function
go_l s (p(L), 00) — (L, 00) exists. Furthermore,

(pfl(t) = r%(log r)*g(loglog 1,')*5 (2.16)
as T — oo.

Proof. Since a > 0, we can find L € (e, 00) such that
@' (1) = 1% (log r)b(log log 7)¢ [a +b(og )~ + c(log 7) ! (log log r)_l] >0

for all T € (L, 00). Since (1) — o0 as T — 00, it follows that go_l 2 (p(L), 00) —
(L, 00) exists and satisfies go_l(f) — oo as T — 00. Now,

logt = loggo((p_l(r)) =alog (p_l(r) + bloglog (p_l(r) + clogloglogq)_l(r)
=aloge (1)1 + o(1)) (2.17)

as T — 00, so that
logg™!(1) = %(logr)(l +o(1))
as T — 00. Then, by (2.17) we have
aloggoil(r) = logt — bloglog (pfl(t) — clogloglog¢7l(r)

=logt — blog <al(log T)(1 + 0(1))> — cloglog <é(log 7)(1 + 0(1)))
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as T — oo. Hence,

-1 b _e\a b 1
loge™ " (7) = log (r(logt) (loglog 1) ) —;10g(;(1+0(1))>+0(1)

as T — oo, from which (2.16) follows and completes the proof of Lemma 2.6. 0
Lemma 2.7. Leta > 0,b >0, and c € R.

(1) There exists C; > 0 such that

B
/ P llog )¢ dr > C1AB~"(log A)¢ log "
A

forall A, B € [2,00) with A < B.
(i) There exists Cy € [1, 00) such that

T
C;lr”[log(e +0)] < /
/2
T
< f s [log(e +5)I° ds < Cyr?llog(e + 1)
0

forall T € [0, 00).

541 [log(e + 5)1°ds

Proof. We first prove assertion (i). Thanks to a > 0, by Lemma 2.6 we find R; €
[2, o0) such that the function (Rj,00) 2 7 — t%(log 7)€ is increasing. Then, we
have

%¢(log7)¢ > A%(log A)¢

1%(log 7)¢ > R{(log R1)¢ = CA“(log A)°
%(log7)¢ > CA%(log A)¢

if Ri<A<T,
if A<Ri<T,
if A<t <Ry,
forall A, B € [2, 00) with A < B. We notice that

R{(log Ry)¢ t(log 7)€
nf ———— >0, _—
Ae[2,R;] A%(log A)¢

inf >
A€[2,Ri]. t€[A,R1] A%(log A)°
We observe that

B B
/ r“ib*l(log 7)°dr > Bib/ r“il(log )dr
A A

B
B
> CB"A%(log A)Cf t=ldr = CA“B"(log A) log —
A
for all A, B € [2, 00) with A < B. Then, assertion (i) follows.

Next, we prove assertion (ii). Let ¢ € (0, a). By Lemma 2.6 we find Ry > 0 such
that the function (R, 00) 2 7 — (e + 7)%(log(e + 7)) is increasing. Then, we have

T T
/ s Hlog(e 4+ 5)]°ds < C +/
0 R

s e+ 5)7 (e + 5)°[log(e + )] ds
2
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T

< C + (e + 1)°[log(e + r)]C/ 5172 ds
Ry

< C+Ct" “(e+1)[log(e + 1)]° < Ct”[log(e + 7)]°

for all T € [R;, 00). On the other hand,

T T
/ s log(e + $)1°ds < C/ s lds < €t < Ct%log(e + 1)]°
0 0
for all T € (0, Ry). These imply that

T

/ s log(e + $)]°ds < Ct®[log(e + r)]C/ sl ds < Ct%log(e + 1)]°
0 0
(2.18)

for all T € [0, 00). On the other hand, since

log(e + 1/2)
inf ———
re(0,00) log(e + 1)

El

we have

Cllog(e + 1) <log(e+1/2) < inf log(e + &)
£e(r/2.7)

< sup log(e+§) <log(e+7)
£e(r/2,7)

for T > 0. This yields

T

T
/ s log(e + )1 ds > C[log(e + r)]C/ s~ 1ds > Ctlog(e + 1)]°
/2 /2

(2.19)

for all T € [0,00). By (2.18) and (2.19), we have assertion (ii). The proof is
complete. 0

Lemma 2.8. Let p > 1,d € [1, p), q € R, and R > 0. Define a function f in [0, 0o)
by

0 for 7 € [0, R],
J@ = / 5 ( / | sp2[10g<e+s>1‘fds) ds for 7€ (R,00).
R R

Then,
() the function (0, 00) > T + t~% f (1) is increasing;
@ii) f is convex in [0, 00);

(iii)) f(r) x tP(ogt)? as T — oo.
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Proof. By the definition of f, we easily obtain property (i). Since
T N T
[ =de?! / 57 ( / P 2[log(e + £)17 ds) ds + / P2 [log(e + £)17 dg
R R R

for T € (R, 00), we observe that f” is increasing in [0, 00), so that property (ii) holds.
We prove property (iii). Since d € (1, p), by Lemma 2.7 (ii) we have

Fo) < 1 / Cyd ( f TP [log(e 4+ £)17 ds) ds
0 0

T (2.20)
< Crd/ sp_l_d[log(e +5)]7ds < CtP[log(e + 1))?
0
forall T > R and
T S
OESS / s ( P *[log(e + )1 dé) ds
f/2r s/2 2.21)
> Crd/ sP~ 1 [log(e + )19 ds > CtP[log(e + 1)1
/2
for all T > 4R. By (2.20) and (2.21), we obtain assertion (iii). Thus, Lemma 2.8
follows. O

3. Necessary conditions for solvability

In this section, we establish necessary conditions for the solvability of problem (P).
We begin in Theorem 3.1 by imposing only weak constraints on the nonlinearity F,
before specializing to the case where F satisfies (F1) and (F2) in Corollary 3.1.

Theorem 3.1. Let F be a continuous function in [0, 00). Assume that there exists a
convex function f in [0, o0) with the following properties:

(1) F(r) = f(zr) = 0in [0, 00);

(f2) the function (0, 00) > T +> 14 (1) is increasing for some d > 1.

Let u satisfy (2.5) in Qr for some T > 0 and let i be the initial trace of u. Then, there
exists y = y(N, 0, f) > 1 such that

y~lo N me (2) ;
/ N sl () ds < yPHimg ()TN (G.D
v

“1T7 0 mg (2)

forallz € RN and o € (0, Té), where my (z) := u(B(z, 0)).

Proof. Tt follows from Definition 2.1 (i) and property (f1) that, for a.a. T € (0, T),

t
oo>u(x,t)2/ Fg(x—y,t—r)u(y,r)dy—{—// Fo(x —y,t —s)f(u(y,s))dyds
RN r JRN
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fora.a.x € RY and a.a. r € (z, T). This implies that
oo > u(x,2t) > / FCo(x —y,Hu(y, t)dy 3.2)
RN
fora.a.x € RY and a.a. r € (0, T/2).
Let0 < p < (T/Z)%. It follows from Definition 2.1 (i), property (f1), and (2.4)
that
/ Iog(z —x, t)u(x,t)dx
RN
> [ Tt = x0Tt = v du) dx
RN JRN
, (3.3)
+/ / / Fog(z—x,0)09(x —y,t —5) f(u(y,s))dydsdx
0 JRN JRN
t
= f Fo(z —y,20)du(y) + / / Fo(z —y,2t —5) f(u(y,s))dyds
RN 0 JRN
for all z € RN and a.a. t € (0, T). On the other hand, by (2.1) we have
[ roe=y20aum = [ e y20du0)
RN B(z,0)

> min Ty(x,20u(B(z,0)) > Ct~7 w(B(z,0)) (3.4)
xeB(0,0)

forallz € RN and ¢t > ,09, where o = 25,0 € (0, Té). Furthermore, by (2.2) and
(2.3) we see that

To(z— y,21 —s) = (2t —5)" ¥ Ty ((2: )Tz —y), 1)

=

> (2) st (i) = (5) rie-r 63)

forall y, z € RY and 0 < s < t. Combining (3.2), (3.3), (3.4), and (3.5), we find
C, > 1 such that

0o > w(t) :=f Iog(z —x, t)u(x,t)dx
RN
N N 4 N
> Clr i (B o) +C T E /0/ sTg(z — y,s) fu(y,s))dyds
p? JRN

fora.a.z € RN anda.a.t € (p’, T/2). Thanks to the convexity of f, by (2.2) we may
apply Jensen’s inequality to obtain

4 —1,-N
oo >w()>Cy, 't 7 u(B(z,0)+Cy, 't 0
P

t
S%f(/ FQ(Z_y,s)u(ysS)dy) ds
(4 RN
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o el
= T B o)+ O [ s fwis)ds (3.6)

0

fora.a.z € RN anda.a.t e (p?, T/2).
Since f is convex in [0, 00), it is Lipschitz continuous in any compact subinterval
of [0, co). We may then let ¢ denote the unique local solution of the integral equation

¢ N N
() = u(B(z, 0)) + f TR s e ds, 12 G.7)

0

Hence, ¢ is the unique local solution of

(=177 (cTTm). ) = wBG o)), (3:8)

By (3.6), applying the standard theory for ordinary differential equations to (3.7), we
see that the solution ¢ exists in [p?, T/2) and satisfies

£(t) < CutTw(t) < oo, 1€ [p’,T/2).
It follows from (3.8) and property (2) that
dw =it [ bew] [t ew] (et Tew)
=i [t bew] s T e (e o)
> ¢ e (7T e ")

forall r € [p?, T/2). Then, we have

1 T2 o1 T2
e [T e s et [ (e F ) as
P p

Recalling (3.8) and setting 1 := C*_lu(B(z, U))S_%, we take large enough C, if
necessary so that
T/2

n(B(z,0)) = (d — 1)/ )

o0

N
0

Fests Fewh) as

T/2 N | N
. 1>/ £ (€ B o) ds
,00
o™V u(B(z,0))

d-1p

C. " w(B(z, 0))Pe / n P e dny

CI T/ u(B(z0))
' y o N w(B(z,0)) 1
>y T M(B(z,a))”"/ N n P f(m)dn
y~IT7 0 W(B(z.0))
forall z € RN and o € (0, Té), where y = 2_%C*. Here, we used the relation
o= Zép € (0, Té). Thus, inequality (3.1) holds, and the proof of Theorem 3.1 is
complete. U
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Corollary 3.1. Assume conditions (F1) and (F2). Let u satisfy
4+ (=A)2u = F(u)
in Qr for some T > 0. Then, there exists a unique v € M as the initial trace of u.

Furthermore,

(1) u is a solution of problem (P) in Q7 with u = v;
(i1) there exists C = C(N, 60, F) > 0 such that

A

]
Co™ P Tloga | 7T if p # pe,

sup (B(z,0)) < { Cllogo |~ "5 if p=po. q#—1
eRN _N .
) Cllog|logo|]™7 if p=ps g=-1,

for all small enough o > 0.

Proof. The existence and uniqueness of the initial trace of u follows from Lemma 2.4.
Letd € (1, p), R > 0,and k > 0. Set

0 for 0 <t <R,
f@ = th/ 57 (/ §7 2 [log(e + £)1 dé) ds for v=R.
R R

By Lemma 2.8 (i) and (ii), we see that f is convex in (0, oo) and (f2) in Theorem 3.1
holds. Furthermore, thanks to Lemma 2.8 (iii), taking small enough « > 0 and large
enough R > 0, by (F2) we can ensure that F(t) > f(7) in [0, 00) and consequently
(f1) in Theorem 3.1 also holds. In particular, we find L € (R, 0o) such that

F(t) > f(r) = CtP(ogt)?, 7 € (L,00). (3.9)

By Theorem 3.1, we also find y > 1 such that

y_lo_NmU (2)

yl’e“m(,(z)—%zf — sl f(s)ds (3.10)
y ' T 0 mgs(2)

forallz €e RN and o € (0, Té).
We show that

sup m,(z) < oo forallo € (0,T7). (3.11)

zeRN

For then by Remark 2.1 (ii), we have

sup j(B(z, 1)) = C sup p(B(z,T7/2) = C sup m_,

z€RN z€RN zeRN

L@ <00, (312

and assertion (i) will follow from Lemma 2.5.
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Suppose that o € (0, Té) but (3.11) does not hold. Then, there exists a sequence
{z2} € RN such that m, (z,) — 0o as n — oo. Consequently,

Y T my (2,) > max{L, 2} (3.13)

for all n large enough. By (3.9), (3.10), (3.13), and Lemma 2.7 (i) (witha = p — 1,
b=0/N,and ¢ = g), we obtain

0 Vﬁlo'iNmU(Zn)
Mg (zy)” N > CV_p"_I/ sP=P~L(log 5)9 ds

N
y'T T mo(zn)

2 (T P man) (o matan) (o (v 1T Fonaa) ) o <;:Z )

N(p—1)

=Co'T= "7 log(tf_NT%)ma(zn)”_l_% (log(y_lT_%ma(zn)»q-

Hence,
N(p=1)

1> Co?T~"%" log (a*NT%) my ()P~ (log (y*lr%mg(z”)))q . (.14)

Letting n — o0 in (3.14) yields a contradiction and thus (3.11) holds.
We now prove assertion (ii). Consider first the case where p # pg. We show that
there exist C > 0 and o, > 0 such that

6 __ 49

o1 Nlogo|7Tm, () < C 3.15)

forallz e RN and o € (0, o). Suppose, for contradiction, that there exist sequences
{z2} € RY and {0,,} C (0, 00) such that

0
= 9

-N
on—>0 and o) |logo,|7Tmg, (z4) = 00 as  n— oo. (3.16)

Set M,, 1= mg, (z,). It follows from (3.12) that

M, < sup u(B(z,1)) =C (3.17)

zeRN

for all n large enough. By (3.16), we necessarily have
on_NM,,—>oo as  n— o0,
so that for n large enough,

-1 —N -N _N
y~ (2oy) "M, >max{L,2} and (2oy) >T"7. (3.18)

|

Similar to the proof of part (i), it follows from (3.9), (3.10), and (3.18) that

% yflo_anMn
yp"‘HUn_e >C <Gn_NMn) / sP7P0~(log 5)9 ds.
Vﬁl(zo'n)iNMn
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Applying Lemma 2.7 (i) (witha = p — 1, b = 6/N, and ¢ = ¢), we obtain (for n
large enough)

Co; ¥ = 17 (log(Crn)), (3.19)

n

where 1, = an’NMn. For n large enough, and rescaling with s, = Crt, in (3.19),
we can apply Lemma 2.6 (witha = p — 1 > 0, b = ¢, and ¢ = 0) to obtain (after
rescaling back to ;)

o, "M, =1, <C (Ca,fe)ﬁ (log [Ca,;g])_% )

Consequently, for such n,

N a4
Op [logoy|P~TM, < C,
contradicting (3.16). Thus, (3.15) holds, as required.
Now consider the case when p = py and g # —1. We show that there exist C > 0
and o, > 0 such that

N(g+D
[logo|™ ¢ my(z) <C (3.20)

forallz e RN and o € (0, o). Suppose, for contradiction, that there exist sequences
{zo} € RY and {0,} C (0, co) such that

N(g+1)
op, >0 and |logo,|” ¢ mg,(zp) > 00 as  n—oo. (3.21)

N(g+
2]

—N/2 : for all o > 0 small enough, by

Set M,, := my, (z,). Since o
(3.21), we necessarily have

> [logo]

_N
op M, - 00 as n— oo,
so that for n large enough,
_N
2

_N
v loy TM, > max{L,2} and o, 2 > T 9. (3.22)

Similar to the proof of part (i), it follows from (3.9), (3.10), and (3.22) that

o v o N My
yPt = comy / v s 'logs)? ds. (3.23)
y~low 71‘471
Now set ¢, :=1/2if ¢ > 0 and ¢, := 1 if ¢ < 0. Then, by (3.23) we have

“1_-N
A _ q Yy 0o, My
1>cMmY (1og(y—1a,, N”an)) / vt ldr
Y

_]”n 2 M,
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so that

6
0 B q _
(an qM,,)N (log (y_la,, NCqM,,)) < Coy, C"e| logo,| ™. (3.24)

Setting 1, := y‘lan_Ncq M,,, (3.24) can be written as

o _
o¥ (log 7,)7 < Co,y “[log o~ (3.25)

Applying Lemma 2.6 to (3.25) (witha = 6/N, b = q, and ¢ = 0) then yields

N _Ng
0

on "M, = C (0, 1ogo,| )" (log (Cop ““l1oganl "))

< Co, ““lloga |7 (Clog (1))
_ N(g+1)
< Coy M log oy~

for all n large enough. Consequently for such n,

N(g+D
0

| log oy, | M, <C,

contradicting (3.21). Thus, (3.20) holds, as required.
Finally, consider the case when p = py and ¢ = —1. We show that there exist
C > 0 and oy > 0 such that

(log |loga|) ¥ my(z) < C (3.26)

forallz e RN and o € (0, o). Suppose, for contradiction, that there exist sequences
{z,} € RY and {0,} C (0, co) such that

0, > 0 and (log | logo,,|)% Mg, (z,) - 00 as n— oo. (3.27)

Set M, := mg,(z,). Since oV > (log| logo|)% for all o > 0 small enough, by
(3.27), we necessarily have

on_NMn — 00 as n—> 00.
Then, combining (3.17), we find L’ > 0 such that
Ny —. 4 ’ —1_-N
max{y T oM, L2} <L <y 0, M, (3.28)

for all n large enough. Once again, by (3.9), (3.10), and (3.28) we have

-1_—N
-0 —po—1{ _—N vo[roe M -1
o, =Cy o, "M, v (logr)” dr

/

0 ] 0
= Ct, log (%) > Ct,} loglog 1,
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for all n large enough, where 7, := y_lan_N M,. By (3.22) and Lemma 2.6 (with
a=60/N,b=0,and c = 1), we have

o=z

_N
0

y_lon_NM,, =1, < (Con_g) (loglog [Con_e]) < Can_N (10g|10g0n|)_% ,

so that
N
(log|logo,)e M, < C,

contradicting (3.27). Hence, (3.26) holds, as required. The proof of Corollary 3.1 is
complete. 0

4. Sufficient conditions for solvability

In this section, we establish sufficient conditions for the existence of a supersolution,
and consequently of a local-in-time solution of problem (P), for three general classes
of nonlinearity F' (see Theorems 4.1, 4.2, and 4.3). As corollaries, we obtain the
corresponding results when specializing to nonlinearities satisfying (F1) and (F2)
(Corollaries 4.1, 4.2, and 4.3). Indeed, for F satisfying (F1) and (F2) the classification
of initial data for which problem (P) is locally solvable separates naturally into the
following three cases:

(A): either (i) 1l<p<ppandg € R or (ii) p=pgandg < —1;
B): p=pg and g > —1;
©): p > peo.

4.1. Sufficiency: case (A)

We begin with nonlinearities F' which generalize case (A).

Theorem 4.1. Let F be a nonnegative continuous function in [0, 0c0) and assume the
following conditions:

(A1) there exists R > 0 such that the function (R, 00) > T + 1~V F(t) is increasing;

o0

(A2) f P F(1)dr < oo
1

If 1 € M satisfies

sup w(B(x, 1)) < oo, “4.1)

xeRN

then problem (P) possesses a solution u in Qr for some T > 0, with u satisfying
0 <u(x.r) <2ASNu@) + R < Cr™ o

in Q7 for some C > Q.
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Proof. Let T € (0, 1) be chosen later. Set w(x,t) := R + 2[S(¢)u](x). It follows
from Lemma 2.1 and (4.1) that

N 1 N N
R<w(x, 1) <R+Ct™7 sup u(B(z,17)) < R+ Mt™7 <2Mi~ 7 (42)

z€RN

for 0 <t < T and small enough 7', where M := Csup, gy u(B(x, 1)) +1 < oo.
Then, by (A1) and (4.2) we have

_ Fe.n)

0= w(x, 1) = (ZM)_II%F(ZMI_%), (x,1) € Or. 4.3)

Noting that
St —s)w(s) =St —s)[R+2S()ul = R+25@)u = w(t),

then by (A2) and (4.3) we obtain

t

[S(I)M](x)+/0 St —s)F(w(s)) ds

t
- lw(x,,H/ Fw(s)
2 0

w(s)
t
lw(x,t) + (2M)_1w(x,t)/ S%F (2Ms‘g> ds
2 0

St —s)w(s)ds
L®(RN)

A

o0

1
w(x,t) [— + CM%/ N r‘p"_lF(r)dr] <w(x,t), (x,t)e0r,
2 2MT™E

IA

for small enough 7'. This means that w is a supersolution in Q7 and the desired result
follows from Lemma 2.2 and (4.2). O

Corollary 4.1. Assume conditions (F1) and (F2) with
either (i) 1<p<ppandgeR or (i) p=pgpandqg < —1.
If u € M satisfies

sup u(B(z, 1)) < oo,
zeRN

then problem (P) possesses a solution u in Q1 for some T > 0, with u satisfying
0= ux, ) = 2ASOUI) + R < €177

in Qr for some R > 0and C > 0.

Proof. Set

g(t) =1 /r s~ (/5 £P2[log(e + £)]1 dg) ds, 1>0.
0 0
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It follows from Lemma 2.8 (iii) (with d = 1 and R = 0) that g(7) < tP[log ]9 as
T — 00. Hence, since either 1 < p < py, or p = pg and ¢ < —1, we have

o o0
/ Pl (r)dr < cf PP~ log 119 dr < oo. (4.4)
1 1
Letx > O0and L > 0. Set

f(r):=«g(x)+ L, T >0. 4.5)

Clearly, f(t) < g(tr) < tP[log7]? as T — oo and so by (F1)-(F2) we may choose
k and L large enough such that

F(r) < f(r), ©=>0. (4.6)

Now,

<&> =kt ! </r £P2[log(e + £)1? ds) ds—Lt™2>0
0

T

for all t large enough (r > R = R(k, L)). Hence, f satisfies hypothesis (A1) of
Theorem 4.1. Furthermore, by (4.4) and (4.5), f also satisfies hypothesis (A2) of
Theorem 4.1.

Hence, by Theorem 4.1, there exists 7 > 0 and a solution v in Q7 of problem (P)
with F replaced by f, with v satisfying

0<v(x, 1) <2[SOulx) + R < Ct= 7

in Qr for some C > 0. This together with Lemma 2.3 implies that problem (P)
possesses a solution u in Q7 such that

0<u(x,t) < v(x, 1) < 2[SOul(x) + R < Ct—7

in Q7. Thus, Corollary 4.1 follows. 0
4.2. Sufficiency: case (B)

We consider nonlinearities F which generalize case (B).

Theorem 4.2. Let u € Lo and let F be an increasing, nonnegative continuous

function in [0, 00). Assume that there exist R > 0, « > 0, and positive functions

G € C([R, o0)) and H € C'([R, 00)) satisfying the following conditions (B1)—(B5):

B1) t7PF(t) < G(t) as T — o0;

(B2) (i) foranya > 1 and b > 0, G(at?) =< G(1) as T — oo. Furthermore, (ii)
limf_mor*‘SG(t) =0forall 5§ > 0;

(B3) () H'(t) x 1 'G(r) > 0 and (ii) Gt H(t)™ ") < G(x) as T — oc. Further-
more, (iii) lim;_ oo H (T) = 00 and (iv) lim;— 0ot H(7) = 0 for all § > 0;
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(B4) there exists a strictly increasing and convex function ® in [R, 00) such that
o (1) =tH (@)™

forallt € [y (R), 00);
(B5) there exists n € (0,0/N) such that the function P : (R, 00) > t +— tTH(t)™*
G (1) is increasing.

Then, there exists ¢ > 0 such that if i satisfies
—1 —N —1,-
sup @, Oy (u(y) + R)dy | <eo VNH(@ )77 4.7
xeRN B(x,0)

for all small enough o > 0, then problem (P) possesses a solution u in Qr for some
T > 0, with u satisfying

0<ux.1) < & ' [SE) P+ C) < Ct 7 HE )7
in Qr for some C > 0.

We prepare a preliminary lemma.

Lemmad4.1. Let R > 0 and o > 0. Let G and H be positive functions in [R, 00)
such that G € C([R, 00)) and H € CY([R, 00)). Assume also that conditions (B2)-
(1), (B3)-(1), (ii1), (iv), and (B4) in Theorem 4.2 hold. Then, for anya > 0, b > 0, and
ceRR,

H(at’) =< H (1), 4.8)
H("H(1)°) < H(1), 4.9)
d, (1) < TH(T)?, (4.10)

as T — OQ.

Proof. We first prove (4.8). Consider the case where a > 1 and b > 1. By (B3)-(i), we
see that H is increasing for large enough 7. Then, we take large enough R’ € (R, 00)
sothatat? > 7 > R fort € [R’, 00), (R'/a)!/? > R, and

a‘[b

arb
H(t) < H(ath) = / H'(s)ds + H(R)) < c/ s 'G(s)ds + H(R)
R/

R’

_ Cfr £71Gag?) de + HR)) < c/f £1G(ag") de + H(z)
( R

R//a)l/b

forall T € [R’, 00), where & = (s/a)'/?. Then, by (B2)-(i) and (B3)-(i), (iii) we take
large enough R” € (R’, 00) so that
H(t) < H(at?) < C [X 671G (ag?) d + C [}, €7\ G(aE) d& + H(7)
<CH+C [pE'GE AE+ H(r) <C+C [, H'(§)dE
+H(t) <CH(t)+C < CH(1)



4 Page 24 of 38 Y. FUJISHIMA ET AL. J. Evol. Equ.

for large enough 7. Thus, (4.8) holds for a > 1 and b > 1. In particular, we have
H(t) < H(at) < H(t?) 4.11)
ast — oo fora > 1and b > 1. Then, we see that
Ha@ 'ty=xH@-a 'tv)y=H(), HE") < H(""") = H(r), (4.12)

ast — oofora > 1landb > 1. By (4.11) and (4.12), forany a > 0 and b > 0, we
obtain

Hat") < Hz?) < H(7)

as T — 00, and (4.8) holds.

Next, we prove (4.9). Let § > 0 be such that b — §|c| > 0. By (B3)-(iii), (iv), we
see that 1 < H(r) < t° for large enough . Since H is increasing for large enough
T, we have

H("7 10y < H(<PH (1)) < H(z"11<9)

as T — oo. This together with (4.8) implies that H(PH(T)Y) < H(x) as T — oo,
that is, (4.9) holds.
Furthermore, we observe from (B4) and (4.9) (with b = 1 and ¢ = «) that

O (tH(D)*) = tH@*HTH[@®*) “ =<1
as T — 00. Then, we find C > 1 such that
clr <o l(tH(@)*) < Ct
for large enough 7, which together with (B4) implies that
Do (C7'0) < TH(D)* < o (CT)

for large enough t. Then, by (4.8) we see that

®o(7) < CTH(CT)®* < CTH(T)Y, o) > C'tH(CT'0)* > CTH(1)"
as T — 00, yielding (4.10). The proof of Lemma 4.1 is complete. 0
Proof of Theorem 4.2. Lete € (0, 1) and L € (R, 0co) be chosen later. Set

V(1) =[SO Pa (i + DI, wix, 1) =205 wer,0), p() =7 NHE)7.

It follows from (4.8) that

1,_N N
2 _N

p(h)y =t T H("#) 7 <Cr b H@ ) (4.13)
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forall t € (0, T) and small enough 7. Furthermore, by (B3)-(iv) we see that p(té) —
oo ast — 0. We apply Lemmas 2.1 and 4.1 to obtain

Oy(L) <v(x,t) < Ct_% sup / . Po(u(y) +L)dy [by Lemma 2.1]
zeRN JB(z,t7)
1 1 1 o
< Cd, (sp(ﬁ)) < Cep(ti)H <8p(t§)) [by 4.7, 4.10]
_N N _N 1 N\ .
<Cet THG@ ) TH (Cat THGE Y e) [by (B3)-(i), 4.13]
(4.14)

in Q7 for small enough 7. Since
CroHGE ) 7+ > Cer TH(™ ) 7 > BHE ) 7+ 5 00 (4.15)

as t — 0 (see (B3)-(iii), (iv)), by (B3)-(i), (4.8), (4.9), and (4.14), we have

o
Dy(L) < v(x,1) < Cet— 0 HG "5 H (CI_%H(t_l)_%) < Cet T H@E )~ Fte

(4.16)
in Q7 for small enough 7'. By (B4) and (4.16), we have
2L < w(x,1) < 207! (Csz*% H(t—l)*%ﬂx)
= Cer FH@ )T TUH (@z‘gﬂ(f‘)—%”‘)ﬂ (4.17)

in Q7 for small enough T'. Since H ™% is monotone decreasing for large enough 7, by
(4.15) we have

H (cer ¥ H(fl)*%”)_“ <H(% H(t’])’%“‘)_a
for all # € (0, T') and small enough 7. This together with (4.9) implies that
—
H (Csf% H(rl)—%“‘) <CH@E )™ (4.18)
for all t € (0, T) and small enough 7. By (4.17) and (4.18), we obtain
_N 1N
2L <w(x,t) <Cet" 0H( )™ ¢ 4.19)

in Q7 for small enough 7. Then, taking large enough L if necessary, by (B1) and
(4.10) we have

Fw(x, 1))  Fwx,1) - w(x, PP G(w(x, 1))
v(x,s) _<I>a(w(x,t)/2)_ w(x,t)H(w(x,1))¥

= Cw(x, HN TP (w(x, 1))

(4.20)
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in Qr, where P is as in (BS). Furthermore, by (B5) and (4.19) we obtain
Pw(x,n) < P (Cef%H(t—l)—%) <P (Ct—%H(z—l)—%)
- (Ct—%H(rl)—%)" H(cr ¥ H(z—l)—%)_a G(cirFraH)F) @an

in Q7 for small enough 7'. On the other hand, by (B3)-(iv) we see thatr~' H(r~1)~! —
oo ast — 0. Then, by (B2)-(i) and (B3)-(ii) we see that

G(crTHEYT) <6 (1T HETY ) < cGu

for all t+ € (0, T) and small enough T. This together with (4.8), (4.9), and (4.21)
implies that

Pw(x.1) < C (r% H(z—l)—%)" He Y6 4.22)

in Q7. Since 0 < n < 6/N (see (BS)), by (4.19), (4.20), and (4.22) we obtain

F ot 0 _

Fwe0) _ o (Cez*%H(f‘)*%)” ! (f%H(f‘)*%)" He Y 6@
v(x,s)

< CeN 1V HE )T G (4.23)

in Q7. Therefore, we deduce from (B3)-(i) and (4.23) that

/t F(w(s))
0 v(s)

t
H dsgCe%—”/ sTTH( Y126 (s 1) ds
00 0
R —l—a
< Cen7" T H(t) G(t)dr
-1 (4.24)
o0
<Cev | H@)'"H (1) dr

=1

< CeNTTH@E )™
for all t € (0, T'). Similarly, by (4.14) and Lemma 4.1, we have

[S(l)q)a(M+L)](x) U()C,[) 1 . e
- =Hw(x, )" <CH .
w(x, 1) 20, (vx.) 2 (v(x, )" < ¢ H* (425

in Q7. Therefore, taking small enough ¢ € (0, 1), by (4.24) and (4.25) we obtain

t

[S(t)/L](X)+/O St —s)F(w(s))ds

t
< lw(x,t)—i—/ M” S(t —s)v(s)ds
2 0 V() oo
1 [SH) Py (e + L)(x) [ | F(w(s))
= Ew(x, )+ w(x,t) T A () Hoo ds

1
<w(x, 1) |:§ + ng’_”] <w(x,1)
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in Qr, where we have used the fact that
w(x, 1) > 20,1 (S(1)Pu (1)) > 25()p

by Jensen’s inequality. Hence, w is a supersolution in Q7 and Theorem 4.2 now
follows from Lemma 2.2 and (4.19). [l

Corollary 4.2. Let i € Lo and assume conditions (F1) and (F2) hold with p = pyg
and g > —1. Let « > 0 and set

h(t) = {(log(e et if ¢>-1,
| log(e +log(e + 1)) if ¢ =—1,
YE(r) = th(n)*®,

for t € (0, 00). Then, there exists € > 0 such that if u satisfies

sup wa[ ][ Y (1) dy} <eo Vho™)T (4.26)
B(x,0)

xeRN
for small enough o > 0, then problem (P) possesses a solution u in Qr for some
T > 0, with u satisfying

N(g+1)

Ct~ 7 |logt|~ "0 if q>—1,
Ci= 7 llog|log1[177  if ¢ =—1

Ofu(x,t)f{

<=z

in Qr for some C > 0.

Proof. Leta > 1. Set

(log )t if ¢ > —1,

e —
log(logz) if ¢ =—1, Wo(r) :=1H(1)™.

G(t) :=(logt)!, H(z):= {

Then, for any a > 1 and b > 0, we have

G(at?) = (loga + blog7)? = b?(log 7)4 (1 + o(1))
=< (log7)? = G(r) foranya > landb > 0,
G(r) = 0(1:8) for any § > 0,
as T — 00. Thus, condition (B2) holds. Let ®, be the inverse function of W, and we

show that conditions (B3)—(B5) in Theorem 4.2 hold.
Consider the case of ¢ > —1. Then,

H'(t) = (g + Dt~ 'log 1),

W, (1) = (log 7)Y — a(q + 1)(logT) "D = (log )~ 4D (1 + 0(1)) > 0,

/(1) = —alg + Dt og )¢t D= Lo (g + D(alg + 1) + Dt~ ogr)~*@+D—2
= —a(g + Dt og )™t D=1(1 4 o(1)) <0,
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as T — oo. We see that
t'G(r) =t '(log 1) < H'(t) ast — 00,
G(tH(t) " = [log(r(log t)_(‘H]))]q = (log7)? = G(1) ast — 00,
Tll)ngo H(t) = o0, H(t) = 0(1,5) as T — oo for any § > 0.
Thus, condition (B3) holds. Furthermore, we observe that W, is strictly increasing
and concave for large enough 7, that is, the inverse function ®, of W I exists and it

is strictly increasing and convex for large enough 7. Then, condition (B4) holds. In
addition, for any n > 0, setting

P(t) = t"H(t) " “G(z) = t"(log r) ¢+ D+a,

by Lemma 2.6, we see that P’(t) > 0 for large enough 7. This implies that condi-
tion (BS) also holds. Thus, conditions (B3)—(B5) hold in the case of ¢ > —1.
Consider the case of ¢ = —1. It follows that

H'(t) =1 (log )",
W/, (7) = (log(log 7)) ™% — a(log )" log(og )™~ = (log(log 1)) ™*(1 + o(1)) > 0,
W/ (t) = —at ' (log t) "' (log(log 7)) "~ + ar ' (log 7) 2 (log(log 7)) "%~}
+aa+ Dt (log7) 2 (log(log 7)) ~* 2
= —at ! (logr) " (log(log 7)) "*~1(1 + 0(1)) <0,

as T — oo. Similarly to the case of ¢ > —1, we have

Gty =t "logr) ' = H'(1) ast — oo,

G(tH(t)™ ") = [log(t(log(log r))*‘)]_l = (log7)~! = G(r) ast — o0,

lim H(t) = o0, H(t) = 0(1:‘3) as T — oo forany § > 0.

T—00
Thus, condition (B3) holds. Furthermore, we see that W, is strictly increasing and
concave for large enough 7, that is, the inverse function W, I exists and it is strictly

increasing and convex for large enough 7. Then, condition (B4) holds. In addition, for
any n > 0, setting

P(t)=t"H(t) " *G(r) = t"(log(log 7)) *(log L

by Lemma 2.6 we see that P’(t) > 0 for large enough 7. This implies that condi-
tion (BS5) also holds. Thus, conditions (B3)—(B5) hold in the case of ¢ = —1.

Assume (4.26). By Lemma 2.6 (witha = 1,b = —a(q¢+1),and c = 0 forg > —1
and witha = 1,b =0, and ¢ = —« for ¢ = —1), we have

t(log7)*4+)  for ¢ > —1,

Wl
o (1) = Wy (1) = {r(log(logf))a for ¢ =-1,
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as T — 00. Since
D) = We(0) < Cyry (1), Balr) = W' (2) < Cyrf (),

for large enough 7, taking large enough R > 0 if necessary, we see that

o,! [][B( )%(u(y) +R) dy] <Cy¥y, [][B( )ij(u(y) + R)dy} . (4.27)
Furthermore, we see that
VI +R <CyS(0)+C, ¥, (Ct+C)<Cy,(t)+C

for t > 0. Then, by (4.26) and (4.27) we see that
@, [ ][ @ (1(y) + R) dy} <Cy, [ ][ CY (n(y) dy + c}
B(x,0) B(x,0)

< Cyy []g( )wgf(u(y))dy] +C
< Csa_Nh(a_l)_% +C < CSO‘_NH(O‘_I)_%

for all small enough o > 0.

Let f be as in (4.5). Since f(r) < t”%(logt)? as T — oo, condition (B1) holds
with F replaced by f. We deduce from Theorem 4.2 that problem (P) with F replaced
by f possesses a solution v in Q7 for some T > 0 such that

N(g+1)

Ct=7 |logt|™ " f if g>—1,
N N
Ct 7 [log|logt|]” @

0<vx,1) <
if ¢g=—1,

forall (x, ) € Qr. Thistogether with f(7) > F(r) (by (4.6)) and Lemma 2.3 implies
that problem (P) possesses a solution u in Q7 such that

cr¥llogs|~ 5" if 1
0 <u(x,t) <vir,n < € ot b g = =1,
Ct~ e [log|logt|]]™¢ if g=—1,
for all (x, ) € Q7. Thus, Corollary 4.2 follows. O

4.3. Sufficiency: case (C)

In this section, we consider nonlinearities F which generalize case (C).

Theorem 4.3. Let i € L and let F be an increasing, nonnegative continuous func-

tion in [0, 00) such that

(C1) there exist R > 0 and d > 1 such that the function (R, o0) 5 T > t_dF(r) €
(0, 00) is increasing.

Furthermore, assume that there exists a continuous function G in [R, 00) satisfying

the following conditions:
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(C2) thereexists p € [d,d + 1) suchthat G(t) = t PF(t) > 0ast — o0;

(C3) foranya>1,b > 0,andc € R, G(arbG(r)C) =< G(t)ast — 00,

(C4) there exists 6 € (0, 1) such that the function (R,00) > T 190G (1) is
decreasing.

Let o > 1. Then, there exists ¢ > 0 such that if 1 satisfies

sup [][ M(y)"dy} <eo PTG ) THT 4.28)
B(x,0)

xeRN

for small enough o > 0, then problem (P) possesses a solution u in Qr for some
T > 0, with u satisfying

0 <u(x, ) < 2SOUIE)E + R < Cr TGy 7

in Qt for some C > Q.

Proof. Let e € (0, 1) be chosen later, and assume (4.28). Without loss of generality,
we may assume that « € (1,d). Indeed, if « > d and (4.28) holds, then for any
o’ € (1,d) we can write u® = (1) and apply Jensen’s inequality to give

1 1
’ o o _6 _ 1
sup [][ w(y)® dy} < sup [][ M(y)“dy] <eo PTG T
xeRN LJB(x.0) xeRN LJB(x.0)

for small enough o > 0. Consequently, (4.28) also holds for o’ € (1, d).
Set

wix, 1) = 2[S(Ou®1(x)# + R. (4.29)

It follows from (C3), Lemma 2.1, and (4.28) that

0 < [SOUI) < Cr % sup /B L dy

zeRN J B(z,19)
< Cet TG ) P < Ce TG T
in Q7 for small enough 7. On the other hand, by (C1) and (C2) we see that
lim tG(x) > C lim ' PF(xr) = C lim """t F (1) = o0,
T—>00 T—>00 T—>00

since p < d + 1. These imply that
1 1 1 1
R<w(x,1) <R+ Cet 71GE ) 71 <Cet G 71 (4.30)
1 1
<Ct r1G@e H T 4.31)

in Q7. Since 1 < «a < d, by (C1)—~(C3), (4.30), and (4.31) we obtain
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Fwx,0) _ wix, 1yd—a F(w(x, 1)

w(x, 1)* w(x, 1)4
e iy A e ] (e iy )

p—d

< clearau AT fer et 6 (oo )

< Cel= T Gy 4.32)
in Q7 for small enough 7. Similarly, by (4.31) we have
a—1 a—1
wx, ) P <cr TG et (4.33)

in Q7. On the other hand, by (C4) we see that

I _p-a = ® pa_, a-1
f s P IG(s™)r-tds :f -1 “G(r)r-tdr
0 1
0 a—1 a—1
:/ Tili(lig)ﬁ[T_BG(T)]pj dT (434)
1

< CIPGa N1V = et Gy

forall € (0, T) and small enough T'. Therefore, taking small enough &, by Jensen’s
inequalities, (4.32), (4.33), and (4.34) we obtain

t
[SOwu]x) + /0 St —s)F(w(s))ds

F(w(s))

—_— St —s)[S(s)u® + R*]ds
w(s)¥

Loo(RN)

t
< [S(Ou*x)e +C /0

IA

1 ' p-a a=1
5w(x,t)+Ced—“[S(t)u“+R°‘]/ sTrTG(s™) T ds
0

IA

1 d—a o ! b —1,9=L
EUJ(X,I)—f-CE W(x,l) s r-1 G(s )p—l ds
0

IA

a—1 oa—
w(t)! H T Ga Y T w(x, 1)

1
_ , t C d—a
2w(x )+ Ce Lo (@Y

A

<w(x,1) |:% + Csd_“i| < w(x,1t)

in Q7. Hence, w is a supersolution in Q7 and Theorem 4.3 now follows from
Lemma 2.2, (4.29), and (4.30). O

Corollary 4.3. Let v € Lo and assume conditions (F1) and (F2) hold. For any o > 1,
there exists € > 0 such that if u satisfies

o 6
sup [][ M(y)“dy} <0 7T|logo| 7 (4.35)
B(x,0)

xeRN
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for all small enough o > 0, then problem (P) possesses a solution u in Qr for some
T > 0, with u satisfying

1
0 <u(x. 1) < 2[SMOu®1(x)7 + R < Ct 77| logr| 7T
in Qr for some R, C > 0.
Proof. Letd € (1, p) withd > p — 1. Letk, L > 0, and set

() =kt /t s (/S £P2[log(e + €)1 dg) ds + L (4.36)
0 0

for T € (0, 00). It follows from Lemma 2.8 (iii) that

4 f 54 </ £P2[log(e + £)] dg) ds = t”[log t]? (4.37)
0 0

as T — oo. We take large enough « and L so that F(t) < f(r) in [0, 00). On the
other hand, since

(f;;)) =774 [K (/T £P2[log(e + €)1 d%‘) ds — Lr_ldi| >0
0

for large enough 7, condition (C1) in Theorem 4.3 holds in (R, co) with F replaced
by f for some R > 0.

Taking large enough R if necessary and setting G(7) := (log t)? for T € (R, 00),

we see that the function (R, o0) 3 T ‘L'_%G(‘E) is decreasing (i.e., § = 1/2 in
(C4)). By (4.36) and (4.37), we find C > 0 such that

TP f(t) =CG(r)

for all T € (R, 00). Then, conditions (C2)—(C4) in Theorem 4.3 hold with F replaced
by f. Therefore, by Theorem 4.3 there exists ¢ > 0 such that if u satisfies (4.35), then
problem (P) with F replaced by f possesses a solution v in Q7 for some 7' > 0 such
that

1 49

0 < v(x. 1) < 2[SORUI)T + R < Ci~ 77 |logs] 7

in Q7, for some C > 0. This together with Lemma 2.3 implies that problem (P)
possesses a solution # in Q7 such that

q

1
0 <u(x.r) <v(x.1) < 2[SEu*1(x)s + R < Ct 71| logs| 71

in Q7. Thus, Corollary 4.3 follows. O
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4.4. A special case: Dirac measure as initial data

Here, we provide a necessary and sufficient condition on the nonlinearity F for the
solvability of problem (P) in the special case when p = §y, the Dirac measure in RN
based at point y. This problem was considered in [7] for the opposite sign pure power
law case F'(u) = —u?, i.e., dissipative F.

Corollary 4.4. Suppose F satisfies

(D1) F is nonnegative and locally Lipschitz continuous in [0, 00);
(D2) there exist R > 0 and d > 1 such that
(i) the function (R, 00) 3 T+ 1 ¢F (1) € (0, 00) is increasing;
(i1) F is convex in (R, 00).
Let y € RN. Then, problem (P) possesses a local-in-time solution with @ = 8y if and
only if

o0
/ P F(7)dr < o0. (4.38)
1

Proof. Assume that problem (P) possesses a solution with & = §y in Q7 for some
T > 0. Set

f(t):=0 for 0<t <R, f(r):=F@)—1'R¥F(R) for 7> R(4.39)

Then, by (D2)-(i) we see that f is increasing and F > f in [0, 00). Applying Theo-
rem 3.1 with z =y, so that m; (z) = 8,(B(y,0)) = 1, we find y > 1 such that

—-1_—N

y o
/ N s_pe_lf(s)dssy””l, O<o <T%.
%

_1T 7
Letting 0 — 0, we have

o
/ v ST (s ds < p Pt
y T

[4

This together with (4.39) implies (4.38).
Conversely, under condition (4.38), we apply Theorem 4.1 to obtain a local-in-time
solution of problem (P) with ;= §y,. Thus, Corollary 4.4 follows. 0

We mention that the integral condition (4.38) also appears in [30, Theorem 5.1] as
a necessary and sufficient condition for existence with L' initial data. See also the
informal argument preceding the proof of Theorem 4.1 of that work, where a Dirac
delta function is considered as initial data.

5. Proof of the main theorem

Proof of Theorem 1.1. Assertion (i) is proved by Corollary 3.1 (ii), Remark 2.1, and
Corollary 4.1.
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We now prove the nonexistence parts of statements (1) and (2) in assertion (ii).
Suppose first that (1.3) holds and there exists a local solution of problem (P). Then,

N N
sup L(B(z,0)) > i / 1x| =V log |x|| "' [log | log |x|[1~ 7 ~' dx > Ciyi[log |loga |~ 7
zeRN B(0,0)

for small enough o > 0. For large enough y;, we then obtain a contradiction to
Corollary 3.1. Hence, no local solution can exist for such y;. Now suppose that (1.5)
holds. Then, there exists C, > 0 such that

N _N@+D _N@g+Dh
sup u(B(z,0)) > 2 x|~ [log x]|~ 7 dx = Cayallogo|™ 7
B(0,0)

zeRN

for small enough ¢ > 0. Again, we can obtain a contradiction to Corollary 3.1 for
large enough y» and deduce that problem (P) possesses no local-in-time solution for
such y».

Next, we prove the existence parts of statements (1) and (2) in assertion (ii). Assume
therefore that either (1.4) with &1 € (0, 1) or (1.6) with &5 € (0, 1) hold. Let @ > 0
and set

log(e + log(e + 7)) if 1.4 holds,

+ o +a
(log(e + 7))4+! if 1.6holds, Ve ()= Th@™

h(t) = {

If (1.4) holds, then

Yo (u(x)) < Cu(x)log(e + log(e + p(x)))”
_ _ _N_
< Ceylx|™V|log x[| " [log [log |x|[177 " xpo ) (x) + C, x e RV,
This implies that
N
sup Vg [ ][ Y (1) dy] < Yy (CeroN[log |logo|]~ 7 %)
B(x,0)

xeRN

_N
[

< CeioNlog|loga |l % < Cejo V(oo

for small enough o > 0.
Similarly, if (1.6) holds, then

Y (u(x)) < Cu(x)llogle + p(x))*@+h

_ Nt
< Cerlx| Nlog|x||” o @Dy g ry(x) +C, x e RV,

This implies that

_ _ _ _N@+D
sup Yy [][B ( )wj(mdy} < ¥ (Cezo Nlogo|~~ 7 o@D
X,0

xeRN

_ _N@+D _ 1N
< Ceo Nlogo|" "7 < Ceo Nh(c™)™ o
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for small enougho > 0. Therefore, by Corollary 4.2 we see that,if &1 > 0 (respectively
g2 > 0) is small enough, then problem (P) possesses a local-in-time solution. Thus,
statements (1) and (2) in assertion (ii) follow.

Finally, we prove statement (3) in assertion (ii). Assume that (1.7) holds. Then,

(2] 0

sup (B(z,0)) > y3/ x| 777 [og |x|| 77T dx > Cryso™ 7 [logo| 7T
zeRY B(0,0)
for small enough o > 0. This together with Corollary 3.1 implies that problem (P)
possesses no local-in-time solution for large enough y3. Conversely, suppose that (1.8)
holds. Since p > pg, we find ¢ > 1 such that «6/(p — 1) < N. Then, we have

1

o of .
sup [][ 1w(»)® dyj| < [c:sgo‘ﬁuogorf—”' +CK§‘]

B(x,0)

xeRN

1
a

_ 6 _ 9
< Cezo r-Tllogo]| »T
for small enough o > 0. By Corollary 4.3, we see that, if €3 > 0 is small enough, then
problem (P) possesses a local-in-time solution. Thus, statement (3) in assertion (ii)
follows. The proof is complete. g
Remark 5.1. The arguments in the proof of Theorem 1.1 are readily adapted to further
log-refinements. For example, suppose that (F2) is replaced by
(F2") F(tr) < t”[logt]?[log(log 7)]" as T — oo for some p > l and ¢, r € R.
Then, we can show that problem (P) possesses a local-in-time solution if and only if
sup pu(B(z, 1)) < 00
zeRN
in the cases when (i) p < py, (i) p = pp and ¢ < —1, and (iii) p = pp, g = —1,
and r < —1. In the other cases, we divide condition (F2’) into four cases:
(1) p=poandg =r = —1.
2) p=po,gq=—1,andr > —1.
3) p=po,q>—1,andr € R.
4) p> ppandq,r € R,
and we can identify the optimal singularities of the initial data for solvability of
problem (P). Since inclusion of the proofs here would make the paper unduly long,
we leave the details to the interested reader.
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