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Abstract— In manipulation tasks interaction forces are often  requirements, e.g. grasp robustness studied by Aicardi et a
decomposed to be able to control robustness-reflective and [11]. For robotic grasping IF analysis and synthesis are use

accelerating forces separately. While this decomposition is simultaneously: The measured IFs are decomposed using
typically performed for the synthesis of interaction forces to IF lvsis to b ble t lculat hile the IE
be applied for example in the context of robotic grasping, less analysis 1o be able 1o C"?‘ cula e. an error, w |.e e
attention has been paid to the analysis of measured, human reference values are determined using IF synthesis.
interaction forces. Here, we introduce a physically-motivated Yoshikawa and Nagai [12] used intuitive constraints to
bounding constraint, based on the law of energy conservation, determine CFs and MFs from given IFs for two, three and
and present a new decomposition approach for interaction g4, finger grasps.

inttive soluion Known In Hterate for the wo finger grasp . Wiliams and Khatib [13] iniroduced the Virtual Linkage
by maximizing robustness-reflective forces while respecting Model and solved the under-determined system using the
the bounding constraint. Advantages of our approach are Moore-Penrose Pseudoinverse which leads to the solution
illustrated in numerical examples and experiments and by with the smallest norm.
comparing it to existing decomposition approaches. In contrast  gjechj [14] detailed the composition of IFs and introduced
to existing approaches, our new approach is not limited in the . o .
number of interaction points and incorporates only individual & Calculation scheme for the decomposition of forces during
interaction forces which are physically plausible. whole body manipulation that incorporates body parts like
wrist, elbow or hip. He describes the CFs as a sum of
active (corresponding to controllable system modificagjon
Grasping, as a frequently used and complex skill, haand passive CFs (corresponding to uncontrollable system
caught attention in robotics since the 70’s. In general, thaodifications) using the manipulation stiffness and manip-
grasping task involves manipulation of an object by applyulator Jacobian. Then, the IFs can be determined using IF
ing task-dependent and multi-purpose interaction forbas t synthesis maximizing, for example, grasp robustness.
accelerate or deform the object. Consequently, intenactio An approach for IF analysis, which allows subspace di-
forces (IFs) can be decomposed into compensating forcg¥ension calculation of controllable and uncontrollabletpa
(CFs), also called grasping forces, and manipulating forc@f CFs and MFs was developed by Zhang and Gruver [15].
(MFs). A CF is the component of an IF which has, combinedhey classified grasps into three categories: power grasps,
with the other CFs, no effect on the acceleration of theonstrained motion grasps and free motion grasps [16].
object. They rather introduce stability and robustnessé t  While the approach of Yoshikawa and Nagai [12] has the
grasp. An MF, on the other hand, is the component of a@isadvantage that it abstracts the interaction to points an
IF, which accelerates the object. This composition of IFs itus, allows no torques to be applied on the object, the
used in robotic grasping for IF generation, also called INirtual linkage model of William and Khatib [13] includes
synthesis [1], [2]. In contrary, we aim for the decompositio also torques, but suffers from singularities at certainfigen
of measured IFs, also called IF analysis, which is of greatrations. As will be shown later, the virtual linkage model
interest in a series of research areas such as the analyisigher incorporates virtual forces, i.e. physically impsible
of forces involved in joint object manipulation [3]-[5] and forces, while methods not generating such virtual force®ha
human grasp analysis [6]-[10]. been presented by Zhang et al. [15], [16] and by Yoshikawa
In case of IF analysis, the decomposition of given IFs int@nd Nagai [12]. However, the approach of Zhang et al. allows
CFs and MFs requires solving an under-determined systet@ direct calculation of CFs and MFs but rather the compu-
of equations. Thus, a meaningful solution has to be fouri@tion of controllable and uncontrollable parts. Furtherey
from the infinite number of possible solutions by makingYoshikawa and Nagai present decomposition approaches for
additional assumptions and thus, reducing the solutionespatwo, three and four finger grasps only and thus, it remains
In contrast, IF synthesis requires the composition of IFgnclear whether a solution for more than four fingers exists.

from CFs and MFs, which have been derived based daven more, as will be shown, the decomposition for three
and four finger grasps results in few feasible decomposition
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{aue. al exander . schmi dt s@uka. com} ; ; ; ~ ; _
2The authors are with the Bristol Robotics Laboratory, Ursity of the . In this paper, we introduce a physically-motivated bo”r.‘d
West of England, Bristol, UK{angel i ka. peer @r | . ac. uk} ing constraint, based on the law of energy conservation.

3The author is with the Biomimetic Robotics and Machine This allows to extend the approach of Yoshikawa and Na-
Learning Laboratory, Technische Unive&it Munchen, Munich, gai, resulting in an optimization problem, which maximizes
{mar kus. kuehne@ um de} . . .

This work is supported in part by the MOBOT project within tith robustness-reflective CFs, is suitable for all numbers of
Framework Programme of the European Union, grant agreemendii960 contact points and only incorporates physically plausibg

I. INTRODUCTION



Il. INTERACTION FORCEDECOMPOSITION

fl *r—> < f2

A. Problem Formulation

we con§|der a r|g|d object and po"?t contaf:ts, which mearﬁg_ 2: Two finger grasp example without gravity. (cp. [12])
that only interaction forces, but no interaction torquesyma

be applied to the object. However, the interaction forceg ma .
induce torques resulting on the object. For clarificatiop B CFS, on the other hand, generate internal wrenebesand
shows an object with an Object_fixed coordinate Sys@m fO”OWIng their definition they sum up to zero. It follows

vectorsr; pointing from the origin of the coordinate system N £l N
to the respective contact points and interaction forges Z (T_ Xc} ) = ch’i =Wf.=0 3)
The effect of an IF on the object can be twofold and thus, i=1 N & i=1
with
fa _ Fei _r¢T T 1T
\ We; = T‘ix.fc’i and fc_[fc,lf"fc,N} :

Using (1), (2) and (3), an under-determined system of
equations results.

B. Related Work

f/ In literature, different solutions to this under-deteredn
\fg system have been proposed as detailed in the introduction. |
the following paragraphs, we will have a more detailed look

Fig. 1: Object interaction with three interaction points. at two representative solutions, the Virtual Linkage Moofel

can be decomposed as follows: Williams and Khatib [13] and the more intuitively derived
approach of Yoshikawa and Nagai [18].
fi=Feit Frg @) For a better comprehension of the Virtual Linkage Model

If wrenches resulting from the IFs exist, which compensatthe example shown in Fig. 2 will be used with

each other, the object is squeezed, stretched or distanédd a ¢ _ ¢ ¢ —0, and f, ,=0, f.,=0.

an internal wrench describing the mechanical stress inside _ ’

the object, also called internal forces [17], evolves. Wél'he general splutlon of the Virtual Linkage Model for the
call components of the IFs with this property compensatinfFsulting MFs is

forces (CFs) and refer to them witfi.; throughout this Fn=WIWWh)"lw f (4)
paper. If wrenches resulting from an IF are not compensated, .
they accelerate/decelerate the object and an externatturen’ hich reduces to
describing the motion of the object, also called external 1 N ) X

forces [17], evolves. We call components of the IFs with fm.i = 5+ R ZRj T f Z” =0. (5
this property manipulating forces (MFs) and refer to them J=1 =1

-1

with f,, ;. It can be shown that the solution to (4) is invariant to
The MFs generate a resulting wreneh acting on the object shifts of the object-fixed coordinate system and thus, after
with shifting the reference frame t9_,r; = 0, (5) can be
£ N f N considered a simplified solution of (4). From (5) it can be
wy = (Tr> — Z (T_ Xif‘> = Zwi =WF§f seen that the resulting forcg,. on the object is distributed
" =1 L Ut i=1 equally on all MFs. For the example in Fig. 2 this means
w; ) Fmo=F1/2# 0.. Hence, even.if an IE has no influence
N f, . N on the acceleration of the object, it is assigned an MF
= Z (ri me ) = Zwm,i =Wf, larger than zero. We call these forces virtual forces bezaus
=1 o i=1 they are physically implausible and therefore non-existen
Wan,i Please note, however, that in manipulation tasks the MFs
wheref,. is the accelerating force., the accelerating torque and CFs are always synthesized to IFs and these again
and to resulting forces and torques that act on the object. On
I I - I this macroscopic level, virtual forces disappear and the la
W= {Rl R, -- RN:| ’ of energy conservation holds rendering object manipufatio
T 1T T T 1T ossible. Only when looking at the individual forces and
F=Ufnfaland fo = [fomas s fnl's fheir compon}e/nts virtual for?:es can be observed, which is
w; = ( i ) and w,,; = ( Frmi ) problematic for IF analysis as these forces are the ones of
i X f; 7 Ti X Fni) main interest.

wherebyl is the identity matrix andR; the skew symmetric The approach of Yoshikawa and Nagai in contrary does
matrix operator ofr; performing the cross product. not lead to virtual forces, but has other drawbacks. Their



method is based on three intuitive assumptions: First, CFs
should always be inside the friction cone. Second, an MF
should have no part pointing into the inverse direction of
the corresponding CF. Third, an MF has no part resulting
in compression or tension of the object, neglecting torsion
From these assumptions, follow two steps for IF decompo-
sition.

In the first step, possible grasp modas= [aq,- - , ]

with a; € {—1;1} have to be chosen. A grasp mode -
describes if CFs between two interaction points squeeze Big. 3: The visualized solution space given by (6). Every
stretch the object and depend on the surface normals awector combination consists df,, ; and f. ;.

the friction coefficients at the interaction points. A grasp

mode can be calculated for the three finger grasp by usin _— . .
the algorithm described in [12]. The CFs are described iﬁg‘te”d these definitions to allow only physically plausible

i : Individual interaction forces by introducing the follovgin
a subspacé:. using these grasp modes. In this subspace,,a : .
S L " i bounding constraint.
solution is only feasible if all values are positive. Othesy
paradoxically the grasp mode would define compressioBounding constraint: This constraint is inherently included
while the subspace value would result in tension. in the verbal definition of the MFs, but has not been moti-
In the second step, given a grasp mode, different solutionsited in literature yet to the best knowledge of the authors.
to the MFs, again described in an own subspagg are Because an MF is the part of an IF, which accelerates the
tested for feasibility, i.e. no MF results into tension orobject, it also does physical work resulting in a differahti
compression of the object neglecting torsion and no MEhange in energy of the object. Thus, by the law of energy
points into the inverse direction of its corresponding Clite T conservation, the differential change in energy resulfiog
different solutions result from any perturbation of a seet the MF cannot be larger than the one resulting from its
vectork = [kq,--- , k] with k; € {0;1} that selects possible corresponding IF. This is stated in Lemma 1 (see appendix
directions for the MFs. for proof).
From the above considerations, the following system
equations results:

cEemma 1. Considering that an MF is the part of its IF
which performs physical work and takirid) into account it

w, =Wf=WBh = h=B7'f follows
T T T
with B = [B.(o, 11, ,7) Bp(k,a,ry, - 1ry)], Fmifmit Feifei < Fi fi (6)
h— [hpT hTTrJT- Remark: The inequality constraint (6) bounds the solution

Af lculati Il soluti for the MFs f h b space for the CFs and the MFs to a sphere around their
ter calculating all solutions for the MFs from the pertar respective IFs with radiusf,|/2 as illustrated in Fig. 3 for

tions of k, the feasible solution, if one exists, has to be founq{NO dimensions. Any violation of this inequality violateset
by testing if the subspace values fulfill the assumption aw of energy c;)nservation

Using the resultingh, the CFs and MFs can be calculate
by Given the bounding constraint, the solution space is radluce
f.= B.h,, fo = Bnhon,. to physically plausible forces, but still an infinite number

This aporoach has multiole drawbacks. For example. it |%f solutions exist. A first intuitive approach to solve this
bp b ) p'e, oblem would be to define that MFs contribute only to the

possible that multiple grasp modes (see [12] for example ; . : .
. . : resulting wrench on the object without any compensating
and eventually multiple solutions exist or that no grasp enod . ) » . .
. . .~ parts, which we define as full decomposition. This constrain
exists. There may be also no selection vector, preventlngC%nnot be fulfilled for most manipulation situations andisth
feasible solution and, thus, decomposition. This is dud¢o t P

. . . . full decomposition would lead often to the empty set. This

constraint requiring that an MF is composed of forces which” .” "~ . !
; ; inding is formulated in Lemma 2 (see appendix for proof).

do not lead to tension or compression for selected partseof th
corresponding CF (compare Condition 3 for MFs in [12])Lemma 2. Full decomposition of IFs into CFs leading to
which also reduces the solution space to the empty set farrenches compensating each other and MFs contributing to
most grasp configurations with four fingers. Furthermorehe resulting wrench only, i.e. without compensating parts
only algorithms are given to decompose two, three and fois in general not possible.
finger grasps, because complexity increases drasticaliyhnwh
adding additional interaction points. Thus, it remainsleac
if a solution for more than four fingers exists.

Remark: The VL model achieves a weakened proposition.
It calculates only MFs which are not in the nullspacet.

C. Proposed IF Decomposition Therefore, we adopt an intuitive approach for the two finger

So far, the mathematical decomposition into MFs and CRgrasp originally formulated by Yoshikawa and Nagai [12],
is based on the definitions given in Section II-A. We willand abstract it. Yoshikawa and Nagai propose to calculate



f3 fa

the internal forces for a two finger grasp based on \ /

feip=+min(|flewnl,| - frenl)ers  with (7) o Y -

To —T
epp= —— 1 (8) -
e — 7] -

where e, represents the unit vector from one interaction
point to the other. In (7) the interaction forces are pradct
on the line connecting the interaction points, which is also /f
done in the VL model, and the smaller projected force is !
chosen as compensating component. This is due to the fact Fig. 4: A three finger grasp.

that both CFs have to compensate each other, which means
that their norms have to be equal and thus, only the smallgy
norm can be fully compensated. In other words, the CFs a%\
maximized which is the first property we abstract from this

oach of Yoshikawa and Nagai [12] and the Virtual Linkage
odel [13], the example of Fig. 4 is adopted with

X oo i ; T T
approach. Extending this idea to multiple fingers, we thus fi=01 2], ry=[0 —2]
propose to deS|gn.a cost function that maximizes the CFs. fo= [76 71]T’ Py = [\/g 1]T7
However, the solution space of the CFs has to be bounded 7 T
so that they do not increase to infinity. In the approach by fs= [E —1] ) T3 = [—\/3 1] )

Yoshikawa and Nagai, this is achieved by the propositioh thand somes € R. Values in z-direction are assumed to be
an MF should have no part pointing into the inverse directiofero and it should be noted that + r5 + r3 = 0 so that

of the corresponding CF and vice versa, Des f), ,f... (5) can be used directly. The decomposition based on the
To the best knowledge of the authors this constraint has nagwly proposed IFDT was performed using the optimization
been physically motivated in literature yet. Using staddartoolbox of MATLAB adopting an interior-point algorithm,
mathematical operations one can see that our newly intrgsich is suitable for quadratic optimization problems with
duced bounding constraint (6) is equal to the constraint ¢fonlinear equality and inequality constraints.

Yoshikawa and Nagai. For the first time we motivate thisAssuminge = 0, f, and f, are compensated bf, and the
constraint based on an energy conservation argumentatignly force influencing the objects motion is the x component
for the individual interaction forces. This constraintisdily  of f,. The MFs and CFs of the Virtual Linkage Modell)
used to restrict the previously introduced optimizatiolagt can be determined using (5) and (1) and are given by:
property is given by the fact that CFs can only be applied, ) T
along the line connecting the two interaction points, whgh Qme 1~ [0 67 O] ”fol ~ [0'33 2}

the only solution to (3) for the two finger grasp [19]. Hence," f, , ~ [0.17 0. 29] Uf .~ [-017 —1.29]T
using (3) additionally to the bounding constraint allowsas ; ol N T
expand the approach of Yoshikawa and Nagai to any number’ ™3 ~ [0.17 _0'29} o fes e [F017 —0.71]

of fingers by formulating an optimization problem. From this follows that
L. L. vl pT vl vl pT vl T
IF Decomposition Theorem (IFDT). For a precision grasp, Fm m2t " fep" fer > Fa ko
the IF decomposition problem is given by the followingvhich is contradlctlng (6) and, thus, fo‘flf,m2 virtual
optimization problem: forces are calculated. Alsdffm3 would contain virtual
arg max J= \fc|2 9) forces if the influence off, on .the object’s motion_gets
fe larger (compare (5)). Summarizing, for the Virtual Linkage

s.t. Wf.=0, (10) Model, we can conclude that an object accelerated mostly
chifci < fo“_ Vi, (11) by a specific IF _With accelerating forces_ (MFs_) mgch I_arger
than the stabilizing forces (CFs), contains primarily wéidt
This optimization problem is also applicable to pullingdecomposed MFs.
forces. The formulated problem, however, IS concave, bejsing the approach of Yoshikawa and Nagai the grasp modes
cause it is equivalent to minimizing* = — | f,|*, meaning shown in Fig. 5 result. However, for ¢ [0.356;0.577]
that the optimization could result in local minima [20]. Bju there exists no solution because the constraint prohpitin
online computation brings some difficulties. Please not ththe MFs to lead to tension or compression along a joining
inequality (11) is equal to (6) (for details see proof ofiine cannot be fulfilled. Thus, there may always be grasp
Lemma 1). constellations preventing this decomposition. In corttas
Remark: It can be shown that the solution for the two-fingerthese approaches, the IFDT leads to the following MFs and
grasp equals the solution proposed by Yoshikawa and NagaFs, which are respecting the bounding constraint:

as shown in Lemma 3 and as proven in the appendix. DTy [y O]T IFDTE o 2]T
[1l. N UMERICAL EXAMPLES 1FDT 4 72 0 O]T IFDTf"2 L
For illustration and comparison of the new decomposition . " IFDT “ T
approach with state-of-the-art approaches, namely the ap- Fms= [0 0] fes= [O *1] .



\ 1) Precision Grasp:Three force sensors were placed at
a=[- + +] an angular distance of 120 degrees on the circumference of
' the object, see Fig. 7, left. The subject was asked to grasp
\ / the object using a three finger circular precision grasp and
to move the object clockwise along the circle shown in the
virtual environment. A fast trial with0 kg and a slow trial
with 5 kg inertia were recorded.
2) Human-Human Collaboration: Four force sensors
/ a=[- + 4] were placed at an angular distance of 120-60-120-60 degrees
/%/// on the circumference of the object. Two subjects were asked
: to collaborate on the task of moving the object along the
Fig. 5: Possible grasp modes for the example shown in Fig.c4rcle shown in the virtual environment. Each subject used

la=[+ + +]

using the friction constant = 0.9. « = [ + +] means that a two finger precision grasp touching two adjacent force
the CF between the interaction poimtsandr; is stretching.  sensors, see Fig. 7, right. To avoid collisions with theinds
a = [+ + +] means that all CFs are squeezing. one subject grasped the object from the side, while the other
subject grasped the object from above. Subjects werelinitia
IV. EXPERIMENTAL RESULTS assigned the role of a leader and follower and instructed to

. . alternately switch their role after every completed circle
We further performed a series of experiments to better y y P

illustrate the capabilities of the new approach and to campa
results with state-of-the-art approaches.

A. Experimental Setup and Procedure

A cylindrical object with diameter 5 cm was printed using
rapid prototyping and fixed to the end-effector of a haptic .
interface that was operated in admittance control mode a &7 N,

used to simulate an object with an inertia of 5 or 10 kgjg 7. subjects holding the object in the precision grasp
restricted to movements in a horizontal plane. The objest Weft) and human-human collaboration experiment (right)
instrumented with either 3 or 4 Touchence force sensors of

type TSSI OD10 FPC19 on the circumference of the objecl. Results
Each force sensor was covered with a small hemispherical 1) Precision Grasp:Fig. 8 illustrates the obtained force

pad to .reduce th_e contact_ betweelj finger and force Sens%rescomposition results for the Virtual Linkage Model, the
to a point, see Fig. 6. A virtual environment was develope

showing a horizontal circle and the subjects were asked {BethOd proposed by Yoshikawa and Nagai and the newly

move on this circle in clockwise direction. Two ex erimentéjroloosecj IFDT method. The graphs on top illustrate the
) P direction and amplitude of the IFs measured at the inditidua

}'(\;?22 ggziﬁe:)es?ﬂ;?] !Ius:(r)itce:ht?oe tsgﬂlﬁ;b !'g o?f f)]z ?ﬁrv%:ontact points when moving in clockwise direction along
) np P y ' "$Re virtual circle. The length of the vectors corresponds
finger precision grasp and 2) human-human collaboratlcF

. . ) . . ereby to the amplitude of the IFs. Below, manipulating and
involving two interaction points for each human. Compensa .
-compensating forces are shown separately for each method.

ing and.manipulating forces were analyzed for both scesano, Fig. 8a a fast movement is shown where forces at the
using different force decomposition approaches. individual contact points reach their maximum when the
movement direction is vertical to the force sensor surface.
S cor While this effect can be clearly seen in the plots for the MFs
of haptic interface of the methods of Yoshikawa and Nagai and the proposed
used for admittance IFDT method, the Virtual Linkage Model averages this effect
cenael over all manipulating forces and thus, leads to virtual ésrc
Fig. 8b shows the same task, but now performed much
slower. As can be seen, the results of the three methods
are now much more similar. For the Yoshikawa method,
however, no solution could be found for various points on

Touchence force sensors
\

the circle.
, S~ 2) Human-Human CollaborationFig. 9 illustrates the re-
| Virtual environment sults obtained for the human-human experiment. The method

proposed by Yoshikawa and Nagai resulted in an empty set
g?r all data points. Also for the Virtual Linkage model,

Qo solution could be obtained as the four contact points
were placed on a plane, and for such a configuration, the

Fig. 6: Experimental setup showing the instrumented obje
mounted at the end-effector of a haptic interface and Mirtu
environment (lower right corner)
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Fig. 8: Manipulating and compensating forces for the prenigrasp experiment

virtual linkage is at a singularity and consequently theéhree dominated the task at specific angles on the circle.
grasp description matrix becomes deficient, see [13] foknalyzing these moments more carefully, it can be observed
more information. In contrast, the IFDT scheme provides that the manipulating forces reach their maximum at points

physical plausible decomposition during offline compuatati

when the particular interaction force is applied tangérntia

This clearly demonstrates the superiority of the proposeitie circle, allowing to use the whole force for acceleratime

IFDT scheme in this case, where it comes to more than threbject. Corresponding results with a dominating finger two

interaction points.
In the top figure, the switching roles between the usetthe inverse direction of movement.

can be observed. While in the upper half of the circle,
user one (represented by interaction forces one and two)

and four would be obtained for the reverse order of roles or

V. CONCLUSION

dominated the task, in the lower half of the circle, user two We have introduced a new approach for the decomposition
(represented by interaction forces three and four) doméhat of IFs into MFs and CFs for IF analysis. For this purpose,
Looking more carefully at the two forces recorded for eacln intuitive approach originally introduced by Yoshikawa
individual, one can see that the manipulating forces one armehd Nagai for the two finger grasp has been formalized
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and extended to more than two interaction points resultifgomparing the coefficients it follows

in an _opti.mizelltion problem_, which maximizes ;:Fs. This 0<1<g¢. (16)
maximization is only possible due to a new introduced o )

bounding constraint, which bounds the solution space of theHbstitutingc; into (16) leads to

MFs and the CFs. The constraint is motivated by considering 0< le iFoi=|Ffm i|2 < szfm.i' 17)

that a force component cannot do more physical work thaél T < h lea b q .
the original interaction force. ince f; f,,; = 0 the anglea betweenf; and f,, ; is

Existing decomposition approaches were compared Y§thin [=m/2;7/2]. When substituting (1) into (17) follows
the newly proposed IF decomposition. The Virtual Linkage 0< fZifcy,-, = |fc’i|2 < fffcy,;. (18)

Model was found to lead to implausible MFs when takmq_Jsing standard mathematical operations, we can get (12)

into account the law of conservation of energy for eaclf}om either (17) or (18) when assuming that (1) holds.
interaction force separately and suffers from singukesiti 0

at certain configurations. In contrast, the drawbacks of the

method of Yoshikawa and Nagai were found to be that sold-semma 2. Full decomposition of IFs into CFs leading to

tions are currently restricted to two, three and four intécan ~ wrenches compensating each other and MFs contributing to

points, and that depending on the specific configuration, ribe resulting wrench only, i.e. without compensating parts

decomposition can be obtained, specifically for grasps witis in general not possible.

more than three_ m_terqctlon pomts._ . Proof. Assume that the wrenct,,, ;, exerted by an MF on
Since the optimization problem introduced in our IFDTthe object, is not pointing into the direction of,.. Then,

method contains a quadratic constraint which complicatqﬁe deviation betweems,, ; and w, must be compensated
an analytical solution and focuses on forces only, our tuturby another wrencho vmi;vherej 7# i, contradicting full
m,j ’

work will target a numerical solution for online decompOSi'decomposition Consequently, all,, ; must point into the

. . . . . 1 m,t

tion of IFs as well as its extension to include torques. direction of w,.. This can be formulated mathematically,
when describing the MFs with two parts: one part pointing
into the direction off, and a second part, denoted As,,

which performs physical work and takir{@) into account, n
fm,i:dlfr+f.7;,i dl EIRO7 (19)

it follows
i X fa;,i =dsT, dy € Ra_ (20)

APPENDIX

fz;z,ifer,i + fz:ifc,i < ffpfz (12)



TABLE I: Possible sets of for given projections of the IFs \yith ki, ks € RS If f1T€12 ~ 0 and fQTe12 <0, a is posi-

on the line connecting the interaction points.

ffeia>0 | ffein <o
ffeiz >0 a=0 a<0
freiz <0 a>0 a=0

In (20), the torque on the left side is orthogonakte while
the torque on the right side is aligned with the direction o
T,-. Thus, a solution to (20) exists only 4f,. is orthogonal
to r;. It is easy to find an example which contradicts this[1]
constraint and, thus, it can be concluded that in general,
the MFs cannot have only parts contributing to the resulting
wrench, but will also contain compensating wrenched.] [2]

Lemma 3. The solution to the two-finger grasp obtained
with the newly proposed IFDT equals the intuitive solution[3]
(7) derived by Yoshikawa and Nagai [18].

Proof. For the two-finger grasp constraint (10) can be writtent!

as follows
A Al
R, Ry [f.o .

From the first row follows that the two CFs have equal norm
and point in opposite directiong, , = —f.. ;. Inserting this
result into the second row of (21) and rewriting the cross
product in its original form gives

(Tl _T2) X fc,l =0
with the trivial solutionf., = f., =0or f., and f_,
parallel tor; — ro. The non-trivial solution means that both

CFs lie on the line connecting the two interaction points,[9]
which can be parametrized usimg, from (8):

(21) 5]

Se]
[7]
[8]

foi=aen, foo=-aen acR  (22) g

Thus, the valuer remains to be determined. Using (22) the

optimization problem (9)-(11) can be reformulated to 14
arg max J = 202 (23)

s.t. o’ < aff e, (24) 12
a? < —af] e (25)

Assume thatf7 e, > 0 and fZe;; < 0 and note that [13]
the left sides of (24) and (25) are always positive or zero.
Then, ifa € Ry, (24) and (25) allow the solutionr = 0 [14]
only. On the other hand, ik € R, the cost function can
take positive values. Similar considerations can be macEfS]
for all other combinations of signs of e;, and f2 eis,
summarized in Table I. Hence, dependent on the IFs and
the line connecting the interaction points, one out of foulrt®!
possible solutions exists for maximization of (23) undes th
constraints (24) and (25). Two of them requite= 0. The [17]
other two can be determined by reformulating (24) and (25{18]
as follows

a< f{em =k
a<—frew =k
flew=—k

T
—faer = —ko

if a>0= (26) [19]

Y

. [20]
if a<0= (27)

>

}rhus, by inserting (28) into (22) we get (7).

tive and must be maximized under constraint (26). Thus,
equals eithek, or k. Second, iff e;o < 0 andf2 e > 0,

« is negative and must be minimized under constraint (27).
Thus,a equals eitherk; or —ko. Combining these results,
we can state that

a = +min(|f] era],| — f3 era]). (28)

O
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