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Abstract— While multi-fingered robotic hands have been de-
veloped for decades, none has been used for surgical operations.
pAngelo is an anthropomorphic master-slave system for tele-
operated robot-assisted surgery. As part of this system, this
paper focuses on its slave instrument, a miniature three-digit
hand. The design of the mechanism of such a manipulator poses
a challenge due to the required miniaturization and the many
active degrees of freedom. As the instrument has a human-
centered design, its relation to the human hand is discussed. Two
ways of routing its cable-driven mechanism are investigated and
the method of deriving the input-output functions that drive the
mechanism is presented.

I. INTRODUCTION

Technical surgical competence, such as manual dexterity,
is a basic and very important component for a surgeon [1].
Surgical robots can offer improved precision and dexterity
[2], especially when the manipulation of the surgical instru-
ments and control of the surgical robot comes naturally to
the surgeon.

We have previously presented the concept of anthropomor-
phic surgical instruments in order to help reduce the ‘cogni-
tive gap’ between the current manipulation of robot-assisted
minimally invasive surgery (RAMIS) instruments and the
surgeon’s natural hand movements [3]. The yAngelo sys-
tem for RAMIS aims at higher dexterity and precision
required for surgical tasks and shortened training time for
new surgeons. It utilizes an anthropomorphic approach:
the surgeon controls hand-like instruments by wearing a
lightweight sensory exoskeleton (Fig. 1) [4]. The instrument
has 13 actuated degrees of freedom (DOF) in total and
accommodates a cable-driven mechanism inside the digits
and through the shaft.

Tendon driven mechanisms impose coupling of the joints’
motion and complicate their actuation and control, while
there is also the risk of tendons breaking during an operation.
Other methods include the use of shape memory alloy [3], al-
though grasping forces seem insufficient for use in abdominal
surgery. Hong et al. use a parallel rigid link mechanism with
the drive unit integrated into the instrument’s shaft [S]. MICA
also has its motors integrated into the instrument in order to
aim for versatility and low cost as the tool is detachable [6].
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Fig. 1. pAngelo surgical system: (a) 3-digit surgical instrument and (b)
sensory hand exoskeleton for remote control

The literature shows that there is a compromise between
the size of a manipulator and the number of its independently
actuated DOF. For example, MICA’s end-effector (universal
joint) is controlled via a cable-pulley system via the 10
mm diameter shaft. Both the Da Vinci [7] and the Raven
instruments [8] use a cable and pulley system as well. The
shaft of Da Vinci instruments is 8 mm in diameter, with a
few exceptions at 5 mm. The Robin Heart system for cardiac
surgery has a tool with changeable tooltips and 3 DOF [9]. In
a non-surgical context, the DLR Hand has fingers that have 4
actuated DOF using an antagonistic pair of tendons for each
DOF and a total of 8 motors, while its size is comparable
to a human hand [10]. Table I compares the size and active
DOF of robotic digits (of surgical instruments or hand). Note
that opening and closing of functional end-effector has not
been included in the number of DOF.

In this paper, we focus on the cable-driven mechanism of
the pAngelo instrument. Although it resembles a miniature
hand, we believe that exact imitation would be unnecessary
for RAMIS applications. Therefore, the ‘anthropomorphic’
concept is compared to the human hand, demonstrating their
similarities as well as their differences such as the relation
of the human hand tendons and the instrument’s mechanism.

TABLE I
COMPARISON OF CABLE-DRIVEN MECHANISMS IN ROBOTIC
INSTRUMENTS OR FINGERS

System || JAD || D (mm)
Da Vinci 3 5
Raven 3 10
MICA 2 10
Arata et al. 2 10
RobIn Heart 3 10

DLR Hand (finger) 4 n/a**

pAngelo (thumb) 5 6

*IAD: No. of indepedently actuated DOF, D: outer diameter of the shaft
** similar to a human finger



Two ways of routing the cable-driven mechanism are in-
vestigated and the approach for deriving the input-output
functions relating the cable pull to the angular position of
the joints are demonstrated.

As its ‘index’ and ‘middle’ fingers are identical and have 1
DOF less than its ‘thumb’, the description of the mechanism
will center on the ‘thumb’. It has 5 DOF (Fig. 2), each of
which is controlled by an antagonistic pair of cables, with 2
DOF having axes that share a common origin (1 and 3). The
current prototype was 3D printed with a 4mm inner diameter
of the shaft. The small size makes it difficult to incorporate
pulleys into the mechanism apart from the 1 mm shaft of
each joint. Unlike some of the aforementioned designs [11],
[12], motors are located outside the instrument. We believe
that this can reduce the cost of the motors, as their size is
of little importance.
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Fig. 2. Degrees of freedom of the thumb, their axes and names of links
(lp = 33.6mm, I = 27.8, lo = 19.5mm)

II. ANTHROPOMORPHISM IN THE (ANGELO INSTRUMENT

While the human hand digits (fingers and thumb) are an
intricate mechanism, the pyAngelo instrument provides a
carefully chosen subset of the human functional behavior.

A. Structure

For precision grasping in surgery, the thumb, index and
middle finger are used [13]. For this reason and to keep the
diameter of the instrument minimal, the pAngelo surgical
instrument has only three digits. The index and the middle
finger of the human hand have 3 phalanges, while the thumb
has 2. However, the first metacarpal bone is ossified in the
same manner as the phalanges, and this has led anatomists
to regard the thumb as having 3 phalanges [14]. Similarly,
each puAngelo digit has three links.

Beyond being a simple miniature hand replica, the instru-
ment could have digits equipped with a different surgical
tip (link 3 in Fig. 2). It would then be an extension to the
surgeon’s hand with added versatility, making it possible to
perform tasks that they cannot do using just their hands. This
offers the possibility for one surgeon to perform actions that
normally require an assistant [3]. There are two types of
possible fingertips:

« Interchangeable ones, fitting over the digit’s last link: a)

single surfaced, e.g. hook, scalpel, which are carried by

one digit and b) double surfaced, e.g. graspers, needle
holders, clamps etc., which require two digits (middle
finger and thumb) in order to form the tool.

o Permanent ones that have an intricate mechanism in-
cluded inside the digit. For example, irrigation requires
a tube inside the digit and shaft, while scissors involve
two surfaces on one digit (Fig. 3) as well as an external
button in the master device for the surgeon to control
opening/closing. The actuation mechanism presented in
this paper does not include this type of end-effectors,
however, the design for such grippers is expected to
follow the corresponding mechanism presented in [15].

B. Degrees of Freedom

The index and middle fingers comprise 3 joints each.
Two are responsible for flexion/extension of the phalanges
(IP! joints) while the MCP controls flexion/extension and
abduction/adduction. The thumb has 3 joints with the addi-
tion of the CMC which offers pronation/supination, espe-
cially important for opposition [16]. The index and mid-
dle finger of the uAngelo each have two 1-DOF joints
(flexion/extension) and one 2-DOF (flexion/extension and
abduction/adduction), while its thumb has three 1-DOF
joints (flexion/extension — 5, 4 and abduction/adduction —
2 in Fig. 2) and one 2-DOF joint (flexion/extension and
pronation/supination — 3 and 1 in Fig. 2). The joints of
the pAngelo are simple rotary joints with range of motion
similar to the corresponding joints of the hand, apart from
DOF 3 of the instrument’s thumb which has a range of 180°.
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Fig. 3. Example of scissors on a digit’s last link [15]

C. Actuation

The digits of the human hand are remotely controlled;
there are no muscles inside them. They are located in the
palm and in the mid forearm, connected to the bones of
the fingers by tendons, which pull on and move the joints.
The exact actuation system is complex with each joint action
controlled by one or more tendons. Likewise, pAngelo is
controlled via a cable-driven mechanism which is simpler,
but still maintains the principal quality of the muscular
actuation: each joint is controlled by a pair of antagonistic
cables. In the human hand, the agonist-antagonists control
the stiffness of the joints and the accuracy of the movement
by co-contraction [17]. The 13 rotary DOF of the uAngelo
are, hence, actuated by 13 motors.

The digits also include smaller bones (sesamoids) which
provide a smooth surface for tendons to slide over similarly
to the uAngelo cables that slide over the shafts of the joints.

'IP: interphalangeal, MCP: metacarpophalangeal, CMC: carpometacarpal,
DIP: Distal IP, PIP: Proximal IP



III. CABLE-DRIVEN MECHANISM

As mentioned above, the following analysis will focus on
the ‘thumb’ (5-DOF digit) of the instrument as the other two
4-DOF digits are less complex, while the method of finding
the driving equations can be derived from that of the thumb.

The thumb has 4 joints and 5 DOF and, as the aim is high
precision when trying to imitate the surgeon’s digits using
the exoskeleton, it has 5 pairs of antagonistic cables. Each
pair is attached to the link located above the corresponding
joint. This means that for DOF {5} cable ‘J5’ is attached to
link ‘3’ (Fig. 2). Likewise, cable ‘J,’ is attached to link 2’,
‘J3’ is attached to link ‘a’, ‘J3’ to link ‘1’ and ‘J;’ to link
‘b’. Tension in the cables is assumed to be constant.

Cable ‘J5’ has the most complex control because its length
is not only affected by DOF 5, but also by DOF 4, 3 and 2
(DOF 1 does not contribute to any change on cables ‘J5’-
*Jy’, as its axis coincides with the axis of the digit as well as
with the path of these cables). Therefore, we will focus on
cable ‘J5’, as the equations that drive the other cables can be
derived in a similar manner. Section III-A investigates two
ways of routing the cable inside the digit as well as presents
the method of deriving the equations of the cable’s motion
as affected only by DOF 3, 4 and 5. Section III-B discusses
the effect of DOF 2 has on the same cable.

A. Cable routing

Unlike robotic hands and grippers of a larger size,
pAngelo lacks the space to accommodate pulleys or sheaths
that will define specific cable paths inside the digit. In
order to achieve manipulation, a unique strategy of variable
contact cable topology is hereby used. The following analysis
distinguishes between cable routing and the paths that occur
during operation. In order to find the path for each cable,
it is required to determine the key contact points that limit
the space that the cable can move in. These points can be
found from the design and are depicted in Fig. 4(a), while,
generally, G, denotes a point that is referenced in frame {z}.

o P: position of the ‘locking’ pin on link ‘3’, where the
cable of each joint is attached

e (5: narrowing of the shaft of link ‘2’

o (31 and G33: anti-diametrical points of the through hole
of link ‘a’ (calculating the inner diameter of a bearing
placed inside this link)

o (i39: edge of link ‘a’.

o G p: point on the instrument’s main shaft, where cable
‘Js’ exits the thumb and enters a sheath of constant
length until it connects to the actuating motor. This point
belongs to the reference frame of the instrument {B}.

The coordinates of each of these points are given in
Table II with respect to their reference frame (e.g. Ps is
measured with regards to frame Os. The distances between
the reference frames (joint axes) are shown in Fig. 2, while
the shaft of each joint has a radius of r, = 0.5mm.

Fig. 4(b) and (c) demonstrate two different methods of
routing the cable that drives DOF 5. The manipulator shown
is at g9 = 3 = Pq4 = ¢5 = 0. In (b), cable ‘J5’ (cyan) starts
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Fig. 4. (a) Key points of the digit and two ways of cable routing: the cable
is tangential to (b) the ‘front’ of the O4 shaft or (c) the ‘back’

TABLE I

DESIGN PARAMETERS
Point || Ref. frame || X(mm) || Y(mm)

Ps 1 1.5
Gs {5} 1.2 16.3
G31 0.75 2.5
G32 {3} 5 2.5
G33 0.75 2.5
Ps {2} 1.25 1.5
Gp {B} 5.95 2.5

at point Ps and it is then tangential to an arc belonging to
the ‘front’ (left in Fig. 4) side of the Os shaft. It extends
vertically until it touches the ‘front’ side of the O, shaft,
continues to point Gg1, through G35 and finally exits at Gg.
In (c), the route is similar with the difference that the cable
(green) is now tangential to the ‘back’ (right in Fig. 4) side
of the O4 shaft. Below, these two routes are denoted by L,
and L. (to match the representation of Fig. 4).

1) Ly routing: Depending on ¢3-¢5, the cable will pass
through all or some of the key points of Fig. 4. The initial
position as described in the previous paragraph can be
symbolized as follows:

P5 — 5(05) — 5(04) — G31 — G32 — GB

where S(O;) denotes that the cable is tangential to the O;
shaft (‘front’ side). There are 22 possible paths for this
configuration, denoted by B; and summarized in Table III.
The specific path that the cable follows depends on ¢3 — ¢5.
Using the limits shown in Table IV (w3;-wsg for @3, wa1-was
for ¢4 and ws1-ws12 for ¢5), the combination of ¢3 — ¢5 can
be classified into 50 different categories. For example, Bg
occurs when ¢3 € [0, ws1], ¢4 € [waz,90] and @5 € [0, wss).
The limits can be functions of ¢3 and/or ¢4; the method of
finding w32 and wys is shown in the Appendix as an example.
At the initial position, the length of the cable is:

Lpo =PEs+EsFp+la+Eslp+IpG314+G31Ga2+G32Gp (1)

where Fs is a tangential point on shaft O5 (Fig. 5a); Fp
is the point where the cable intersects the horizontal from
Os; E4 is a tangential point on shaft Oy; Ip is a second
tangential point on shaft O, as the cable extends to G3;. The
above distances are calculated by equations (2)-(9). Likewise,
equations can be derived for each category of Table III.

R=\/s2%32 2)



TABLE III
PATHS OF CABLE ‘Js’ WHEN IT PASSES ‘IN FRONT OF’ THE O4 SHAFT

Category || Path
B, Ps; — S(Os5) — S(O4) — G31 — G32 — Gp
B2 P5 %3(04) *}Ggl %Ggg %GB
Bs Ps — G331 — G32 — Gp
B4 P5 *)S(Ogs) *}Ggl %Ggg %GB
Bs Ps - Gs — G31 — G32 — GpB
Bg Ps — S(O5) - G5 = G31 — G32 — GB
B~ Ps — S(O5) — S(O4) — G31 — GB
Bs P5*>S(O4)*}G31 — Gp
By Ps — G31 — Gp
BlO P5 %8(05) *}Ggl A)GB
Bi1 Ps =+ Gs — G31 — GB
Big P5~>S(O5)4)G54)G31 — Gp
Bis Ps — Gp
Bia Ps - G5 - Gp
Bis Ps — S(O5) —» Gp
Big P5*>S(O5)4)G54)GB
Bir Ps — S(O5) — S(0O4) — Gp
B]g P5*>S(O4)4)GB
Biog Ps — Gzz — Gp
Bag Ps - G5 — G33 - Gp
Bo1 Ps — S(Os5) = G5 — G33 — Gp
B22 P5 %3(05) A)Ggg *)GB
PE5 =/R2—r2 3)
T —TTrs _ Yp _ s _h=
EsFp =355 (180 atan op acos 3 d)o) (4)
Ealp =755 (wa1—¢a) &)
I5G31 =v/04G%, —12 (6)
04Ga1 =y/aZ, +(lo+yas; )’ 7
G31G32 =TGg, —TGgq ¥

G32Gp :\/O3GZB+03G§272-03G5’~03G32-

9

Y

e G
-cos( atan —32 fatan —B — 3
*G3z2 *Gp

2) L. routing: This is similar to L;, with the exception
that the cable is tangential to the back of shaft O4. This
simplifies the computation greatly with only 8 possible paths
(Table V). The cable length at the initial position is:

Lco =PEs+EsFc+FocEs+Eslc+I1cG31+G31G32+G32Gp

(10)

where E5 and Fo are tangential points on shaft Oy (Fig. 5b);
E, is a tangential point on shaft O,4; I is a second tangential
point on shaft O4 as the cable extends to GG3;. The above
distances are calculated:

EsFc =328 (2707atan :—Zfacos I8 —acos 2[; 7¢5) (11
FoBs =2\/(F) (12)
E4lc :Tlrgg <180—acos 2;; —acos o;ém —atan r;fls}rlo +¢4> (13)
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Fig. 5. Close up of a) Ly and b) L. routing when ¢3 = ¢4 = ¢p5 = 0
(not actual dimensions)

TABLE IV
LIMITS FOR ¢3, ¢4 AND ¢5

f%) lrmzti ‘ Description H Value or Range (deg)
w31 G31G32//G32Gp 45.93

w32 Gs5G31//G31GB f(pa) € [102.26,104.52]
w33 IpG31//G3:1GB 105.04

w34 EsIp//I5GB 117.44

w35 G5G33//G33Gp f(¢a) € [117.09,119.29]
w36 E5Gs3//Gs3Gp f(¢a) € [119.14,119.84]
waq1 E5IB//IBG31 1.98

wq2 E5G5//G5G31 5.77

w4z E5Gs//GsGB f(¢3) € [3.36,6.09]
waq EsIp//I5GB f($3) €10,1.98]
w45 EsGs5//GsG3s3 3.39

ws1 PFp//FpE4 49.79

ws2 PIp//IgGs1 f(fa) € [49.79, 76.35]
ws3 PEs5//EsG31 f(pa) € [47.34,49.79]
Ws4 PG5//G5G31 f(pa) € [47.34,90]
wss PEs//EsGs 47.34

w56 PG31//G31GB f(¢3,¢4) S [49.79, 90]
ws7 PEs//EsGp f(¢s3, a) € [47.34,49.86]
wss PGs//GsGB f(¢3, ¢a) € [84.62,90]
ws9 PIp//IgGB (b3, pa) € [49.79,76.35]
ws10 PG33//G33Gp F(p3, pa) € [47.34,84.62]
w511 PGs//G5G33 f((,‘l54) c [47.347 84.62]
Wws512 PEs5//EsG3ss f(pa) € [47.34,49.53]
g; ll_mllff Description Value (deg)

as1 G31G32//G32Gp 4593

aszz IcG31//G31GB 106.03

aszs IcG33//G33GB 120.73

as1 PEs//EsE;4 52.73

TABLE V
PATHS OF CABLE ‘J5’ WHEN IT PASSES ‘BEHIND’ THE O4 SHAFT

Category || Path

Cy P5—>S(05)—>S(O4)—)G31 — G332 — Gp

Cs P5*>S(O4)*>G31 — G32 —» Gp

Cg P5—>S(O5)—>S(O4)—)G31 —)GB

Cy P5*>S(O4)*>G31 — Gp

Cs P5—>S(O5)—>S(O4)—)GB

Cs P; — S(O4) -+ Gp

C7 Ps — S(O5) — S(O4) - G3z3 — GB

Csg Ps — S(O4) — G33 — Gp

3) Comparison: Despite the computational simplicity of
routing L., simulation shows that it is not ideal. In fact, DOF
4 almost cancels out the effect that DOF 5 has on cable ‘.J5’.
This can be seen in Fig. 6 and 7, where the length difference
(or cable pull) is shown for both routes for the whole range of
one DOF while the other are at constant angles. These graphs
basically simulate the effect of each DOF on the cable as if it
was independent from the other. Routing L; seems to be the
one that will give the most accurate results as otherwise, it
would be possible to achieve more than one set of solutions
with the same pull using L.. For example, for ¢o = 20° (for
DOF 2 contribution, see Section III-B) and ¢3 = 135°, if
¢4 = ¢5, the cable pull is always 5.85 mm for any value of
4, b5 € [0, 90].

DOF 3 and 5 have an almost identical effect in both cases,
especially when other DOF are close to 0°. However, for
greater angle values, L, gives a greater (although constant)
length difference. This is also beneficial as actuation can be
more precise since the resolution is higher (a greater cable
length range corresponds to the same angular range).

The calculation of the cable pull corresponding to each
joint angular change also enables us to design gears for the



motors for best resolution. Using L, we can find that the
maximum pull for ‘J5’ happens at ¢o = 35°, ¢p3 = 129.49°
and ¢4 = ¢5 = 90° (category By in Table III) and is 11.7
mm. Using this maximum, we can find the gear radius.

m—ALb p2=p3=p4=0
| b p2=(p3=p5=0
m— LD P2=(p4=(p5=(

Alb @3=p4=p5=0
----- Alc @2=p3=p4=0
----- Alc @2=p3=p5=0

Alc @2=p4=p5=0 []
==\ ¢ PI=4=p5=0

L L . L T T
-20 0 20 40 60 80 100 120 140 160 180
angle {deg)

Cable pull (mrm)

Fig. 6. Difference in cable length as a function of one DOF when the
other are at 0°

Cable pull (mm)

m— ALb 92=20, ®3=135 p4=40 ]
m—— ALb ¢2=20, ¢3=135, p5=40
— ALb ©2=20, @4=(P5=40
ALb ¢3=135, p4=p5=40
£ |FE=E Alc ©2=20, ©3=135 @4=40
M o e Alc ¢2=20, ¢3=135 p5=40 |{
Alc @2=20. @4=p5=40
=== Alc ¢3=135, P4=p5=40
T T T T T T
20 0 20 40 60 80 100 120 140 160 180
angle (deg)

Fig. 7. Difference in cable length as a function of one DOF when the
other at a constant value

B. Abduction-adduction

DOF 2 of the instrument’s ‘thumb’, as seen in Fig 2, is
the corresponding abduction/adduction motion of the human
thumb and hence its axis is perpendicular to the axes of DOF
3, 4 and 5. In order to include the effect that DOF 2 has on
cable ‘J5’, we use the superposition principle: the total cable
pull is the sum of the difference in length caused individually
by DOF 2 and the combination of DOF 3, 4 and 5.

The length difference caused by DOF 2 is calculated from
shaft Os, point G5 or shaft O4 until point Gs1, Gp or
(33, depending on ¢3-¢5 and the categories of Table III.
For example, for B13 and Bj5 the cable length is calculated
from shaft Os until G g and subtracted from that of the initial
position (when all joints are at 0°).

IV. CONCLUSION

The paper describes a theoretical model of the cable-driven
mechanism of the pAngelo instrument. The high number of

cables in combination with the narrow digit shafts imposes
a complex and computationally expensive way of actuation.
Fig. 8 depicts the instrument with all cables connected to the
gears of its 13 motors. Although evidence is sparse, studies
suggest that 3 digits are adequate for precision grasping
tasks [13], [18]. This finding is supported by our medical
collaborators. Furthermore, the design follows the utilities of
the human hand, such as supination, adduction and rotation,
as they are described in Section II.

Fig. 8. Instrument with all cables attached to the gears of the motors

The model accounts for all DOF acting on each cable.
However, since each joint is controlled by an antagonistic
pair of cables, it is important to create a model for both the
agonist and antagonist as, in some joints of the instrument,
the models of the two cables are not identical. This is more
evident in the effect that DOF 3 has on ‘J;’ and ‘J4’ of the
thumb as both cables of each pair exit at G and hence the
cable paths are non-symmetrical. In order to account for this
difference in certain DOF, a spring can be added between
the antagonist and the motor, to ‘absorb’ the difference in
cable pull. Initial experiments showed that the compliance
introduced by the springs contributed to some inaccuracy
in the end-effector’s position (error with mean of 3.4 mm,
o = 2.2). Furthermore, assumptions, such as friction between
cables and cable elasticity being negligible, can also have an
impact on the accuracy of the model. In future work, the
agonist and antagonist of each DOF can be actuated by 2
motors instead of one as in [10].

APPENDIX

In the following equations, z; and y; denote the = and y
coordinate of point ¢ with regards to its reference frame as
presented in Table II.

1) Calculation of wsz: When ¢3 = wso, the points G,
Gs1 and Gp are aligned as shown in Fig. 9a, hence, we can
write G5G31//G351Gp. G%; is the pivot point when ¢35 = 0
and G3; when ¢35 = wsg, i.e. the angle between G%; and
(31 is wse. Using cosine law, we get:

(o)

2 2 2
03GE+G5G3,-03G3,
2:03G5-03G31

YPo=acos (



()

Fig. 9. Geometry for calculation of ws2 and w43 (not actual dimensions)

(b)

where:

_ : *Gs 2
03G5 = 04G5sin| ¢pa+atan e +

+ <O4Gr cos (¢4+atan 17

04G5= $%5+(l2*yc5)2

_ /2 2
O3Gs1= IG31+yG31

G5G31=\/ (2G5, +04Gs2) >+ (lo+yGy, +04Csy )
04G5,=04G5 sin <¢4 +atan

_ "G5
l2—yay

04G5,=04G5 cos (¢4+&tdn ﬁ)

)

Again, using cosine law, we can derive length G5Gp as the

root of the polynomial:

G5G%+203G5-cos $o-GsGp+03G2—03G% =0

We also have

2 2 2
03G%+03G3,-G31G%

$1=acos 2:03Gp-03G31

1s)

(Iv)

Whel’e G31Ge=G5GB—G5G31 and O3GB:</I%;B+?J%;B' Finally,

we get:

w32=180—v0—71—¢1

where ~o= atdn 31

and ~; =atan gB

2) Calculatlon of wys:

@

When ¢4 = wys, the cable is

tangential to the Os shaft and passes straight through G

and Gp (Fig. 9b), i.e. E5G5//G5Gp. We have

—atan

. ?/G la—yg
=180—asin 55— — 5
73 05G5 TG,

(Ila)

where 0s5Gs=, /22, +y2_ . For angle 1), there are two cases;

i) when Gp is on the right side and ii) left side of Oy:

atan 57 GB 7dbm(o4c5 snl%—) $3<180—~1

Gp

Po= oG
180+atan oicg: 7asin(O4G5 sin %C%E) $3>180—1
where
O4GBz :Ogcg sin(1807v1 7(¢)3)

O4G5y =03Gp COS(1807717¢3)+IO
Finally, we get

— Ts
wyq3=acos m
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