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Abstract

This paper considers the combined parameter and state estimation problem of a bilinear state space
system with moving average noise. There are product terms of state variables and control variables in
bilinear systems, which brings difficulties to parameter and state estimation. By designing a bilinear
state estimator based on Kalman filter and using input-output data to estimate the state, a hierarchical
multi-innovation stochastic gradient (i.e., H-MISG) algorithm based on the state estimator is proposed
to jointly estimate unknown states and parameters. In addition, compared with the hierarchical
stochastic gradient algorithm, H-MISG algorithm introduces the innovation length parameter, makes
full use of the system input and output data information, and improves the accuracy of parameter
estimation. Numerical simulation examples verify the effectiveness of the proposed algorithm.

Key words: Bilinear system, Multi-innovation identification, Kalman filtering, Parameter
estimation, State estimation

1. Introduction

The implementation of control strategies mainly relies on the accurate mathematical model of a
system. System identification is the theory and methods of establishing the mathematical models of
systems [1, 2, 3, 4, 5]. The basic method of the current common identification algorithm is to transform
the identification problem into a parameter estimation problem by establishing the parameter model of
a system [6, 7, 8]. This kind of algorithms can better solve the identification problem of linear systems
or intrinsically linear systems, but it is more difficult to apply to intrinsically nonlinear systems [9, 10,
11]. However, the models in the real world are not strictly linear. They show nonlinear characteristics
more or less [12, 13]. Therefore, more and more nonlinear phenomena and nonlinear models have
attracted people’s attention.

Nonlinear systems widely exist in people’s production and life. With the development and progress
of human society, more and more nonlinear phenomena and nonlinear systems have attracted wide
attention from researchers. The discovery of chaotic phenomena is hailed as “One of the Three
Great Discoveries of the Twentieth Century”. At present, the research on nonlinear theory is in the
development stage. Establishing models describing nonlinear phenomena and nonlinear systems is the
basis for studying nonlinear problems [14, 15, 16, 17]. Linear system identification theory has become
mature, but the general linear model is actually an approximate mathematical description of the real
system obtained after some nonlinearities are ignored or replaced by linear relations. With the rapid
development of science and technology, control systems are becoming more and more complex, and the
requirements for control accuracy are getting higher and higher. Systems with complex nonlinearities
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cannot be approximated by linear models, so the study of nonlinear system identification theory has
very important practical significance [18, 19, 20, 21].

The study of bilinear systems began in the 1960s, and has received extensive attention and rapid
development since the 1970s, becoming one of the more mature branches in the study of nonlinear
systems. Bilinear system has some characteristics of variable structure system, so it has certain
adaptability [22, 23]. For the situation where the control variable is restricted (that is, the size of
the control variable must be within a certain limit), the stability condition expressed in frequency
domain language has been found. Bilinear systems have better controllability than linear systems
[24]. Even if the control variables are restricted, the system may still be fully controllable. Some
sufficient conditions for the system to be fully controllable have been obtained. The use of dynamic
programming or maximum value principle has been able to solve some of the optimal control problems
of bilinear systems, such as the fastest control, the most fuel-efficient control, and the optimal control
of discrete bilinear systems and stochastic bilinear systems. There are many practical examples of
bilinear system theory. For example, optimal control of nuclear fission and heat exchange processes in
nuclear power plants and nuclear power plants, population prediction and control, etc.

Combining the gradient search with the hierarchical identification principle and the multi-innovation
identification theory, this paper intends to study recursive identification algorithms for the bilinear
state space model with moving average noise. On the basis of gradient search, this paper aims to
use useful information of system accuracy to update the collected data to identify bilinear systems.
Therefore, this paper studies a H-MISG identification algorithm to realize joint parameter and state
estimation and reduce the influence of colored noise on parameter estimation. The main contributions
are summarized as follows. Compared with the previous work in [25], the proposed algorithm gives
the joint state and parameter estimation to improve the convergence speed, and gives the convergence
analyzes to ensure the stability of the algorithm.

• A moving average noise identification model is derived for bilinear state space systems. By
introducing the length of new information, expanding the identification of new information,
fully mining useful information from the available measurement data, by extending the new
information, rolling and reusing information, to make up for the impact of lost data and improve
system parameter estimation accuracy.

• A state estimator is designed to obtain the system states on the basis of the Kalman filtering, and
a state estimator-based multi-innovation stochastic gradient algorithm is proposed to estimate
the unknown system parameters by the hierarchical identification principle.

The rest of this paper is organized as follows. Section 2 derives the identification model of bilinear
state-space systems with moving average noise. Section 3 proposes the stochastic gradient algorithm
using the hierarchical identification principle. Section 4 derives the multi-innovation stochastic gra-
dient algorithm as a comparison. Section 5 gives the state estimation for bilinear systems. Section 6
gives the convergence analysis. Section 7 provides two examples to verify the effectiveness of the
proposed algorithm. Finally, some concluding remarks are given in Section 8.

2. System description and identification model

First of all, let us introduce some notation. “X := A” stands for “A is defined as X”; the symbol
I (In) means the identity matrix of appropriate size (n× n); z denotes a unit forward shift operator
like zxk = xk+1 and z−1xk = xk−1; the superscript T symbolizes the vector/matrix transpose; ϑ̂k

denotes the estimate of ϑ at time k; 1n represents an n-dimensional column vector whose entries are
all 1.

Consider a bilinear state-space system in the observability canonical form:

xk+1 =Axk +Bxkuk + fuk, (2.1)

yk =hxk +
D(z)

C(z)
vk, (2.2)
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where xk := [x1,k, x2,k, . . . , xn,k]
T ∈ R

n is the state vector, uk ∈ R and yk ∈ R are the control variable
and output variable, and A ∈ R

n×n, B ∈ R
n×n, f ∈ R

n×1 and h ∈ R
1×n are the system parameter

matrices and vectors,

A :=















0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
an an−1 an−2 · · · a1















∈ R
n×n, ai ∈ R, i = 1, 2, . . . , n,

B :=











b1
b2
...
bn











∈ R
n×n, f :=











f1
f2
...
fn











∈ R
n×1,

h := [1, 0, . . . , 0] ∈ R
1×n,

wk := D(z)
C(z)vk is the measurement noise with C(z) := 1 + c1z

−1 + c2z
−2 + . . . + cncz

−nc and D(z) :=

1+d1z
−1+d2z

−2+ . . .+dnd
z−nd , E[vk] = 0, E[v2k] = σ2, E[vkvi] = 0, t 6= i. Without loss of generality,

this paper makes the following assumptions. The dimension n of the system state vector is known,
uk = 0, xk = 0, yk = 0 and wk = 0 for t 6 0. The bilinear system in (2.1)–(2.2) is observable and
controllable.

The system in (2.1)–(2.2) is written as














x1,k+1

x2,k+1

...
xn−1,k+1

xn,k+1















=















0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
an an−1 an−2 · · · a1





























x1,k

x2,k

...
xn−1,k

xn,k















+















b1
b2
...

bn−1

bn















xkuk +















f1
f2
...

fn−1

fn















uk, (2.3)

yk = [1, 0, . . . , 0]xk +
D(z)

C(z)
vk. (2.4)

From (2.3), we have the following relations:

xi,k+1 = xi+1,k + bixkuk + fiuk, i = 1, 2, . . . , n− 1, (2.5)

xn,k+1 =axk−n + bnxkuk + fnuk.

Multiplying both sides of (2.5) by z−i, and summing it for i = 1 to i = n− 1 yields:

x1,k = axk−n + b1xk−1uk−1 + b2xk−2uk−2 + . . .+ bn−1xk−n+1uk−n+1 + bnxk−nuk−n

+f1uk−1 + f2uk−2 + . . .+ fnuk−n.

Define the parameter vector ϑa, ϑb, ϑf , ϑ2 and the information vector φa,k, φb,k, φu,k, φ2,k as

ϑa := [a1, a2, . . . , an]
T ∈ R

n,

ϑb := [b1, b2, . . . , bn]
T ∈ R

n2

,

ϑf := [f1, f2, . . . , fn]
T ∈ R

n,

ϑ2 := [c1, c2, . . . , cnc , d1, d2, . . . , dnd
]T ∈ R

nc+nd ,

φa,k := [xk−1, xk−2, . . . , xk−n]
T ∈ R

n,

φb,k := [xk−1uk−1, . . . ,xk−n+1uk−n+1,xk−nuk−n]
T ∈ R

n2

,

φf,k := [uk−1, uk−2, . . . , uk−n]
T ∈ R

n,

φ2,k := [−wk−1,−wk−2, . . . ,−wk−nc
, vk−1, vk−2, . . . , vk−nd

)]T ∈ R
nc+nd .

Mathematically, Equation (2.4) implies that:

yk = x1,k +
D(z)

C(z)
vk
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=ϑT

aφa,k + ϑT

bφb,k + ϑT

fφf,k + ϑT

2φ2,k + vk

= ya,k + yb,k + yf,k + wk.

The output yk is decomposed into the following identification models of the system in (2.1) and (2.2):

ya,k =ϑT

aφa,k + vk, (2.6)

yb,k =ϑT

bφb,k + vk, (2.7)

yf,k =ϑT

fφf,k + vk, (2.8)

wk =ϑT

2φ2,k + vk. (2.9)

The proposed parameter estimation algorithms in this paper are based on this identification model.
Many identification methods are derived based on the identification models of the systems [26, 27,
28, 29, 30] and these methods can be used to estimate the parameters of other linear systems and
nonlinear systems [31, 32, 33, 34, 35] and can be applied to other fields [36, 37, 38, 39, 40] such as
chemical process control systems.
Remark 2.1: Previous study has developed an expectation maximization algorithm for state space
systems with time delay [41]. While, due to the removal of state variables, the calculation burden
is heavy and state estimation is not considered. Besides, less work is focused on theoretical analysis
of the performance of the proposed method. This leads us to explore a new combination of state
and parameter estimation methods and provide theoretical analysis to prove the convergence of the
proposed algorithm.

The purpose of this paper is to acquire estimates of unavailable parameters and states of bilinear
systems using measured information. In view of the state space identification model with moving
average noise, this problem will be solved in the next section.

3. Hierarchical stochastic gradient identification algorithm

This section presents an hierarchical stochastic gradient (H-SG) identification algorithm for the
considered system by decomposing the identification model into several sub-identification model-
s based on the negative gradient search and the hierarchical identification principle. Let ϑ̂a,k :=

[â1,k, â2,k, . . . , ân,k]
T, ϑ̂b,k := [b̂1,k, b̂2,k, . . . , b̂n,k]

T, ϑ̂f,k := [f̂1,k, f̂2,k, . . . , f̂n,k]
T, ϑ̂2,k := [ĉ1,k, ĉ2,k, . . . ,

ĉnc,k, d̂1,k, d̂2,k, . . . , d̂nd,k]
T denote the estimates of the parameter vectors ϑa,k, ϑb,k, ϑf,k, ϑ2,k at time k.

The estimates of the intermediate variables are used to improve the parameter estimation algorithm:

φ̂1,k := [x̂k−n, x̂k−1uk−1, x̂k−2uk−2, . . . , x̂k−n+1uk−n+1, x̂k−nuk−n, uk−1, . . . , uk−n]
T,

φ̂2,k := [−ŵk−1,−ŵk−2, . . . ,−ŵk−nc
, vk−1, vk−2, . . . , vk−nd

]T.

By means of the negative gradient search, we derive the H-SG parameter estimation algorithm for
estimating the parameters of the bilinear system:

ϑ̂a,k = ϑ̂a,k−1 +
φ̂a,k

ra,k
[ya,k − ϑ̂

T

a,k−1φ̂a,k], (3.10)

ra,k = ra,k−1 + ‖φ̂a,k‖
2, (3.11)

φ̂a,k = [x̂k−1, x̂k−2, . . . , x̂k−n]
T, (3.12)

ϑ̂b,k = ϑ̂b,k−1 +
φ̂b,k

rb,k
[yb,k − ϑ̂

T

b,k−1φ̂b,k], (3.13)

rb,k = rb,k−1 + ‖φ̂b,k‖
2, (3.14)

φ̂b,k = [x̂k−1uk−1, . . . , x̂k−n+1uk−n+1, x̂k−nuk−n]
T, (3.15)

ϑ̂f,k = ϑ̂f,k−1 +
φ̂f,k

rf,k
[yf,k − ϑ̂

T

f,k−1φ̂f,k], (3.16)

rf,k = rf,k−1 + ‖φ̂f,k‖
2, (3.17)
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φ̂f,k = [uk−1, uk−2, . . . , uk−n]
T, (3.18)

ϑ̂2,k = ϑ̂2,k−1 +
φ̂2,k

r2,k
[ŵk − ϑ̂

T

2,k−1φ̂2,k], (3.19)

r2,k = r2,k−1 + ‖φ̂2,k‖
2, (3.20)

φ̂2,k = [−ŵk−1,−ŵk−2, . . . ,−ŵk−nc
, vk−1, vk−2, . . . , vk−nd

]T. (3.21)

The steps of computing the parameter estimates of the nonlinear sandwich system using the proposed
H-SG method in (3.10) to (3.21) are as follows:

1. To initiate: Let k = 1; let ra,0 = 1, rb,0 = 1, rf,0 = 1 and r2,0 = 1, ϑ̂a,0 = [â1,0, â2,0, . . . , ân,0]
T =

1n/p0, ϑ̂b,0 = [b̂1,0, b̂2,0, . . . , b̂n,0]
T = 1n/p0, ϑ̂f,0 = [f̂1,0, f̂2,0, . . . , f̂n,0]

T = 1n/p0, ϑ̂2,0 =

[ĉ1,0, ĉ2,0, . . . , ĉnc,0, d̂1,0, d̂2,0, . . . , d̂nd,0]
T = 1n/p0, P0 = 106, 1n ∈ R

n with element 1. Set the
estimation accuracy ε.

2. Collect the observed data uk and yk, form φ̂f,k using (3.18).

3. Compute φ̂2,k using (3.21), form φ̂a,k using (3.12) and form φ̂b,k using (3.15).

4. Compute ra,k, rb,k, rf,k and r2,k using (3.11), (3.14), (3.17) and (3.20), respectively.

5. Update the parameter estimates ϑ̂a,k, ϑ̂b,k, ϑ̂f,k and ϑ̂2,k using (3.10), (3.13), (3.16) and (3.19),
respectively.

6. If ‖ϑ̂a,k − ϑ̂a,k‖ > ε, ‖ϑ̂b,k − ϑ̂b,k‖ > ε, ‖ϑ̂f,k − ϑ̂f,k‖ > ε, ‖ϑ̂2,k − ϑ̂2,k‖ > ε, then k := k+1 and
go to Step 2, else terminate the computation process.

Remark 3.1: For the dynamic sampling data of nonlinear systems with moving average noise, the
proposed H-MISG identification algorithm can capture the real-time information of the system to
be identified. Complex nonlinear systems with time delays are solved by gradient search to obtain
variables that cannot be measured by internal parameter estimation. It should be noted that the
H-SG identification method only uses the current time base and cannot supplement the high-precision
parameter estimation. In the next section, we will extend the identified regression new information
vector to the new information matrix, reuse the data information, improve the convergence speed of
the identification algorithm, and improve the accuracy of parameter estimation.

4. Hierarchical multi-innovation stochastic gradient identification algorithm

The main idea of hierarchical identification is the principle of hierarchical identification based on
identification model decomposition. Hierarchical identification is different from subsystem decompo-
sition identification methods. It can not only solve the problem of large-scale systems with a large
amount of calculation, but also solve the identification problems of complex identification models,
including the hierarchical iterative solution of the Lyapunov matrix equation and the Sylvester matrix
equation.

In the recursive formula of parameter estimation, we use more measured data and information
to deduce a parameter estimation algorithm with high estimation accuracy. Dynamic batch data is
designed and expressed in yk, yk−1, . . . , yk−p+1, where the length of dynamic data is p, and the current
time is k. Obviously, dynamic data can be regarded as a window data with width p, and these dynamic
data will be updated over time. The data window contains not only the current time data, but also
the previous data. Compared with the dynamic observation data used in the stochastic gradient
algorithm, the dynamic window data can obtain more system dynamic information.

Define the stacked information matrix

Φa(pa, k) :=











φT

a,k

φT

a,k−1
...

φT

a,k−pa+1











∈ R
n×pa, Y a(pa, k) :=











ya,k
ya,k−1

...
ya,k−pa+1











∈ R
pa,
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Φb(pb, k) :=











φT

b,k

φT

b,k−1
...

φT

b,k−pb+1











∈ R
n2×pb , Y b(pb, k) :=











yb,k
yb,k−1

...
yb,k−pb+1











∈ R
pb ,

Φf (pf , k) :=











φT

f,k

φT

f,k−1
...

φT

f,k−pf+1











∈ R
n×pf , Y f (pf , k) :=











yf,k
yf,k−1

...
yf,k−pf+1











∈ R
pf ,

W (p2, k) :=











wk

wk−1
...

wk−p2+1











∈ R
p2 , V i(pi, k) :=











vk
vk−1
...

vk−pi+1











∈ R
pi , i = a, b, f, 2.

From Equations (2.6)–(2.9), we have

Y a(pa, k) =ϑT

aΦa(pa, k) + V (pa, k),

Y b(pb, k) =ϑT

bΦb(pb, k) + V (pb, k),

Y f (pf , k) =ϑT

fΦf (pf , k) + V (pf , k),

W (p2, k) =ϑT

2Φ2(p2, k) + V 2(p2, k).

Then, the following recursive relations are given by

ϑ̂a,k = ϑ̂a,k−1 − µa,kΦa(pa, k)[Y a(pa, k)− ϑT

a,k−1Φa(pa, k)], (4.22)

ϑ̂b,k = ϑ̂b,k−1 − µb,kΦb(pb, k)[Y b(pb, k) − ϑT

b,k−1Φb(pb, k)], (4.23)

ϑ̂f,k = ϑ̂f,k−1 − µf,kΦf (pf , k)[Y f (pf , k)− ϑT

f,k−1Φf (pf , k)], (4.24)

ϑ̂2,k = ϑ̂2,k−1 − µ2,kΦ2(p2, k)[W (p2, k)− ϑT

2,k−1Φ2(p2, k)]. (4.25)

where µa,k, µb,k, µf,k and µ2,k are the step-sizes.
However, these recursion formulas in (4.22)–(4.25) cannot be accomplished for the reason that

there are unknown internal variables xk−i, xk−iuk−i (i = 1, 2, . . . , n), −wk−j (j = 1, 2, . . . , nc) lying
in the information vectors φa,k, φb,k, φf,k and φ2,k. In order to accomplish the parameter estimation
algorithm, we use the estimated values to replace the unknown variables which can be participated in
the recursive computation.

By using the window data with length p, the innovation scalars are expanded into the innovation
vectors as follows:

Ea(pa, k) :=Y a(pa, k)− ϑT

a,k−1Φ̂a(pa, k) =













ya,k − ϑ̂
T

a,k−1φ̂a,k

ya,k−1 − ϑ̂
T

a,k−1φ̂a,k−1
...

ya,k−pa+1 − ϑ̂
T

a,k−1φ̂a,k−pa+1













,

Eb(pb, k) :=Y b(pb, k)− ϑT

b,k−1Φ̂b(pb, k) =













yb,k − ϑ̂
T

b,k−1φ̂b,k

yb,k−1 − ϑ̂
T

b,k−1φ̂b,k−1
...

yb,k−pb+1 − ϑ̂
T

b,k−1φ̂b,k−pb+1













,

Ef (pf , k) :=Y f (pf , k)− ϑT

f,k−1Φ̂f (pf , k) =













yf,k − ϑ̂
T

f,k−1φ̂f,k

yf,k−1 − ϑ̂
T

f,k−1φ̂f,k−1
...

yf,k−pf+1 − ϑ̂
T

f,k−1φ̂f,k−pf+1













,
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E2(p2, k) :=W (p2, k)− ϑT

2,k−1Φ̂2(p2, k) =













wk − ϑ̂
T

2,k−1φ̂2,k

wk−1 − ϑ̂
T

2,k−1φ̂2,k−1
...

wk−p2+1 − ϑ̂
T

2,k−1φ̂2,k−p2+1













.

Let ϑ̂a,k, ϑ̂b,k, ϑ̂f,k, ϑ̂2,k denote the estimates of ϑ̂a, ϑ̂b, ϑ̂f , ϑ̂2 at time k, respectively. Finally,
we propose the H-MISG algorithm for estimating the parameters of the nonlinear state-space system,
as follows:

ϑ̂a,k = ϑ̂a,k−1 +
Φ̂a(pa, k)

ra,k
Ea(pa, k), (4.26)

Ea(pa, k) =Y a(pa, k) − ϑ̂
T

a,k−1Φ̂a(pa, k), (4.27)

Y a(pa, k) = [ya,k, ya,k−1, . . . , ya,k−pa+1]
T, (4.28)

ra,k = ra,k−1 + ‖Φ̂a(pa, k)‖
2, ra,0 = 1, (4.29)

Φ̂a(pa, k) = [φ̂a,k, φ̂a,k−1, . . . , φ̂a,k−pa+1], (4.30)

φ̂a,k = [x̂k−1, x̂k−2, . . . , x̂k−n]
T, (4.31)

ϑ̂a = [â1, â2, . . . , ân]
T ∈ R

n, (4.32)

ϑ̂b,k = ϑ̂b,k−1 +
Φ̂b(pb, k)

rb,k
Eb(pb, k), (4.33)

Eb(pb, k) =Y b(pb, k)− ϑ̂
T

b,k−1Φ̂b(pb, k), (4.34)

Y b(pb, k) = [yb,k, yb,k−1, . . . , yb,k−pb+1]
T, (4.35)

rb,k = rb,k−1 + ‖Φ̂b(pb, k)‖
2, rb,0 = 1, (4.36)

Φ̂b(pb, k) = [φ̂b,k, φ̂b,k−1, . . . , φ̂b,k−pb+1], (4.37)

φ̂b,k = [x̂k−1uk−1, . . . , x̂k−n+1uk−n+1, x̂k−nuk−n]
T, (4.38)

ϑ̂b = [b̂1, b̂2, . . . , b̂n]
T ∈ R

n2

, (4.39)

ϑ̂f,k = ϑ̂f,k−1 +
Φ̂f (pf , k)

rf,k
Ef (pf , k), (4.40)

Ef (pf , k) =Y f (pf , k)− ϑ̂
T

f,k−1Φ̂f (pf , k), (4.41)

Y f (pf , k) = [yf,k, yf,k−1, . . . , yf,k−pf+1]
T, (4.42)

rf,k = rf,k−1 + ‖Φ̂f (pf , k)‖
2, rf,0 = 1, (4.43)

Φ̂f (pf , k) = [φ̂f,k, φ̂f,k−1, . . . , φ̂f,k−pf+1], (4.44)

φ̂f,k = [uk−1, uk−2, . . . , uk−n]
T, (4.45)

ϑ̂f = [f̂1, f̂2, . . . , f̂n]
T ∈ R

n, (4.46)

ϑ̂2,k = ϑ̂2,k−1 +
Φ̂2(p2, k)

r2,k
E2(p2, k), (4.47)

E2(p2, k) =W (p2, k)− ϑ̂
T

2,k−1Φ̂2(p2, k), (4.48)

W (p2, k) = [wk, wk−1, . . . , wk−p2+1]
T, (4.49)

r2,k = r2,k−1 + ‖Φ̂2(p2, k)‖
2, r2,0 = 1, (4.50)

Φ̂2(p2, k) = [φ̂2,k, φ̂2,k−1, . . . , φ̂2,k−p2+1], (4.51)

φ̂2,k = [−ŵk−1,−ŵk−2, . . . ,−ŵk−nc
, vk−1, . . . , vk−nd

]T, (4.52)

ϑ̂2 = [ĉ1, ĉ2, . . . , ĉnc , d̂1, d̂2, . . . , d̂nd
]T ∈ R

nc+nd . (4.53)

The proposed H-MISG parameter estimation algorithm for nonlinear state space systems in this article
can be applied to fields such as chemical process control systems, transportation communication
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systems and so on. The computational steps of the H-MISG algorithm in (4.26) to (4.53) for estimating
the parameters of the nonlinear state space systems are illustrated as follows.
Algorithm 4.1:

1. To initiate: Preset the recursion length L, preset the innovation length p, set the initial values
ra,0 = 1, rb,0 = 1, rf,0 = 1 and r2,0 = 1, ϑ̂a,0 = 1n/p0, ϑ̂b,0 = 1n/p0, ϑ̂f,0 = 1n/p0, ϑ̂2,0 = 1n/p0,
P0 = 106, 1n ∈ R

n with element 1. Set an estimation error ε.

2. Collect the measured data uk and yk and form the stacked output vectors Y a(pa, k), Y b(pb, k),
Y f (pf , k) and W (p2, k) using (4.28), (4.35), (4.42) and (4.49), respectively .

3. Compute φ̂a,k, φ̂b,k, φ̂f,k and φ̂2,k using (4.31), (4.38), (4.45) and (4.52), respectively.

4. Form the information matrices Φ̂a(pa, k), Φ̂b(pb, k), Φ̂f (pf , k) and Φ̂2(p2, k) using (4.30), (4.37),
(4.44) and (4.51), respectively.

5. Compute the innovation vectors Ea(pa, k), Eb(pb, k), Ef (pf , k) and E2(p2, k) using (4.27),
(4.34), (4.41) and (4.48), respectively.

6. Compute ra,k, rb,k, rf,k and r2,k using (4.29), (4.36), (4.43) and (4.50), respectively.

7. Update the parameter estimates ϑ̂a,k, ϑ̂b,k, ϑ̂f,k and ϑ̂2,k using (4.26), (4.33), (4.40) and (4.47),

respectively. If ‖ϑ̂a,k−ϑ̂a,k−1‖ > ε, ‖ϑ̂b,k−ϑ̂b,k−1‖ > ε, ‖ϑ̂f,k−ϑ̂f,k−1‖ > ε and ‖ϑ̂2,k−ϑ̂2,k−1‖ >
ε, then k := k + 1 and go to Step 2, else terminate the recursion procedure and obtain the
parameter estimates.

Remark 4.1: The proposed H-MISG identification algorithm uses the dynamical batch data with the
window width p to calculate the parameter estimates of the nonlinear state space system. Compared
with the H-SG identification algorithm, the H-MISG identification algorithm introduces more data to
the recursive estimation and can obtain higher parameter estimation accuracy [42].

5. The state estimator for bilinear systems

It is generally appreciated that the Kalman filtering is considered to be one of the most popular
state estimation algorithms for linear state space systems. While, the state estimation of nonlinear
state space systems is much more complicated. Aiming at this difficulty, some algorithms are proposed,
comprising the modified Kalman filter, the particle filter and the extended Kalman filter. In this
section, we transform the bilinear state space model into a linear time varying model and design a
Kalman state estimator with time variant gains to obtain the system states.

Define Au,k := A+Buk. By rearranging the bilinear state space model with moving average noise
in (2.1)–(2.2) yields:

xk+1 =Au,kxk + fuk,

yk =hxk +
D(z)

C(z)
vk,

which may be viewed as a “linear time varying state space model”. If the parameter matrix Au,k and
the vector f are available, and the input output data uk and yk are known, then the state estimates
are acquired on the basis of the Kalman filtering:

x̂k+1 =Au,kx̂k + fuk +Lk[yk − hx̂k − ϑ̂
T

2 φ̂2,k], (5.54)

Lk =Au,kP kh
T[σ2 + hP kh

T]−1, (5.55)

P k+1 =Au,kP kA
T

u,k −LkhP kA
T

u,k, P (1) = In, (5.56)

where x̂k := [x̂1,k, x̂2,k, . . . , x̂n,k]
T ∈ R

n are the state estimates, Lk ∈ R
n is the optimal gain vector,

P k+1 ∈ R
n×n is the state estimation error covariance matrix.

The current difficulty is that the parameter matrixAu,k and vector b are unavailable. Consequently,
the state estimation in (5.54)–(5.56) cannot be achieved. The solution is that using the parameter
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estimates âi,k, b̂i,k and f̂i,k in ϑ̂a,k, ϑ̂b,k, ϑ̂f,k and ϑ̂2,k constructs the estimates Âk, B̂k and f̂k of A
, B and f as

Âk =















0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
ân,k ân−1,k ân−2,k · · · â1,k















,

B̂k =











b̂1,k

b̂2,k
...

b̂n,k











, f̂k =











f̂1,k
f̂2,k
...

f̂n,k











.

Then, the estimate Âu,k of Au can be acquired by Âu,k := Âk + B̂kuk. Replacing Au and f in

(5.54)–(5.56) with their estimates Âu,k and f̂k, and replacing the unavailable information vector φ2,

the parameter vector ϑ2 in (5.54)–(5.56) with their estimates φ̂2,k and ϑ̂2,k yield:

x̂k+1 = Âu,kx̂k + f̂kuk +Lk[yk − hx̂k − ϑ̂
T

2 φ̂2,k], (5.57)

Lk = Âu,kP kh
T[σ2 + hP kh

T]−1, (5.58)

P k+1 = Âu,kP kÂ
T

u,k −LkhP kÂ
T

u,k. (5.59)

Equations (5.57)–(5.59) form the Kalman state estimator for bilinear systems to calculate the estimate
x̂k of the state vector xk. The methods proposed in this paper can combine other identification
approaches [43, 44, 45, 46, 47, 48] to study the parameter estimation problems of different systems
with colored noises [49, 50, 51, 52, 53] and can be applied to other literatures [54, 55, 56] such as
signal modeling and communication networked systems.

The system states and parameters can be interactively estimated through the bilinear state observer-
based H-MISG identification algorithm.

6. Convergence analysis

In order to analyze the performance of the proposed method from the view of theory. In this
section, the convergence of the proposed H-MISG parameter estimation algorithm is analyzed.
Lemma 6.1. Assume that the nonnegative sequences Sk, ζk, and ξk meet the following inequality

Sk 6 Sk−1 + ζk − ξk,

and
∑∞

k=1 ζk < ∞, then
∑∞

k=1 ξk < ∞ and ξk → 0, Sk is bounded.
The proof is easy and omitted here.
In order to analyze the convergence of the derived H-MISG algorithm, the following assumption is

imposed for the nonlinear state-space system in (2.1) and (2.2).
Assumption 6.1. The disturbance vk is a white noise sequence with zero mean and variance σ2, that
is, E[vk] = 0, E[v2k] = σ2, E[vkvi] = 0, k 6= i. If ra,k, rb,k, rf,k, r2,k in the H-MISG algorithm in (4.26)

to (4.53) satisfies ra,k → ∞, rb,k → ∞, rf,k → ∞, r2,k → ∞ and ‖
ˆΦa(pa,k)‖2

ra,k
→ 0, ‖

ˆΦb(pb,k)‖
2

rb,k
→ 0,

‖
ˆΦf (pf ,k)‖

2

rf,k
→ 0, ‖Φ̂2(p2,k)‖2

r2,k
→ 0. This shows that the observation data satisfy the persistent excitation

conditions. There exists an integer N and the positive constants λa, λb, λf and λ2 independent of k
such that the following strong excitation (SPE) condition holds:

N−1
∑

j1=0

Φ̂a(pa, k + j1)Φ̂
T

a(pa, k + j1)

ra,k+j1

> λaI, a.s.
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N−1
∑

j1=0

Φ̂b(pb, k + j1)Φ̂
T

b (pb, k + j1)

rb,k+j1

> λbI, a.s.

N−1
∑

j1=0

Φ̂f (pf , k + j1)Φ̂
T

f (pf , k + j1)

rf,k+j1

> λfI, a.s.

N−1
∑

j2=0

Φ̂2(p2, k + j2)Φ̂
T

2 (p2, k + j2)

r2,k+j2

> λ2I, a.s.

Theorem 6.1. For the nonlinear state-space system in (2.1) and (2.2) and the derived H-MISG
algorithm in (4.26) to (4.53), under the above Assumption, the parameter estimation error given by
the H-MISG algorithm converges to zero.

Proof. Refer to the method in Reference [17, 57, 58] and define the parameter estimation vectors
ϑ̃a,k := ϑ̂a,k − ϑa, ϑ̃b,k := ϑ̂b,k − ϑb, ϑ̃f,k := ϑ̂f,k − ϑf , ϑ̃2,k := ϑ̂2,k − ϑ2. Subtracting ϑa, ϑb, ϑf , ϑ2

from both sides of Equations (4.26), (4.33), (4.40), (4.47) respectively gives

ϑ̃a,k = ϑ̂a,k−1 +
Φ̂a(pa, k)

ra,k
Ea(pa, k)− ϑa

=: ϑ̂a,k−1 +
Φ̂a(pa, k)

ra,k
[−Ỹ a(pa, k) + ∆(pa, k) + V (pa, k)], (6.60)

ϑ̃b,k = ϑ̂b,k−1 +
Φ̂b(pb, k)

rb,k
Eb(pb, k)− ϑb

=: ϑ̂b,k−1 +
Φ̂b(pb, k)

rb,k
[−Ỹ b(pb, k) + ∆(pb, k) + V (pb, k)], (6.61)

ϑ̃f,k = ϑ̂f,k−1 +
Φ̂f (pf , k)

rf,k
Ef (pf , k) − ϑf

=: ϑ̂f,k−1 +
Φ̂f (pf , k)

rf,k
[−Ỹ f (pf , k) + ∆(pf , k) + V (pf , k)], (6.62)

ϑ̃2,k = ϑ̂2,k−1 +
Φ̂2(p2, k)

r2,k
E2(p2, k)− ϑ2

=: ϑ̂2,k−1 +
Φ̂2(p2, k)

r2,k
[−W̃ (p2, k) + ∆(p2, k) + V 2(p2, k)]. (6.63)

where

Ỹ a(pa, k) := Φ̂
T

a(pa, k)ϑ̃a,k−1, ∆(pa, k) := [Φa(pa, k)− Φ̂a(pa, k)]
Tϑa,

Ỹ b(pb, k) := Φ̂
T

b (pb, k)ϑ̃b,k−1, ∆(pb, k) := [Φb(pb, k)− Φ̂b(pb, k)]
Tϑb,

Ỹ f (pf , k) := Φ̂
T

f (pf , k)ϑ̃f,k−1, ∆(pf , k) := [Φf (pf , k) − Φ̂f (pf , k)]
Tϑf ,

W̃ (p2, k) := Φ̂
T

2 (p2, k)ϑ̃2,k−1, ∆(p2, k) := [Φ2(p2, k)− Φ̂2(p2, k)]
Tϑ2.

Taking the norm of (6.60) to (6.63) yields

‖ϑ̃a,k‖
2 = ‖ϑ̃a,k−1 +

Φ̂a(pa, k)

ra,k
[−Ỹ a(pa, k) + ∆(pa, k) + V (pa, k)]‖

2

= ‖ϑ̃a,k−1‖
2 −

ra,k + ra,k−1

r2a,k
‖Ỹ a(pa, k)‖

2 +
2ra,k−1

r2a,k
Ỹ

T

a(pa, k)[∆(pa, k) + V (pa, k)]

+
‖Φ̂a(pa, k)‖

2

r2a,k
[‖∆(pa, k)‖

2 + ‖V (pa, k)‖
2 + 2V T(pa, k)∆(pa, k)]

6 ‖ϑ̃a,k−1‖
2 −

1

ra,k
‖Ỹ a(pa, k)‖

2 +
2ra,k−1

r2a,k
Ỹ

T

a(pa, k)[∆(pa, k) + V (pa, k)]
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+
‖Φ̂a(pa, k)‖

2

r2a,k
[‖∆(pa, k)‖

2 + ‖V (pa, k)‖
2 + 2V T(pa, k)∆(pa, k)], (6.64)

‖ϑ̃b,k‖
2
6 ‖ϑ̃b,k−1‖

2 −
1

rb,k
‖Ỹ b(pb, k)‖

2 +
2rb,k−1

r2b,k
Ỹ

T

b (pb, k)[∆(pb, k) + V (pb, k)]

+
‖Φ̂b(pb, k)‖

2

r2b,k
[‖∆(pb, k)‖

2 + ‖V (pb, k)‖
2 + 2V T(pb, k)∆(pb, k)],

‖ϑ̃f,k‖
2
6 ‖ϑ̃f,k−1‖

2 −
1

rf,k
‖Ỹ f (pf , k)‖

2 +
2rf,k−1

r2f,k
Ỹ

T

f (pf , k)[∆(pf , k) + V (pf , k)]

+
‖Φ̂f (pf , k)‖

2

r2f,k
[‖∆(pf , k)‖

2 + ‖V (pf , k)‖
2 + 2V T(pf , k)∆(pf , k)],

‖ϑ̃2,k‖
2
6 ‖ϑ̃2,k−1‖

2 −
1

r2,k
‖W̃ (p2, k)‖

2 +
2r2,k−1

r22,k
W̃

T

(p2, k)[∆(p2, k) + V 2(p2, k)]

+
‖Φ̂2(p2, k)‖

2

r22,k
[‖∆(p2, k)‖

2 + ‖V 2(p2, k)‖
2 + 2V T

2 (p2, k)∆(p2, k)].

Assume that vk is a white noise with zero mean and variance σ2, [φa,k − φ̂a,k]
Tϑa is bounded with

εa, which means that ‖∆(pa, k)‖
2 6 paεa, and ϑ̃a,k−1, Ỹ a(pa, k), Φ̂a(pa, k), ra,k, and ∆(pa, k) are

uncorrelated with vk. Taking the expectation of both sides of (6.64) and using the Assumption give

E[‖ϑ̃a,k‖
2] 6 E[‖ϑ̃a,k−1‖

2]− E

[

‖Ỹ a(pa, k)‖
2

ra,k

]

+ E

[

‖Φ̂a(pa, k)‖
2

r2a,k

]

[pa(σ
2 + εa)]. (6.65)

Similarly,

E[‖ϑ̃b,k‖
2]6E[‖ϑ̃b,k−1‖

2]− E

[

‖Ỹ b(pb, k)‖
2

rb,k

]

+ E

[

‖Φ̂b(pb, k)‖
2

r2b,k

]

[pb(σ
2 + εb)], (6.66)

E[‖ϑ̃f,k‖
2]6E[‖ϑ̃f,k−1‖

2]− E

[

‖Ỹ f (pf , k)‖
2

rf,k

]

+ E

[

‖Φ̂f (pf , k)‖
2

r2f,k

]

[pf (σ
2 + εf )], (6.67)

E[‖ϑ̃2,k‖
2]6E[‖ϑ̃2,k−1‖

2]− E

[

‖W̃ (p2, k)‖
2

r2,k

]

+ E

[

‖Φ̂2(p2, k)‖
2

r22,k

]

[p2(σ
2 + ε2)]. (6.68)

Note that the sum of the last term on RHS from t = 1 to ∞ is finite,

∞
∑

t=1

‖Φ̂a(pa, k)‖
2

r2a,k
[pa(σ

2 + εa)]6
∞
∑

t=1

‖Φ̂a(pa, k)‖
2

ra,k−1ra,k
[pa(σ

2 + εa)]

=

[

1−
1

ra(∞)

]

[pa(σ
2 + εa)] < ∞,

∞
∑

t=1

‖Φ̂b(pb, k)‖
2

r2b,k
[pb(σ

2 + εb)]6

∞
∑

t=1

‖Φ̂b(pb, k)‖
2

rb,k−1rb,k
[pb(σ

2 + εb)]

=

[

1−
1

rb(∞)

]

[pb(σ
2 + εb)] < ∞,

∞
∑

t=1

‖Φ̂f (pf , k)‖
2

r2f,k
[pf (σ

2 + εf )]6

∞
∑

t=1

‖Φ̂f (pf , k)‖
2

rf,k−1rf,k
[pf (σ

2 + εf )]

=

[

1−
1

rf (∞)

]

[pf (σ
2 + εf )] < ∞,

∞
∑

t=1

‖Φ̂2(p2, k)‖
2

r22,k
[p2(σ

2 + ε2)]6

∞
∑

t=1

‖Φ̂2(p2, k)‖
2

r2,k−1r2,k
[p2(σ

2 + ε2)]

11



=

[

1−
1

r2(∞)

]

[p2(σ
2 + ε2)] < ∞.

Applying Lemma 6.1 to (6.65)–(6.68), we can conclude that E[‖ϑ̃a,k‖
2], E[‖ϑ̃b,k‖

2], E[‖ϑ̃f,k‖
2], E[‖ϑ̃2,k‖

2]
are bounded, which are denoted by Ca, Cb, Cf , C2 and E[‖ϑ̃a,k‖

2] ≤ Ca, E[‖ϑ̃b,k‖
2] ≤ Cb, E[‖ϑ̃f,k‖

2] ≤
Cf , E[‖ϑ̃2,k‖

2] ≤ C2, and

E

[

∞
∑

t=1

‖Ỹ a(pa, k)‖
2

ra,k

]

< ∞, (6.69)

E

[

∞
∑

t=1

‖Ỹ b(pb, k)‖
2

rb,k

]

< ∞, (6.70)

E

[

∞
∑

t=1

‖Ỹ f (pf , k)‖
2

rf,k

]

< ∞, (6.71)

E

[

∞
∑

t=1

‖W̃ (p2, k)‖
2

r2,k

]

< ∞. (6.72)

According to the above relation, we can obtain

ϑ̃a,k+j1 = ϑ̃a,k +

j1
∑

i1=1

Φ̂a(pa, k + i1)

ra,k+i1

Ea(pa, k + i1),

ϑ̃b,k+j1 = ϑ̃b,k +

j1
∑

i1=1

Φ̂b(pb, k + i1)

rb,k+i1

Eb(pb, k + i1),

ϑ̃f,k+j1 = ϑ̃f,k +

j1
∑

i1=1

Φ̂f (pf , k + i1)

rf,k+i1

Ef (pf , k + i1),

ϑ̃2,k+j2 = ϑ̃2,k +

j2
∑

i2=1

Φ̂2(p2, k + i2)

r2,k+i2

E2(p2, k + i2).

Since Ỹ a(pa, k) = Φ̂
T

a(pa, k)ϑ̃a,k−1, Ỹ b(pb, k) = Φ̂
T

b (pb, k)ϑ̃b,k−1, Ỹ f (pf , k) = Φ̂
T

f (pf , k)ϑ̃f,k−1, and

W̃ (p2, k) = Φ̂
T

2 (p2, k)ϑ̃2,k−1, and the above equations, we have

ϑ̃a,k+j1−1 = ϑ̃a,k +

j1−1
∑

i1=1

Φ̂a(pa, k + i1)

ra,k+i1

Ea(pa, k + i1),

ϑ̃b,k+j1−1 = ϑ̃b,k +

j1−1
∑

i1=1

Φ̂b(pb, k + i1)

rb,k+i1

Eb(pb, k + i1),

ϑ̃f,k+j1−1 = ϑ̃f,k +

j1−1
∑

i1=1

Φ̂f (pf , k + i1)

rf,k+i1

Ef (pf , k + i1),

ϑ̃2,k+j2−1 = ϑ̃2,k +

j2−1
∑

i2=1

Φ̂2(p2, k + i2)

r2,k+i2

E2(p2, k + i2).

Synthesizing the above equations gives

Φ̂
T

a(pa, k + j1)ϑ̃a,k = Ỹ a(pa, k + j1)− Φ̂
T

a(pa, k + j1)

j1−1
∑

i1=1

Φ̂a(pa, k + i1)

ra,k+i1

Ea(pa, k + i1), (6.73)

Φ̂
T

b (pb, k + j1)ϑ̃b,k = Ỹ b(pb, k + j1)− Φ̂
T

b (pb, k + j1)

j1−1
∑

i1=1

Φ̂b(pb, k + i1)

rb,k+i1

Eb(pb, k + i1), (6.74)
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Φ̂
T

f (pf , k + j1)ϑ̃f,k = Ỹ f (pf , k + j1)− Φ̂
T

f (pf , k + j1)

j1−1
∑

i1=1

Φ̂f (pf , k + i1)

rf,k+i1

Ef (pf , k + i1), (6.75)

Φ̂
T

2 (p2, k + j2)ϑ̃2,k = Ỹ 2(p2, k + j2)− Φ̂
T

2 (p2, k + j2)

j2−1
∑

i2=1

Φ̂2(p2, k + i2)

r2,k+i2

E2(p2, k + i2). (6.76)

Taking the norm of both sides of (6.73)–(6.76) yields

ϑ̃
T

a,kΦ̂a(pa, k + j1)Φ̂
T

a(pa, k + j1)ϑ̃a,k

6 2‖Ỹ a(pa, k + j1)‖
2 + 2‖Φ̂a(pa, k + j1)‖

2‖

j1−1
∑

i1=1

Φ̂a(pa, k + i1)

ra,k+i1

Ea(pa, k + i1)‖
2,

ϑ̃
T

b,kΦ̂b(pb, k + j1)Φ̂
T

b (pb, k + j1)ϑ̃b,k

6 2‖Ỹ b(pb, k + j1)‖
2 + 2‖Φ̂b(pb, k + j1)‖

2‖

j1−1
∑

i1=1

Φ̂b(pb, k + i1)

rb,k+i1

Eb(pb, k + i1)‖
2,

ϑ̃
T

f,kΦ̂f (pf , k + j1)Φ̂
T

f (pf , k + j1)ϑ̃f,k

6 2‖Ỹ f (pf , k + j1)‖
2 + 2‖Φ̂f (pf , k + j1)‖

2‖

j1−1
∑

i1=1

Φ̂f (pf , k + i1)

rf,k+i1

Ef (pf , k + i1)‖
2,

ϑ̃
T

2,kΦ̂2(p2, k + j2)Φ̂
T

2 (p2, k + j2)ϑ̃2,k

6 2‖W̃ (p2, k + j2)‖
2 + 2‖Φ̂2(p2, k + j2)‖

2‖

j2−1
∑

i2=1

Φ̂2(p2, k + i2)

r2,k+i2

E2(p2, k + i2)‖
2.

Divide ra,k+j1 , rb,k+j1 , rf,k+j1 , r2,k+j2 , both sides of the above equations and sum for j1 = 0 to
j1 = N − 1, j2 = 0 to j2 = N − 1 and use the SPE condition in the Assumption. Then, we have

λa‖ϑ̃a,k‖
2
6

N−1
∑

j1=1

ϑ̃
T

a,kΦ̂a(pa, k + j1)ϑ̃
T

a,kΦ̂a(pa, k + j1)ϑ̃a,k

ra,k+j1

6

N−1
∑

j1=1

[

2‖Ỹ a(pa, k + j1)‖
2

ra,k+j1

+
4‖Φ̂a(pa, k + j1)‖

2

ra,k+j1

‖ϑ̃a,k+j1−1‖
2 +

4‖Φ̂a(pa, k + j1)‖
2

ra,k+j1

‖ϑ̃a,k‖
2

]

,

λb‖ϑ̃b,k‖
2
6

N−1
∑

j1=1

[

2‖Ỹ b(pb, k + j1)‖
2

rb,k+j1

+
4‖Φ̂b(pb, k + j1)‖

2

rb,k+j1

‖ϑ̃b,k+j1−1‖
2 +

4‖Φ̂b(pb, k + j1)‖
2

rb,k+j1

‖ϑ̃b,k‖
2

]

,

λf‖ϑ̃f,k‖
2
6

N−1
∑

j1=1

[

2‖Ỹ f (pf , k + j1)‖
2

rf,k+j1

+
4‖Φ̂f (pf , k + j1)‖

2

rf,k+j1

‖ϑ̃f,k+j1−1‖
2 +

4‖Φ̂f (pf , k + j1)‖
2

rf,k+j1

‖ϑ̃f,k‖
2

]

,

λ2‖ϑ̃2,k‖
2
6

N−1
∑

j2=1

[

2‖W̃ (p2, k + j2)‖
2

r2,k+j2

+
4‖Φ̂2(p2, k + j2)‖

2

r2,k+j2

‖ϑ̃2,k+j2−1‖
2 +

4‖Φ̂2(p2, k + j2)‖
2

r2,k+j2

‖ϑ̃2,k‖
2

]

.

Taking the expectation and the limit yields

lim
t→∞

E[‖ϑ̃a,k‖
2]6

1

λa

lim
t→∞

E
[

N−1
∑

j1=1

2‖Ỹ a(pa, k + j1)‖
2

ra,k+j1

+
4‖Φ̂1(pa, k + j1)‖

2

ra,k+j1

‖ϑ̃a,k+j1−1‖
2

+
4‖Φ̂a(pa, k + j1)‖

2

ra,k+j1

‖ϑ̃a,k‖
2
]

6 lim
t→∞

E

[

2‖Ỹ a(pa, k + j1)‖
2

ra,k+j1

+
8C‖Φ̂a(pa, k + j1)‖

2

ra,k+j1

]

,
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lim
t→∞

E[‖ϑ̃b,k‖
2]6 lim

t→∞
E

[

2‖Ỹ b(pb, k + j1)‖
2

rb,k+j1

+
8C‖Φ̂b(pb, k + j1)‖

2

rb,k+j1

]

,

lim
t→∞

E[‖ϑ̃f,k‖
2]6 lim

t→∞
E

[

2‖Ỹ f (pf , k + j1)‖
2

rf,k+j1

+
8C‖Φ̂f (pf , k + j1)‖

2

rf,k+j1

]

,

lim
t→∞

E[‖ϑ̃2,k‖
2]6 lim

t→∞
E

[

2‖W̃ (p2, k + j2)‖
2

r2,k+j2

+
8C‖Φ̂2(p2, k + j2)‖

2

r2,k+j2

]

.

According to the Assumption 6.1 and Equations (6.69) to (6.72), we can conclude limt→∞ E[‖ϑ̃a,k‖
2] =

0, limt→∞ E[‖ϑ̃b,k‖
2] = 0, limt→∞ E[‖ϑ̃f,k‖

2] = 0, limt→∞ E[‖ϑ̃2,k‖
2] = 0. This completes the proof.

The proposed approaches in the paper can combine some mathematical tools and identification
methods [59, 60, 61, 62, 63, 64, 65] to study the parameter estimation issues of other linear stochastic
systems and nonlinear stochastic systems with different structures and disturbance noises [66, 67, 68,
69, 70, 71] and can be applied to literatures [72, 73, 74, 75, 76, 77, 78] such as paper-making systems,
information processing, engineering systems and so on.

7. Examples

Example 7.1: In this section, the simulation example is provided to illustrate the efficiency of the
proposed algorithms. Consider the following second-order bilinear state-space model:

xk+1 =

[

0 1
0.07 0.02

]

xk +

[

−0.06 0.07
0.16 −0.07

]

xkuk +

[

−0.70
1.43

]

uk,

yk = [1, 0]xk + 0.12wk−1 + 0.08vk−1 + vk.

The parameter vector to be identified is

ϑ= [a1, a2, b11, b12, b21, b22, f1, f2, c, d]
T

= [0.07, 0.02,−0.06, 0.07, 0.16,−0.07,−0.70, 1.43,−0.12, 0.08]T .

In simulation, the initial values may be is randomly set [79]. The input {uk} is taken as an independent
persistent excitation signal sequence with zero mean and unit variance, and {vk} as a white noise
sequence with zero mean and variances σ2 = 0.102 and σ2 = 0.302, wk = 0.12wk−1 + 0.08vk−1 + vk.
The input and output signal vs t are shown in Fig. 1.
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Figure 1: Simulated input–output data
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Figure 2: The H-MISG estimates versus k with σ
2 = 0.102
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Figure 3: The H-MISG estimates versus k with σ
2 = 0.102
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Figure 4: The H-MISG estimation errors δ versus k with σ
2 = 0.102 and σ

2 = 0.302
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Table 1: The parameter estimates and errors with σ
2 = 0.102

p k 100 200 500 1000 2000 3000

1 a2 = 0.07000 -0.03874 -0.02983 -0.01697 -0.01143 -0.00529 -0.00191
a1 = 0.2000 -0.08393 -0.06923 -0.05593 -0.04931 -0.04183 -0.03822
b11 = −0.06000 -0.16508 -0.16704 -0.16936 -0.16788 -0.17115 -0.17196
b12 = 0.07000 -0.22008 -0.22229 -0.22384 -0.22531 -0.22954 -0.22887
b21 = 0.16000 0.40183 0.40764 0.41847 0.41959 0.42124 0.42159
b22 = −0.07000 0.39409 0.41120 0.42619 0.42955 0.42991 0.42956
f1 = −0.70000 -0.43757 -0.44347 -0.45382 -0.45840 -0.47066 -0.47320
f2 = 1.43000 0.82878 0.86275 0.90474 0.91906 0.93747 0.94657

δ (%) 56.45408 55.52851 54.32412 53.80386 53.01530 52.59829

2 a2 = 0.07000 0.07284 0.07716 0.07827 0.07772 0.07920 0.07851
a1 = 0.2000 -0.03630 -0.02557 -0.01535 -0.01195 -0.00776 -0.00701
b11 = −0.06000 -0.17001 -0.16748 -0.17287 -0.17072 -0.17580 -0.17332
b12 = 0.07000 -0.15187 -0.15709 -0.15747 -0.15272 -0.15725 -0.15449
b21 = 0.16000 0.42306 0.42376 0.41685 0.40146 0.39596 0.38935
b22 = −0.07000 0.47303 0.47874 0.46655 0.45267 0.44411 0.43809
f1 = −0.70000 -0.47864 -0.49345 -0.50881 -0.50848 -0.52650 -0.52706
f2 = 1.43000 0.94879 0.98670 1.00222 0.99711 1.00676 1.00880

δ (%) 52.43595 51.16194 49.78256 48.96976 48.03535 47.50741

8 a2 = 0.07000 0.10455 0.09973 0.08342 0.07380 0.07280 0.07052
a1 = 0.2000 0.00107 0.01782 0.01525 0.01181 0.01524 0.01717
b11 = −0.06000 -0.11335 -0.09657 -0.09370 -0.06477 -0.07001 -0.05992
b12 = 0.07000 0.15807 0.14580 0.10597 0.11255 0.08974 0.08719
b21 = 0.16000 0.28190 0.26207 0.23962 0.18824 0.17705 0.16098
b22 = −0.07000 -0.12640 -0.09145 -0.07431 -0.08839 -0.06541 -0.06641
f1 = −0.70000 -0.72333 -0.71092 -0.74056 -0.70067 -0.72560 -0.71450
f2 = 1.43000 1.39266 1.41005 1.43234 1.37918 1.39726 1.38895

δ (%) 11.16175 8.66556 6.42328 4.67386 3.15042 2.92926

Applying the H-SG identification algorithm in (3.10) to (3.21) and the H-MISG identification
algorithm in (4.26) to (4.53) to estimate the parameter vector ϑ of this bilinear system. Figs. 2–
3 show the parameter estimates â1,k, â2,k, b̂11,k, b̂12,k, b̂21,k, b̂22,k, f̂1,k, f̂2,k, ĉk, d̂k versus k with
σ2 = 0.102. It can be observed that the parameter estimates reach their true values as k increases.
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Figure 5: The parameter estimation errors δ versus k with σ
2 = 0.102
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Table 2: The parameter estimates and errors with σ
2 = 0.32

p k 100 200 500 1000 2000 3000

1 a2 = 0.07000 0.06086 0.07631 0.09878 0.10988 0.12121 0.12754
a1 = 0.2000 0.01213 0.03329 0.05602 0.06741 0.08018 0.08685
b11 = −0.06000 -0.15103 -0.15509 -0.15849 -0.15816 -0.16201 -0.16363
b12 = 0.07000 -0.22926 -0.23307 -0.23550 -0.23681 -0.24157 -0.24098
b21 = 0.16000 0.40575 0.40698 0.41748 0.41865 0.41980 0.42014
b22 = −0.07000 0.39671 0.41092 0.42438 0.42727 0.42770 0.42703
f1 = −0.70000 -0.42036 -0.42878 -0.44117 -0.44628 -0.45943 -0.46267
f2 = 1.43000 0.84181 0.87031 0.91033 0.92425 0.94208 0.95057

δ (%) 55.70579 55.00000 54.02931 53.63435 53.01350 52.69224

2 a2 = 0.07000 0.22110 0.23113 0.23865 0.24152 0.24549 0.24651
a1 = 0.2000 0.09497 0.11063 0.12972 0.13703 0.14402 0.14682
b11 = −0.06000 -0.16409 -0.16176 -0.16680 -0.16477 -0.17029 -0.16836
b12 = 0.07000 -0.15286 -0.15732 -0.15632 -0.15111 -0.15549 -0.15303
b21 = 0.16000 0.42922 0.42550 0.41825 0.40397 0.39869 0.39169
b22 = −0.07000 0.46649 0.46800 0.45540 0.44254 0.43466 0.42837
f1 = −0.70000 -0.47842 -0.49335 -0.50681 -0.50645 -0.52446 -0.52605
f2 = 1.43000 0.96023 0.98890 1.00317 0.99955 1.01070 1.01211

δ (%) 52.79990 51.85075 50.79058 50.12199 49.32363 48.85753

8 a2 = 0.07000 0.30275 0.29294 0.28311 0.26852 0.26643 0.26373
a1 = 0.2000 0.12827 0.14833 0.15975 0.15841 0.16527 0.17024
b11 = −0.06000 -0.09519 -0.07462 -0.07708 -0.05004 -0.05716 -0.04766
b12 = 0.07000 0.15836 0.15182 0.11504 0.11896 0.09486 0.09225
b21 = 0.16000 0.32832 0.29355 0.27141 0.21805 0.20480 0.18532
b22 = −0.07000 -0.13995 -0.11417 -0.08772 -0.09785 -0.07227 -0.07463
f1 = −0.70000 -0.73506 -0.71578 -0.74569 -0.70731 -0.73333 -0.72206
f2 = 1.43000 1.38266 1.37866 1.41963 1.37098 1.39191 1.38052

δ (%) 20.80451 19.26749 17.85088 16.32625 15.86152 15.79511

The parameter estimates and errors δ = ‖ϑ̂k − ϑ‖/‖ϑ‖ × 100% with different σ are shown in
Tabs. 1–2 and Fig. 4 and the parameter estimation errors δ versus k are shown in Fig. 5 with p = 1,
p = 2, p = 8, respectively. It can be observed that the parameter estimation errors δ of the H-MISG
identification algorithm become smaller with p increasing, and errors δ approach to zero fast if p is
large enough as well as the data length tends to infinity.

8. Conclusion

This paper presents a H-MISG identification algorithm for identifying the parameters and states
of bilinear systems. Compared with the H-SG identification algorithm, the H-MISG identification
algorithm can improve the accuracy of parameter estimation because of the introduction of new infor-
mation length parameter and the full use of system input and output data. Then, a state estimator
is proposed to identify bilinear state-space systems. The combined parameter and state estimation
is based on the layered principle. The simulation results show that the proposed H-MISG identifica-
tion algorithm in this paper based on the state estimator works well and can reduce the influence of
colored noise on parameter estimation. The proposed identification algorithm for bilinear stochastic
systems in this paper can be extended to MIMO (multi-input and multi-output) bilinear systems and
can be applied to other control and schedule areas [80, 81, 82, 83, 84, 85, 86] such as transportation
communication systems [87, 88, 89, 90, 91, 92, 93] and process control systems and so on.
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