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Abstract—In this paper, we investigate fuzzy neural network
(FNN) control using impedance learning for coordinated multiple
constrained robots carrying a common object in the presence of
the unknown robotic dynamics and the unknown environment
with which the robot comes into contact. Firstly, a FNN learning
algorithm is developed to identify the unknown plant model.
Secondly, impedance learning is introduced to regulate the con-
trol input in order to improve the environment-robot interaction,
and the robot can track the desired trajectory generated by
impedance learning. Thirdly, in light of the condition requiring
the robot to move in a finite space or to move at a limited
velocity in a finite space, the algorithm based on the position
constraint and the velocity constraint are proposed, respectively.
To guarantee the position constraint and the velocity constraint,
Integral Barrier Lyapunov function (IBLF) is introduced to
avoid the violation of the constraint. According to Lyapunov’s
stability theory, it can be proved that the tracking errors are
uniformly bounded ultimately. At last, Some simulation examples
are carried out to verify the effectiveness of the designed control.

Index Terms—Fuzzy Systems, Neural Networks, Multiple
Robots, Adaptive Control, Time-varying Constraint, Impedance
Learning

I. INTRODUCTION

N recent years, robots have been widely used in medicine

[1]-[3], aerospace [4], [5] and marine vessel [6], [7], etc.
As the complexity of the task and the demand of control
accuracy increase, single robot hardly meet the mission re-
quirement. Multiple robots can complete some tasks which
are impossible for a robot. When an object is carried, multiple
robots would present a large advantage over a robot in carry
velocity and object weight. For example, in tool using tasks
such as screwing, distribution of motions and forces required
by the tasks between the multiple robot arms greatly reduces
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the complexity and energy cost of manipulation. Therefore,
research on coordinated control of multiple robots would be
significant [8]. In robot applications, robot control must be
subject to uncertain constraints. The violation of these con-
straints leads to undesired performances such as performance
degradation, hazards or system damages. And the structure
of each robot is often different and there exist unmodeled
dynamics and unknown parameters, accurate control of such
a complicated system is difficult to obtain. However, when
working in a limited environment, the robot often comes in
contact with the unknown environment which is often difficult
to describe in a nonlinear model, and an interaction force
develops between the robot and its environment. Therefore,
the main difficulty of controlling those systems lies in the
fact that, when the robot encounters unknown environments,
the interaction force and the position of the robot, must be
controlled collaboratively. In this paper, we would analyse
coordinated control problems of multiple robots with time-
varying constraints in the present of the unknown environment
and unmodeled dynamics and design adaptive fuzzy neural
network control for coordinated control of multiple robots in
a finite task space.

It is well known that adaptive neural networks have a
learning capability, and can be considered as a powerful
tool to approximate any nonlinear functions to any accuracy
in control and applications for nonlinear systems [9]-[16].
The learning capability of neural networks are employed to
recognize the unknown plant [17]-[23]. In [24], an intelligent
observer which is based on the learning capability of neural
networks is designed to observe the unmeasurable states. The
approximation property of neural networks is guaranteed only
over a compact, and if some parameters are beyond this
compact, the learning capability would be reduced [25]. In
[26], to tackle this challenge, a robust term is introduced to
compensate for the approximation error of neural networks so
that it can extend the semiglobal stability by neural networks
to global stability. This method has been shown to be effective
in tackling the global stability, but it cause the lack of self-
learning capability. After that, some research results have
incorporated fuzzy techniques to neural network structure in
order to obtain global learning capabilities [27]. Furthermore,
fuzzy neural networks are hybrid intelligent systems that com-
bine advantages of both fuzzy systems and neural networks.
As a result, the combination of the two techniques can not
only avoid the lack of interpretability for neural networks
but also enhance learning capabilities of fuzzy systems. And
this technology can reduce online computation load by using
fewer adjustable parameters and be also employed to identify
the unknown nonlinear function [28]-[35]. In [36], fuzzy



neural networks are used to identity the unknown plant of
an environment-robot system, and the fuzzy algorithm can
improve the interaction between the robot and its environment.
In [37], fuzzy neural networks are used to approximate the
unknown nonlinear plant of nonlinear systems. In [38], an
adaptive fuzzy neural network control scheme is proposed for
a marine, and the fuzzy policy can ensure that the tracking
error converges to an arbitrarily small region near zero in a
finite time.

Recently, the tracking control for nonlinear systems is
investigated, motivated by the fact that practical systems
are subjected to constraint [39] in the form of mechani-
cal structure, safety specifications and physics performance.
These constraints include input constraint [40]-[45], output
constraint [46]-[48] and full-state constraint [49]-[51]. An
appropriate controller sometimes makes the index of a sys-
tem remain the corresponding constraint region in order to
obtain an approximation optimal performance. In [52], it has
been proved that log-type Barrier Lyapunov functions can
guarantee the constraint. In [53], log-type Barrier Lyapunov
function is introduced to guarantee the full-states remain in
the predefined constraint region. However, the above log-type
Barrier Lyapunov function constraint technique may make the
corresponding variables go beyond the constraint region when
the size of the vibration is too large or initial values are too
large, which may lead to system impairments or even system
failures. In [54], Integral Barrier Lyapunov function (IBLF)
can compensate the effect of constraint and avoid the violation
of states without the requirement of initial values, except that
when initial values are demanded to satisfy the constraint.
However, log-type Barrier Lyapunov function introduced in
[52], [53], [55] just constrains error signals, therefore, an ad-
ditional mapping to the state space is needed. Integral Barrier
Lyapunov functions introduced in [56] directly constrain state
signals without an additional mapping, and initial states are
relaxed to whole constrained space. In [55], log-type Barrier
Lyapunov functions are used to avoid the violation of the
time-varying constraint for a constrained robot. The time-
varying constraint is more general than the constant constraint
introduced in [52].

Position control methods give adequate performances for
an uncertain robot, and only require the robotic end-effector
to track a desired trajectory in free space. But, when the
robot comes in contact with the environment, it is inevitable
that an interaction force would develop between the robot
and its environment. Research studies then focus on how
to regulate the robot-environment interaction. Hogan first
presents impedance control theory to regulate the interaction
between the robotic end-effector and the force exerted on the
environment. [57] thinks the learning capability can regular
the interaction between the robot and its environment. In
[58], two impedance control algorithms that generate a desired
dynamics of the robot with environment are developed for
robotic manipulators. However, the results mentioned in [57]-
[59] assume that robot dynamics is known. In [60], adaptive
impedance learning control is proposed for a human-robot
system in the presence of unknown robotic dynamics.

This paper would handle coordinated control problems of
multiple robots with time-varying constraints, in the present

of the unknown environment with which the robot comes
into contact. Impedance learning is employed to improve
the environment-robot interaction, fuzzy neural networks are
constructed to approximate the unknown robotic dynamics,
and time-varying constraints guarantee a satisfactory tracking
performance by ensuring that the system states remain in
a small neighborhood of the reference signal, such that the
fuzzy neural network control algorithm is formed. This type
of the control algorithm is suitable for the environment-robot
interaction control and objection manipulation. This paper is
an extended work from the previous works [26], [36]. In [36],
only single robot with the constant constraint is considered
for the environment-robot interaction without involving co-
ordinated control of multiple robots. But in most situations,
multiple robots with the time-varying constraint would present
a large advantage over a robot with the constant constraint
in the movement velocity and the carried weight. Further,
in [26], coordinated control of two robots is investigated
without considering the time-varying constraint. Consequently,
our work can be considered as the improvement of [26],
[36]. Fuzzy neural networks combine advantages of both
fuzzy systems and neural networks, and have fewer adjustable
parameters and can reduce online computation load. Thus
fuzzy neural network control can satisfy the requirement of
real-time control better with fewer time consuming.

The main contributions of this paper are summarized as
follows: 1) Compared with the conventional Lyapunov func-
tions including log-type [55] and fan-type [36], integral barrier
Lyapunov functions are developed to constrain state signals
directly, rather than error signals, with avoiding carrying out
an additional mapping to the state space. Therefore, the initial
states can be relaxed to whole constrained space. 2) An
learning algorithm based on FNN structure is proposed, which
needs no previous information of the system. The unknown
system plant is approximated by structuring an appropriate
FNN structure. 3) The time-varying output constraint and the
time-varying full-state constraint are considered, respectively.
The time-varying constraint is more general and complicated
than constant constraint. Based on the time-varying constraint,
the designed algorithm has a wider application range. 4)
Impedance learning is introduced to improve the interaction
between the robot and the unknown environment.

Notations 1: Let Apin(e) and Apax(e) denote the min-
imum and maximum eigenvalues of matrix e, respective-

ly. Let || - || be the Euclidean norm of a vector. Let
blockdiag[A;, As, ..., A,] denote a diagonal block matrix,
where A;,i = 1,...,n, is a matrix. Let sgn(-) be a sign
function, where
1 ->0
sgn(-) =<’ - 1
gn(-) {1’ ~0 M

II. PRELIMINARIES AND PROBLEM FORMULATION
A. System Description

We would investigate an environment-robot interaction sys-
tem, which includes m robots, the unknown environment, an
object and the force sensor located at the object and measuring
force exerted by the unknown environment to the robot as
Fig. 1 shows. Suppose that there is no information about the
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Fig. 1. Coordinated control of two robotic manipulators

environment dynamics and that there exist unmodeled plants
and unknown parameters in the robot model. But m robots are
demanded to carry an object in a coordinated way in a finite
space. Therefore, the main problems are to tackle the unknown
dynamics and unknown parameters of the robotic model, the
interaction between the robot and its unknown environment,
and the time-varying constraint. The kinetic equation of ¢th
manipulator [26] in joint space is expressed as

Di(¢:)di + Ci(gi, di)di + Gi(q:) = 70 — T (¢i)Tei
i=1,...,m 2

where ¢; € R™ is the vector of joint variable, D;(g;) €
R™*"™ denotes the positive definite joint quality inertia matrix,
Ci(qi, ¢i) € R™™™ denotes the joint Coriolis and centrifugal
matrix, G;(g;) denotes the joint gravitational forces, 7; € R"
denotes the control input vector, J;(g;) € R"*™ denotes the
Jacobian matrix, 7.; € R™ denotes the force from the object.

Based on (2), the kinetic equation of m robots is given by

Dp(q)i+ Calq,9)i+ Galg) =7 =T (@)e  3)

where ¢ = lqf, ... 7qm] e R™; 7 =
[rf,...,7L]T € R™; 1, [7h,..., 7217 € R™;
D,(q) = blockdlag[Dl(ql) . Dm(qn)] e Rmnxmn.
C:(q,4) = blockdiag[Ci(q1,41),-- - Crn(@m,dm)] €
Rmmxmns - Ga(q) = KH(QH7~-7G£quHT € R™,

J(q) = blockdiag[J(q1), - - . Jon(gn)] € RTPXm0,

Let x, € R™ denote the position/orientation vector of the
object. The motion of the object is driven by the force vector
T, € R™ and 74 € R™ acting on the center of mass the object,
where 7, denotes the resultant force vector from m robots and
74 denotes the force vector from the unknown environment.
The kinetic equation [26] of the object is given by

Mo(xo)-;l}o + C(o(xoa -ﬁo)j:o + Go(wo) =To — Td (4)

and M,(z,) € R™*"™ is a symmetric positive definite inertial
matrix, C,(z,,4,) € R™™ is a corioli and centrifugal
matrix, G,(z,) € R™ is the gravitational force vector. Let
x;,t = 1,...,m, denote the position/oritations of ¢th robot’s
end-effector in the Cartesian space. According to [61], the
relationship between z; and ¢; is given by

&y = Ji(qi)di &)
The relationship [8] between x; and z, is given by
i’i - Jio(mo):to (6)

where J;,(z,) denotes the Jacobian matrix from the object
frame to the ith robot’s end-effector. By combining (5) and
(6), the relationship between the joint velocity of the ith

manipulator and the velocity of the object is obtained by
Ji(‘]i)di = Jio(xo)io (7N

Assume that robots work in a nonsingular region, thus the
inverse of the Jacobian matrix J;(g;) exists. Considering all
the manipulators acting on the object at the same time, yields

q = J_l(Q)Jo(mo)i'o (8)
LT @ To@o))do + T @ To(z0)Ee (O

dt

where J,(z,) = [JL (z0), - .-, JL,(m,)]T. After substituting
(8) and (9) into (3) and then adding (4), the kinetic equation
of m coordinated multiple robots with object motion (4) in

Cartesian space is given by

q:

M(q)i, + C(q,q)io + G(q) = Fo — Fe (10)
where
M(q) = JX(20) T (q) Da(a) T 1 (q) Jo(0) + Mo(z,)
Ca8) = JT ()T (0) Do) - (I~ (0) ()

dt
+J5 (20) " (9)Ce (g, 0) T~ (0) Jo(0) + oo, o)
G(q) = Jg (26)J " () Ga(q) + G(ao)
Fy=J] (2)J (@), Fe=1a
For the convenience, in the subsequent design, M, C, G denote
M(q),C(q,q),G(q), respectively.

The system state z, = [Zo1,. .-
satisfy the following constraint

,Ton)? is commanded to

|£L’01“ <km‘, |(toi| <kdi; z':l,...,n

Y

where k.;, kq; are positive time-varying functions, given the
initial states satisfy |z4;(0)] < kei(0), |20i(0)| < kq4i(0). The
full-state constraint is denoted as the set {z, € R"||zy;| <
keiy|Toil < kaiyi = 1,...,n}. The output constraint is
denoted as the set {x, € R™||z4i| < keivt =1,...,n}.

In real robotic systems, the object usually suffers from force
from environment when moving in task space. The impedance
dynamics between F. and e is given by

Mgé+ Cqé + Gge = F, (12)

where My, Cy, G4 are defined by the user. Impedance error e
originates from force F,.. Let us define e = x4 — x., where z.
is the desired trajectory, x4 is the commanded trajectory the
users define, which is bounded and twice differentiable. It can
be known from (12) that impedance error e is equal to zero if
F, is equal to zero. Substituting e = x4 — z. into (12), yields

Mgz, + Cyte + Gagre = Mgig + Cyig + Gagrqg — F., (13)

According to (13), the impedance control objective can be
achieved. It should be noted that (13) may be interpreted as a
simply filter and z. is obtained online if x4, M4, Cy, G4 and
the force F, are given.

B. Fuzzy Neural Networks

A fuzzy system consists of four parts: the knowledge
base, the fuzzifier, the fuzzy inference engine working on



fuzzy rules, and the defuzzifier [62] Consider [ fuzzy IF-
THEN rules R(k) If z; is Ak and --- and z,, is An, then
yis Wk k = -1, where R(¥ ) denotes the k-th rule,
1<k < l,(xl,xg,--- ,,)T € U C R, and y € R are
the linguistic variables that are associated with the inputs and
output of the fuzzy logic system, respectively, and A¥ and
Wk denote the fuzzy sets in U and R. The fuzzy logic system
performs a nonlinear mapping from U to R. In this paper, the
fuzzy logic system is

l n
D k=1 yk(Hi:1ﬂA§ (i)
y(z) = —; " (14)
Zk:1(Hi:1ﬂA§($z‘))
where = = [21,22, -, 2,]" and piyx(z;) is the mem-

bership function of linguistic variable x; with iy« (z;) =

exp[— (IU%’“)] For clarify, the weight vector and fuzzy
basis function vector are defined, respectively, as 6 =
[y17y23 l_a[yl] and (Z)(J?,C,O') = [515827"' 7Sl]T7 where
_ i=1 ok (2 _ T T .. TT _
Sk = [Zk,lﬂz,lmgc(wi)]’ ¢ =lef,ca,0 50, and 0 =
[0, 0F ... oT|T. Therefore, (14) can be represented as

y=0"¢(z,c,0) (15)

It has been proven that the fuzzy logic system (15) has the
capacity to approximate any given real continuous functions
over a compact set to any degree of accuracy. Therefore, we
have the following approximation for the unknown nonlinear
function f;(z;),i=1,2,---,n

filzi) = 0T p(xi) + €

where 07 is an unknown constant parameter vector, ¢(x;)
is the fuzzy basis function and ¢; is the approximation error,
which satisfies maxzcq, ||€i]| < €f, where € > 0 is unknown
bound [63].

(16)

C. Preliminaries

To guarantee the time-varying constraint, we introduce the
integral barrier Lyapunov function [64] as

crk:2
V= Z/ —U+al)2da

where ¢ = 1,...,n,2;, = x; — oy, and «; is a continuously
differentiable function satisfying |o;| < ke;oi =1,...,n. Itis
known that V' is a continuously positive differentiable function
over the set {|z;| < ke }.

Lemma 1: (17) is a continuously positive differentiable
function over the set {|z;| < k¢ }. As for |z;| < ket =
1,...,n, there is

a7)

k‘22

C’L’L

2
<V < et
kci_

2
2
Proof: See the Appendix.
Remark 1: In (17), k. is a time-varying function and
denotes the constrained upper bound of z;, namely sup |z;| <
ke;, for Vt > 0, given that initial value |z;(0)| < k¢;(0).

(18)

III. CONTROL DESIGN

For the robotic dynamics (10), it is tough to design a control
policy to cope with the effect of time-varying constraints in the

Unknown environment

Fig. 2. System structure

presence of unknown environment. The problem is especially
complex to solve full-state time-varying constraints. In this
paper, the control schemes are proposed for the full-state
time-varying constraint and the output time-varying constraint,
respectively. Fig. 2 shows the system structure. To facilitate
the control design, we define 1 = x,,x2 = @,. The kinetic
equation (10) can be rewritten as

i?l = T2
iy =MYF,—F,— G — Cxs) (19)
where 71 = [x 1T, 29 = | 7. Th
1 — 115+, L1n) > T2 = [T21,---,T2n] - € error
variables are defined as follows
21 =1 — Z¢
2o =Ty — (20)
_ T _ T _
where zZ1 = [2’11,...,2’1n] , R = [2’21,...,2’2n] , Lo =
[Te1y .oy Ten]ts @ = [aq,...,a,]T is a virtual control aiming

to make tracking error z; converge to a small region near zero.

A. Control Design with Output Constraint

In this section, system output x; should be demanded to
be constrained by time-varying function k.; € RT, namely
|z1;] < keir i =1,...,n. To ensure this constraint, an integral
barrier Lyapunov function is constructed as

1= T, . 50
—Jo kG- (0+a)
The derivative of (21), with regard to time, is
Z 8V1 th Z 8V1 d{L'C2
lei dt 8$” dt
k‘ _xh 27 7

ci . aVl dkcz
+ Z(ﬁ e D G
i=1 ci v =1 <

2

oVy dke;
— Oke; dt

S.Uci)

where
kci
2217;

(kei + 210 + i) (ke
(kci — 21

Then, virtual control o, =1,...,

(k2 xlz)xczpz
o = —kiz1; + -

n, is a positive constant.

— i)
— Zei) (kei + Tei)
n, is designed as
k% — 23, 0Vy dke;
Oke; dt

In

rho; = (23)

(24)

where k;,i =1,...,



Take virtual control « into (22), we further have

Z k; k’z Z“ Z k' ZIZZQL

(25
cz - xlz i=1 cz 1z
An integral barrier Lyapunov function is constructed as
1
Vo=V + §z§ Mz, (26)

Design the control input F as

2
kZiz11
3 3
kg1 —z1y

—K222+FE+G+CO(+MO.K

2
kL-,L Z1n

2 2
kcn Tin

27)

Substituting (24) and (27) into the time derivative of (26), we
have

E le

— 29 KQZQ

okik? T
Z/ k2 0_’_%2) da—z2 Koz
< —kaV2 (28)
: : 2/\mm K
where kg = mm{lrgniléln(kl), ﬁ(Mz))} To ensure kg > 0,
. ) Amin (K2)
parameters should satisfy 1r<nil£1n(kl) > 0,5220H > 0.

Vo will converge into a small range near zero with the
convergence rate ¢~ 2. But there are uncertainties in G, C, M,
therefore F; cannot be obtained in a real system. Fuzzy neural
networks are used to approximate the uncertainties in G, C, M.
An adaptive fuzzy neural network controller is designed as

2
k21211
Pl )

ko1 —=3y

F,=— — Kozo + F. + 0L6c(Z6)

2
kmmg
2

kin—21n

+ 05 pc(Ze)a+ 0% pa (Zar )i+ Kosgn(zs)  (29)

where K, = diaglk.1,...,km] > 0; 0c,0c, 0y are ac-
tual weight vectors, 07, 07,03, are optimal weight vectors,
) ) 95,50 = 0c — Hc,éM = Oy — 03, are error
weight vectors, Zg = [2T, 2817, Zo = [2T, 2T, ™17, Zyr =
[T 2T o aT]7T are fuzzy neural network inputs, respective-

ly.

g = O0g —

To improve the system control performance, we design the
updating laws as

Oci = —Tai(pai(Za) 22 + ocfai) (30)
Oci = —Tei(pci(Ze)zaici + ocbci) (31
Onri = —Tari(Dari(Zar) 22ivi + oar0ari) (32)

where I'g;, ['cy, I'as; are positive definite symmetrlc matrixes,
0G,0c,0) are positive constants, 9G¢G,9 oc, M¢M are

estimated values of 057 ¢c, 0 dc, 05F ¢, respectively.

0 o = G+ eq (33)
0 po = C +ec (34)
03  pasr = M + e (35)

where €, €c, €)y are approximation errors satisfying ||eg|| <
€, llec|| < €c,llem|| < Enr, with &g, €, Epr being positive
constants.

Choose a positive Lyapunov function as

Vg_Z/ o p—"

T3 z_; 060G 0ci + 3 Z 06,0 gi0c:

=1

do + z Mz
+Idz) 7 2 2

T g
+ 5 2 Ol (36)

Substituting (24) and (29) into the time derivative of (36), we
have

Z Zh — 23 Koz + 23 (0606(Zc)
C¢C(ZC) + 9M¢M(ZM) —€g — €cO— €y

+ Kosgn(z2)) + Y 06061 0ci + ) 0616100
=1

i=1
+ Z 03T ariOsi (37)
Let us define (eg + eca+epc); as Fi,i =1,...,n, for the

interval ¢ € [0, +00), where (-); is i-th element of a vector.
Therefore, we obtain E = [E1, ..., E,]T.

Substituting the weight updating laws into (37), we have
Z Z“ — 2 Kozy + 23 (K,sgn(zy) — E)
+ 23 (9G¢G(ZG) +0Lpc(Zo)a+ 056 (Zar)d)

- Z égi(¢Gi(ZG)Zzi + (T(;éGi)
i=1
- Z 0L, (6ci(Ze) 20 + ocbci)

i=1

- Z %7 (dr1i(Zar) z0i6i + oasOnrs)

(33)
i=1
Notice that

2 0666 (Za) = Zecl(bcz (Zc) 72 (39)

=1
23 0600 (Zo)a = Z 05:0ci(Zc)zicn (40)

=1
2 08 (Za)é = 0hpibnri(Zan)z2ics (A1)

2 Vnt P M M MiPMi M )<2¢CX5

i=1

and the gain K. is designed to satisfy |F;| < k.;,i =1,...,n,



we have ZQT(Kngn(zz) — E) <0, therefore

‘/3 < - Z zlz
cz

n
— Z égiacé(ji — Z éﬁszMéMz
i=1 i—1
Since — Y, 0%, 0ci0ci < - D et éGzéGl +
Ugi Zz 1 er er’ - Z?:l 95750-01901 — Ugi Zl 1 QCZQCZ
+ o 0565, and =3 0700000 <
—ous S 951,9Mz + ML S 03704 we have

Vi< - Z *j;;—“gizéaé@—%zéaém

U]Vh UGZ T
- E 9M19]yh E 92;1 9G’z Z9 KQZQ

n
T nT n
— 25 Kozy — E HGiO'GGGi

i=1

(42)

=1
ocCi *T n* OMi - *T nx*
+ 5 ; 0c:0¢; + > ; verave
< —k3V3 + Cy 43)
where
2)\min(K2) (oFe?s gcCi

kg = min{ky, ..., ky,

)\max(M) ’ Amax(rég) ’ )\maX(FE‘il) ’

OMi }
Amax (T37;)
UGi = * * UCi = * * g i = * *
Ca= 5" D 0505+~ D 0500+ =5 D _Oiiibin
i=1 i=1 i=1

To ensure k3 > 0, C3 > 0, controller parameters should satisfy
k; >0, )\max(KQ) >0,06;,>0,0c; >0and opy; >0, 7=
1,...,n. Therefore, we know that V3 is bounded for V¢ > 0.

Theorem 1: For the robot system (10) with output time-
varying constraint, and FNN control (29) with updating law
(31)-(33) and impedance learning (13), given that initial con-
ditions are bounded. It can be concluded that target impedance
is achieved and the tracking errors are uniformly bounded
ultimately. The tracking errors converge to a small range near
zero and the range can be changed by choosing appropriate
parameters. The system output is constrained by the predefined
constraint region the user defines. The tracking error z;
converges to the compact set 2,1 = {z1 € R"||z1;] <
V2B,i=1,... ,n}. The tracking error z, converges to the
compact set Q.o := {20 € R"||205| < V2B,i = 1,...,n},
where B := V53(0) + &2,

K3

Proof: See the Appendix.

B. Control Design with Full-State Constraint

The FNN control with the full-state constraint will be
presented in this section. It should be emphasized that although
the control design is similar to the control (29), the system
states should be demanded to be constrained by the time-
varying constraint in the control design. In this sense, the
system state xo should be constrained satisfying |zo;| < kg
for Vt > 0 where kg; € RY,i = 1,...,n, is a time-varying
function. The detailed design is presented as follows. To ensure
that system states remain in the predefined constraint region,

a positive integral barrier Lyapunov function is constructed as

Vs =Vo+Vy (44)
where
n 224 O'k2.
Vi = / A —do (45)
iz:; o ki —(0+a)?
The derivative of V5, with respect to time, is
3V4 dZQZ 8‘/4 d()éz 3V4 dk(h
V P
2 +Z Dai At 2 Do, di Z Dhegsdt
k2. 29:%09; 1-
_‘/'2+Zk§112 2i sz k2— 5 — P2i)
dZ 2L i=1 27
oVy dky;
4
Z Okg; dt (46)
where
kai | (kai + 22i + o) (kas — o)
P2 220 (kai — 220 — i) (kai + ;) 47

The model-based controller is designed as

2 2

k2 211 kyiki11221

i ) 73 2

kg1 —z1y kg1 =23,

Fr=— : -
o : :
2 2 2
kenzin kd;kln'le
L ken—2i, kan =22,

d1l 21 n

- . oy L i dky
: P Z94 8k‘dz dt

(ki,, :;21 p2n)an
7K222+F + G+ Ca+ Ma (48)
where k1;,¢ =1,...,n, is a positive constant.
Substituting (24) and (48) into (46), we have
Z Zu Z kllkdzzh kdzz2bz2l
- xlz i— kgz 21 i— kr%z sz
k2 20,3
T di®21<21
— 2z K —k5 Vs 49
2y Koz < —ks 54-2:%1_%z (49)
where
. . . 2)\min(K2)
Ky = mln{lgliléln ki, 1I§nz‘1£n ks, m} (50)
Multiplying (49) by "5t yields
ey < —k5e™ Vs 4 et g(t) N (29) 20 (51)
where g(t) = diag] ki . Kin ]
I\ = A8z =) cos(F2a1)" 0 (3, —43,,) cos(F z2n)
» N(2z2) = [221008(F221), ", 22n COS(5 22,)]" . Integrating

(51), yields
t
Vs(t) < e "5'V5(0) + e_”f’t/ g(T)N(2)20eTtdr  (52)
0

where t E [0,tf). According to [36], we known that
I fo N(z2)22e™dr| is bounded. Therefore, define .4
as an upper bound of || fo (T)N (22)20e™tdT||,

I fo N(z2)22e™dr| < A . Therefore, it can be conclud-

namely



ed that V5(t), 21, 22 are bounded on [0,¢r) if k5 > 0. However,
the uncertainties exist in M,C, G, F is not available in a
real system. FNNs have the ability to approximate nonlinear
functions in ideal accuracy, thus in this section FNNs are
used to approximate M, C, G, respectively. An adaptive FNN
controller is designed as

r 2 2
k21211 kgik11z21
2 2 PR
k& =21, ki —23,
Fo=~ : - :
2
ki, %1n k2 kinzon
3 .2 2 p
L kZ.—wi, kdn =23,

k3
1
4l — 05y )x
(k§1_x§1 21) 1 n

_ ) _ Z 1 0Vy dkg;
: P Z9i 8]4141 dt

— Kozo + F, + 6% ctc(Za) +90¢C(ZC)

( - dn2
k3, — T3,

+ 0% o0 (Zar) e+ Kpsgn(zs) (53)
A Lyapunov function is constructed as
L =57 o1 L~ 5r o1
+5 ; 06061 0ci + 5 ; 06T 10
I o1z
+35 ; Orsil O (54)

Substituting (24) and (53) into the time derivative of Vg, we
have

Z klz’%zz@ Z kmz%zm
7.2 2 7.2 2
kdz - kdl - 2

Z le
xll =1 27’ =1 g
— 2 K222 + 25 (9 ba(Za) + 90¢C(ZC)

+ 0100 (Zn) — €c — eca — enrr+ Kpsgn(2))

+ Z 06T aibci + > 05T o0

+Zo

Let us define (eg + eca+epa); as By i =1,...,n, for the
interval ¢ € [0, 400), where (-); is ith element of a vector.
Therefore, we obtain £ = [Ey, ..., E,]|T. Substituting (31)-
(33) and (40)-(42) into (55), we have

Z k; szlz Z k;’bkdzz% Z kdzZQZzQZ
—x? P kdz

2 2
1i T2 i kdz_%z

]y]leMz (55)

- 22TK222 + zg(Krsgn (22) Z 9G10G9Gz

— Z égﬂcém — Z é{lio-MéM’L (56)

i=1 =1

The gain K, is designed to satisfy |E;| < k.;,i = 1,...,n

— E) < 0. And since

0Gi *T
Z GGI er

we have 2J' (K, sgn(z2)

n

=Y Ghioaibe: < -7 Z 050 +

=1 =1 =1
n
aci Ci T
- Z 0¢0cifci < — Z 05:0ci + 5 Z 0c:0ci
=1 =1
9 9 < OMi 0 9 UMz H*TH
- MiOMiVMi > — iV + MiY Msi
=1 =1
we have

Z ki kczzlz Z kl@kdz‘?’éz
- 'rll i— k"(%z - ‘TQ’L

0Gi T A aci AT A

5 ;9@901‘ 3 ;Hcﬁm

OMiN~FT 7, OGi N geT e
= 2 B+ Y00
i=1 i=1

ocCi - * * OMi < * *
T ZGCIJ;QCi"FTZa]VEeMi

i=1 i=1

Z kdz 2922
2 _ 2
= kd1 x21

— Z;KQZQ —

k2. 29;%9;
< —rgVe + Co + Z e (57)
di — L2
where
2)\min(K2) gGi

tg = min{ min (k;), min (k1;),

acCi OMi
)\max(FCi) ’ )\max<FJWi)

JG; * aci * O—Ml *
Ce = Z GGT;HG'L Z 007;007 Z QJ\?ZQMZ

=1 = =

Multiplying (57) by e®s!

)\max(M) ’ )\max(FGi) ’

yields

Ce
"MV < —kge™ Vs + €™ = + e"'g(t)N ()52 (58)
Kg
where g(t) = diag| ki Kin
g - g (kglfxgl)cos(%zm)’ (kgn :L’%”)cos(%zzn)
» N(2z2) = [z21008(F221), ", 22n COS(5 22,)]" . Integrating
(58), yields
C
Vo(t) <e "'V (0) + —2
K6
t
—&—e_“’"t/ g(T)N(29)29e™ dr (59)
0
where ¢ e [0,¢7). According to [36], we known

N(z2)z0e™dr| is bounded Therefore, de-
fine 4 as an upper bound of ||f0 N(z2)20e™dT||,

namely || fo N(z2)z0e™dr| < </V. To ensure that
Ke > 07C’6 > 0, controller parameters should satisfy

M . : . 2/\mm(K2) JGi
lrﬁnilgn(kl) >0 lrﬁnilgn(kh) >0, Amax (M) >0, Amax(Fai) >
) > 0 OMi

0, ﬁ s m > 0. Therefore, V6 is bounded.

Theorem 2: For the robotic system (10) with full-state time-
varying constraints, and FNN control (53) with updating
law (31)-(33) and impedance learning (13), given that ini-
tial conditions are bounded. It can be concluded that target
impedance is achieved and the tracking errors are uniformly
bounded ultimately. The tracking errors converge to a small

that || fi g




range near zero and the range can be changed by choosing
appropriate parameters. The system states are constrained by
the predefined constraint region the user defines. The tracking
error 21 converges to the compact set 2,1 := {21 € R"||z1;] <
V2By,i =1,...,n}. The tracking error z, converges to the
compact set .9 := {22 € R"||20;] < v/2B1,i =1,...,n},
where By := V5(0) + %s + A

Proof: See the Appendix.

IV. SIMULATION

Fig. 3. Simulation scenario.

In this section, an environment-robot interaction system is
considered to verify the effectiveness of the proposed control
(29) and (53), respectively. The environment-robot interaction
system includes two robots sharing the same system parame-
ters and 3 degrees of freedom including three rotary degrees,
an object and a force sensor located on the surface of the object
as shown in Fig. 3. In Fig. 3, let m;;, m;2 and m;3 denote the
mass of link 1, link 2 and link 3 of manipulator ¢,7 = 1,2,
respectively, let [;1, l;2 and [;3 denote the length of link 1,
link 2 and link 3 of manipulator 7,7 = 1, 2, respectively, and
let I;; denote the moment of inertia of link j,j = 1,2,3,
of manipulator ¢, = 1,2, with regard to an axis coming
out of the page passing through the center of mass of link <.
Simulation time is ¢y = 20s. The sampling period is 0.0025s.

The trajectory commanded by the user is given by

Td1 0.8
xg= | g2 | = | 0.8+0.2sin(¢t) | m (60)
Zds3 0.8 — 0.2 cos(t)

which is a circle with center of a circle at [0.8, 0.8, 0.8]"m and
radius being 0.2m. The robot is initially at rest with z1(0) =
0.201,0.801, 0.601)Tm, &1(0) = [0,0, 0] mys.

The system parameters (see [8]) of the object is given by

me 0 0 0
M, = 0 mo0 |,G,= 0 (61)
0 01 —Mog

where m, denotes object weight, g denotes gravitational
acceleration. Adjacency matrix J, (see [8]) is given by

1 0 0

0 1 0

o 113 Sin(l'12) 7113 COS($12) 1
Jo = 1 0 0 (62)

0 1 0

—l23 Sin(l‘lg,) l23 COS($13) 1

The system parameters of i-th(z = 1,2) robotic manipulator
are given by

Dii1 Dii2 Diis 1
D; = Dia1 Diza Dias (63)
Dis1 Dis2  Diss
Ciin Ciz Cis G
Ci=| Ciz1 Ciza Ciz |,Gi=| Gi2 (64)
Ciz1 Ciza Ciss Gi3

where D;1; = mi3q1‘23 SiHQ(QQ) + pi1; Dtz = piagis COS(%Q);
Di1z = piasin(qi2); Dio1 = piaqiz cos(qi2); Dize =
misqh + Lio;Diss = 0;Djz1 = piosin(gi2); Disa =
0; Dizz = my3; Ciir = piaGie + pisdis; Citz = piadsn —
Pi3qisPis; Citz = Disdin — PisPicqis; Cior = —Piadi1; Ciza
mi3qi3qi3; Cizs = PisPio — Mi3qisdiz; Ciz1 = —pisdi
pisPit0; Cize = mMy3qisdiz + pipit1; Cizz = 0; Gy
0;Gi2 = —mizgqiz cos(qi2); Giz = —myzgsin(g;z). where
pin = mslh + maold + L pio = muslio; pis = mislin;
Pia = Mizqhsin(giz) cos(qin); pis = mizqhsin®(gi);
pic = sin(gie)Gioipir = sin(qi2)dizs pis = pie + Pt
Pig = COS(Qiz)Qil; Pito = COS((]i2)(ji2 and p;11 = COS((]iz)(ii:s-
Parameters of the robotic system are defined in the table below.

=+

Table 1: Parameters of the robot
Parameter || Description Value
m;1 Mass of link 1 2.00 kg
M2 Mass of link 2 1.00 kg
m;s3 Mass of link 3 0.30 kg
li1 Length of link 1 || 1.00 m
lio Length of link 2 || 0.20 m
li3 Length of link 3 || 1.00 m
I; Inertia of link 1 || 0.5 x 1073 kgm?
I; Inertia of link 2 || 0.1 x 103 kgm?

To further verify the performance of the proposed con-
trol in different environments, four cases are implemented,
respectively. Case one and Case three denote that the object
carried two robots move in a free space without force from the
environment. Case two and Case four denote that the object
carried two robots move with force from the environment.
The detailed simulation procedure is specified later. In the
subsequent expression, without force from the environment
denotes F, = 0, and with force from the environment denotes
F, # 0. If F, = 0, it is known that . = x4 according to
impedance model (13).

A. Control Design with Output Constraint

Case one: In the first case, the simulation procedure is
that carried by two robots, the object moves along a circular
trajectory . in a free space without force from the environ-
ment. That is to say that there is no interaction between the
robot and its environment. Consequently, the simulation aim
is to verify the effectiveness of the proposed control (29)
without interaction between the robot and its environment.
The parameters of the object are m, = 1lkg, g = 9.8m/s2.
The controller parameters are k1 = ko = ks = 50,
K, = diag[70,70,70] and K, = diag[l,1,1]. The updating
law parameters are I'¢ = T'c = T’y = diag[20, 20, 20],
g = oc = oy = 0.01. The frontier of the output constraint
is kg = 1.1 + 0.2sin(¢), kes = 1.01 + 0.2sin(¢) and



kes = 1.01 — 0.2cos(t). The parameters of the impedance
model are M, = diag[0.1,0.1,0.1],Cy = diag[5,5,5] and
G4 = [10, 10, 10].

The simulation results of case one are presented in Figs. 4-
7. It can be known from Fig. 4 that two robots can carry
the object along the desired trajectory x. in a free space
in desired accuracy. And Fig. 4 also shows that under the
action of the proposed control (29), x;; is constrained by
time-varying constraint k.;, given that initial conditions are
constrained, ¢ = 1,2,3. In Fig. 5, it is obvious that tracking
error z; converges to a small value near zero. From the
standpoint of tracking error z;, the tracking performance is
also satisfactory. Fig. 6 shows control input F, which is
smooth and bounded. In Fig. 7, the motion of the object is
plotted in Cartesian space, which illustrates that the tracking
performance is satisfactory and the proposed control (29) has
the ability to guarantee the output constraint. By analysing the
above simulation results, it is known that the proposed control
(29) can make the system output remain in the corresponding
predefined constraint region.

Case two: In the second case, the wall is 0.8m away from
the coordinate origin O along Z axis, therefore the coordinate
of the wall is expressed as (X = 0,Y = 0,7 = 0.8).
For convenience, hereafter the location of the wall will be
abbreviated as Z = 0.8m. The simulation procedure is that
the object carried by two robots moves along the desired
trajectory x. from initial position to the wall (Z = 0.8m)
in a free space and then after touching the wall, the object
slides along the wall, finally leaves the wall and continues
moving along the desired trajectory x. in a free space. It
should be emphasized that when the object toughs the wall and
then slides along it, the interaction between the robot and the
wall develops. Consequently, the simulation aim is to verify
the effectiveness of the proposed control (29) with interaction
between the robot and the wall. The frontier of the output
constraint is k.3 = 1+ 0.1sin(t), kez = 1.11 + 0.1sin(¢) and
keg = 1.31 — 0.1cos(t). The rest of the parameters are the
same as those of case one.

The simulation results of case two are presented in Figs.
8-11. It is known from Fig. 8 that the object moves along
the the desired trajectory x., and slides along the wall when
maintaining in contact with the wall. When the object slides
along the wall, the target impedance is achieved, and the
interaction force between the robot and the wall regulars
the control input in order to improve this interaction. Fig.
8 also shows that corresponding time-varying constraint isn’t
violated. In Fig. 9, it is obvious that tracking error z; converges
to a small value near zero. Fig. 10 shows the control input.
It is noted that there are a few oscillations while the object
comes in contact with the wall. This is due to the change in the
unknown environment, but the control force tends immediately
to be smooth by using the proposed control (29). In Fig. 11,
it is seen that the object moves along the desired trajectory
z. from initial position to the wall, and after encountering the
wall, the object slides along the wall, then continues moving
to initial position along the desired trajectory x.. Therefore,
by analysing the simulation results, we know that the proposed
control (29) with impedance learning and time-varying con-
straint can improve the environment-robot interaction better,

and make the system output remain in the corresponding time-
varying constraint region.

B. Control Design with Full-State Constraint

Case three: In the three case, the simulation procedure
is the same as that of case one. The simulation aim is to
verify the effectiveness of the proposed control (53) without
interaction between the robot and its environment. Controller
parameters are ki3 = k12 = k13 = 20. The frontier of the
state constraint is kg1 = kg = kg3 = 1.3 + 0.2 cos(t). The
rest of the parameters are the same as those of case one.

The simulation results of case three are presented in Figs.
12-16. It can be known from Fig. 12 that two robots can
carry the object along the desired trajectory z. in desired
accuracy. And x; is constrained by time-varying constraint
bound k., ¢« = 1,2,3. Fig. 13 shows tracking errors which
converge to a small value near zero. Fig. 14 shows velocity
variable xzo; which is constrained by time-varying constraint
kai, © = 1,2,3. Fig. 15 shows control input F, which is
smooth. Fig. 16 shows that actual movement trajectory x;
converges to the desired trajectory z. generated by impedance
learning in a short period. Therefore, by analysing the simula-
tion results, we know that the proposed control (53) with the
full-state time-varying constraint can make the system states
remain the corresponding predefined constraint region.

Case four: In the four case, the simulation procedure is
the same as that of case two. The simulation aim is to verify
the effectiveness of the proposed control (53) with interaction
between the robot and its environment. Controller parameters
are k17 = kia = ki3 = 20. The frontier of the state
constraint is kg1 = kg2 = kaz = 1.3 4+ 0.2cos(t) and k. =
140.1sin(t), keo = 1.3140.1sin(t), ke3 = 1.31 — 0.1 cos(t).
The rest of the parameters are the same as those of case one.

The simulation results of case four are presented in Figs.
17-21. In Fig. 17, the object tracks the desired trajectory z.,
slides along the wall when maintaining contact in with the
wall, and continues tracking the desired trajectory z. after
leaving the wall. In Fig. 18, it is obvious that tracking error
z1 converges to a small value near zero. Figs. 17 and 19 show
that full-state constraint cannot be violated, which states that
the proposed control (53) has the ability to guarantee the full-
state constraint. Fig. 20 shows the control input. It is noted
that there are a few oscillations while the object comes in
contact with the wall. This is due to the change in the unknown
environment, but the control force tends immediately to be
smooth by using the proposed control (53). Fig. 21 gives
the motion of the object in Cartesian space. Therefore, we
know that the proposed control (53) with impedance learning
and the full-state time-varying constraint can improve the
environment-robot interaction better, and make the system
states remain in the corresponding time-varying constraint
region.

V. CONCLUSION

In this paper, an adaptive FNN control scheme is pro-
posed for coordinated multiple robots with unknown dynam-
ics and time-varying constraints using impedance learning.
Two control design schemes are considered, respectively, for
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coordinated multiple robots: 1) Control design with output
constraint. 2) Control design with full state constraint. FNNs
are used to approximate the unknown dynamics. Integral
Barrier Lyapunov function is introduced to avoid the violation
of constraints. Impedance learning is employed to improve
the environment-robot interaction. Four different simulations
are carried out to verify the effectiveness of the proposed
control. It is noted that there are a few oscillations happening
in the control input while the robot comes in contact with
the unknown environment. These oscillations maybe cause
damage to the motor. The future research is to design a control
scheme for restraining these oscillations.
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APPENDIX
A. Proof of Remark 1
i k2 2
Step one: Let g(z;) = OZ md — % -
) 2 . 2
o %da. The derivative of g(z;) is §(z) = kgzlf >

over the compact set w {zi||lzi| < ke}. we have
k2 —2? > 0.

Case one: z; < 0, we have g(z;) < 0.

Case two: z; > 0, we have g(z;) > 0.

Since z; = 0, g,, = 0. Further, there is g(z;) > 0
over the compact set w {zi|lz;| < kei}. We have
24 0k2 do >

0 k2 —(¢7+()/ )2

2
Step two: Define p;(o, ;) = ) 9k It can be seen

api _ ki—o?—o?

that = ot )2 , which is positive over the compact set
|0—|—ozl| < ke; Since p; (0, ;) = 0 for |a;| < ke;, and p; (o, ;)
is increasing with o over the compact set \o + a,| < kgi, we

further have fo pi(o,a;)do < zipi(o,a;) for |0+ ;| < ke;.

We further obtain [, (Ei_m 2do < ’Cizzg.
Combining Step one and Step two, the” proof of Remark 1

is completed.

B. Proof of Theorem 1

Multiplying e**! in both sides of V3 < —k3V3 + Cs,
there is (V3 + k3V3)et < Czest. After integration, there
is Va(t) < (Va(0) — S)emrst 4+ €2 < V5(0) + £2. Con-

2 2
sidering Remark 1, we easily know that 3t < ™" | =l
214 kf@
Y lo! mdtf < V5(0) +
B :=V3(0) + CB

%. Further there are

/[ 2B
N (M) where

C. Proof of Theorem 2
Since ||f0 N(z9)20e™dr|| < A, we have Vg(t) <
Vs(0 ) CG + JV Considering Lemma 1, we easily know
Z 22 n Z24
that 21 < Z 21 S Zi:l 02 _(Tm)dg < V6(O)
do <

CG + 4 and “ <>r, Zé <Y

»—(a'-‘roc )2

Vg( ) + CG + JV Further there are |z, < /2B; and
|22i|§\/231,z—1,...,n, where Bl = ‘/6(0) %S_'_C/V-
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