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1. Introduction 

Shock-wave/turbulent boundary layer interactions (SWTBLI) are prevalent phenomena in high-
speed flights, which could cause large flow separation and high wall heat flux and strong pressure 
fluctuation, therefore, affect significantly the aero-thermodynamic loads of the vehicles and the 
performance of propulsion systems. Among all kinds of SWTBLI, the supersonic expansion–
compression corner is an important flow configuration consisting in the forebody, intake, 
combustion chamber and nozzle of high-speed flying vehicle1. In an expansion–compression corner, 
the supersonic flow is accelerated and turned through an expansion fan formed at the expansion 
corner (EC), then compressed by a shock-wave formed around the compression corner (CC)1. The 
boundary layer in the compression corner region can be either attached or separated, depending on 
the strength of the shock-wave. This kind of flows is complicated and essentially non-equilibrium 
due to the strong interaction among the turbulence, expansion-wave, and shock-wave. 

In despite of the important significance of the expansion–compression corner flow, it’s less 
investigated and understood than the supersonic compression corner or the impinging shock-
wave/boundary layer interaction 2 . The early researches mainly focused on the expansion and 
curvature effects of the expansion side of the configuration, including the increase of the boundary 
layer thickness3,4, the reduction of turbulence and its transport capability5-8, the stabilization and the 
relaminarization of the boundary layer9-13 during the expansion process. Zheltovodov et al. 14-17 
conducted systematically measurements on the expansion–compression corner in early 1990s and 
concluded three basic characteristics of the flow regimes: (1) the attached flow for small β, (2) the 
appearance of a local separation zone in CC with a free separation point at moderate β, (3) 
formation of large-scale separated flow with a fix separation point when β is large enough. The 
relation of the characteristic length of flow separation 𝐿𝑐  with the incoming boundary layer 
thickness and Mach number was also concluded by Zheltovodov et al. 18. The appearance of Görtler 
vortices were also reported with the help of the surface pattern visualization. Later, Zheltovodov et 
al.18, 19 , Horstman and Zheltovodov 20  and Borisov et al. 21  conducted combined researches of 
numerical simulations and experimental measurements and found that Reynolds-Averaged Navier–
Stokes (RANS) method with different turbulence models could not accurately predict the flow field, 
including the separation and reattachment positions, and distributions of surface skin friction and 
heat transfer coefficients. Therefore, the application of RANS-based approach for in-depth 
researches of high-speed aerodynamics is quite limited, due to the incapability of turbulence model 
in predicting complex non-equilibrium flows. More accurate and fidelity methods such as direct 
numerical simulation (DNS) and large-eddy simulation (LES) would be necessary. 

In DNS and/or LES, small-scale turbulent fluctuations can be either directly resolved or 
modelled up to sub-grid scale (SGS) level. Therefore, they can provide detailed flow information 
and accurate predictions. Nowadays, DNS and LES are playing very important roles in turbulence 
simulation and modelling. 22  The first LES of the expansion–compression corner flow was 
conducted by Knight et al. 23 They adopted Monotone Integrated Large Eddy Simulation (MILES) 
with the second-order Godunov scheme for spatial discretization on unstructured tetrahedral mesh. 
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Their LES has shown general good agreement with the experimental measurements. Recently El-
Askary24 conducted a LES with the same flow condition as Knight et al.23 The MILES methodology 
was again adopted together with the second-order upwind-biased scheme. The better predictions 
than those of Knight et al.23 were reported, which could be attributed to the improved mesh quality.  

In this paper, we will present DNS of the expansion–compression corner flow at Mach 2.9 and a 
25° deflection angle. The Reynolds number considered are Reδ=20000, Reδ=40000 and Reδ=80000, 
corresponding to the flow conditions of previous LES study23,24 and the experimental measurements 
of Zheltovodov et al.25, respectively. The DNS results are validated by comparing with published 
experimental measurements and other DNS/LES data. The detailed turbulence structures and flow 
statistics in the backward-facing step interaction region are analysed and the Reynolds number 
effect is also discussed. 

2. Numerical Method 
Three-dimensional unsteady compressible Navier-Stokes (N-S) equations in a general, time-

invariant, curvilinear coordinate system are numerically solved for the present research.  
The Euler terms of the NS equations are solved by using the newly developed seventh-order 

low-dissipation monotonicity-preserving (MP7-LD) scheme26. After all the spatial terms are solved, 
the residual terms are integrated in time by using the explicit three-step third-order TVD Runge-
Kutta scheme.  

In DNS/LES of turbulent boundary layer, the inlet turbulent fluctuations need to be artificially 
constructed. Lots of efforts have been made in developing inflow turbulence generation technology. 
In the present research, the digital filter method proposed by Touber and Sandham27 is used to 
generate synthetic inflow turbulence. This method is very competitive with the widely used rescale-
reintroduce method28,29 in terms of the domain requirement of the transition region30 and thus has 
the benefit of avoiding any artificial periodicity. 

After the inflow fluctuations are generated, the supersonic inflow condition is used to prescribe 
the flow variables at the inlet plane, except for the subsonic portion of the boundary layer, where 
the pressure is extrapolated from the inner points. At the far field and the outlet plane, all the 
variables are extrapolated using known values inside the computational domain, which is efficient 
and stable31. At the bottom wall, the isothermal nonslip condition with the adiabatic temperature of 
𝑇𝑊 = 2.51𝑇0 at the wall is used. The periodic condition is used in the spanwise direction. 

 The computational domain is sketched in Fig. 1, scaled with the reference length of the nominal 
boundary layer thickness 𝛿𝑟𝑒𝑓 at the reference plane at x=0 and the expansion corner location (EC) 
is placed 4𝛿𝑟𝑒𝑓  downstream the reference plane. To be consistent with the experiment of 
Zheltovodov et al.17 as well as the LES of Knight et al.23 and El-Askary24, the deflection angle of 
the backward-facing step is set to be 𝛽 = 25°, and the vertical distance between the two plate is 
ℎ = 3𝛿𝑟𝑒𝑓. The detailed information about the size of the domains and meshes of the three cases are 
given in Table 1. Unless otherwise noted, all the lengths in the rest of the paper are scale with 𝛿𝑟𝑒𝑓. 
Case 1 has finer mesh resolution than the Case 2 and Case 3, and they both satisfy the DNS spatial 
resolution recommended by Sagaut32 for wall-bounded turbulent flows.  

Table 1  Domain size and mesh parameters 

 Re x0 xmax ymax Zmax Nx×Ny×Nz �∆𝑥𝑟𝑒𝑓+ ,∆𝑥𝑚𝑖𝑛+ � ∆𝑦1+  ∆𝑧+ 
Case 1 20000 -16.9 30 6 6 1420×120×256 (5.1, 1.1) 0.55 4.3 
Case 2 40000 -13.6 30 6 5 2020×120×300 (7.1, 1.4) 0.45 5.7 
Case 3 80000 -11.9 23 6 3 2020×120×400 (7.4, 1.5) 0.68 4.3 
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Fig. 1. Sketch of the computation domain. 

The present DNS mesh is straight and perpendicular in all three directions, except for in the 
ramp region, where the mesh lines are gradually turned towards the ramp surface in order to 
preserve both the orthogonality and smoothness of the mesh. The mesh is concentrated near the 
reattachment point to achieve the local grid resolution of ∆𝑥+≈ 1 for the capture of the small-scale 
turbulent structures there. The resolution at the reference plane is listed in Table 1.  

The inflow Mach number is 2.9. The flow is expected to be fully developed at the reference 
plane x=0, at which the boundary layer parameters are listed in Table 2. 

Table 2  Boundary layer parameters at the reference plane 

  𝐶𝑓 𝛿 𝛿∗ 𝜃 𝑅𝑒𝛿  𝑅𝑒𝛿∗ 𝑅𝑒𝜃 
Case 1 0.00224 1.0 0.45 0.077 19983.8 8950.8 1531.8 
Case 2 0.00186 1.0 0.42 0.076 40934.2 17203.8 3090.4 
Case 3 0.00138 1.0 0.43 0.076 80051.0 34567.2 6140.7 

3. Results and Discussions 
To validate the present DNS results, we firstly compared the velocity profile at x=2, where the 

boundary layer is still in the state of equilibrium, with the high-Re experimental measurement of 
Zheltovodov et al. 16 in Fig. 2 (a). The good agreement between the present three cases and the 
measurement can be confirmed. The van Driest transformed velocity in wall unit 𝑢𝑣𝑑+  is plotted in 
Fig. 2 (b), together with the law of wall and the measurements in the incompressible boundary 
layers of Murlis et al.33 and Erm and Joubert34. It can be seen from Fig. 2 (b) that, the velocity 
profile in the linear layer and log layer perfectly matches the incompressible law of wall with the 
standard von Kármán constant. With the increase of the Reynolds number, the log layer extends and 
the wake layer becomes higher. Overall the agreement between the present DNS and the 
incompressible measurements is satisfactory in the log layer, and the discrepancy in the wake layer 
can be attributed to the Reynolds number effects. 
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Fig. 2.  Mean velocity profile at x=2. (a) is in boundary unit and (b) is in wall unit. 

The comparison of the mean wall pressure distributions from three present DNS as well as 
previous LES results23, 24 and experimental data of Zheltovodov et al.25 are shown in Fig. 3 (a). It 
can be seen that, the pressure is reduced sharply at EC position then gradually till the middle of the 
ramp, i.e. at the foot of the front shock-wave, where the wall pressure begins to rise. A pressure-
plateau can be identified in the region of 8 < 𝑥 < 11 corresponding to the location of the separation 



Section Number:   Section name 

bubble. After interaction with the rear shock-wave, the pressure is largely increased. With the 
increase of Reynolds number, the level of the pressure-plateau is slightly reduced and the pressure 
after the rear shock is increased more rapidly, which agrees with the trend of the experimental data. 
Overall, the wall pressure profiles of the present cases match well with the experiments and the LES 
data. 

From the wall pressure gradient 𝑑𝑃𝑊
𝑑𝑥

 in Fig. 3 (b), we can see the two positive peaks, which 
correspond to the two legs of the λ-shock respectively. With the increase of the Reynolds number, 
the first peak moves downstream and the second peak moves upstream, which mean the decrease of 
the angle between the two legs of the λ-shock. Therefore, it can be deduced that, the two peaks will 
move close to each other with further increase of Reynolds number and finally merge together when 
the Reynolds number gets to the infinity. The value of the second peak also increases with the 
increase of the Reynolds number, due to the reduction of the viscous effect. 
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Fig. 3.  Mean wall pressure (a) and wall pressure gradient distribution (b). The pressure gradient is normalized with 
𝑷∞ 𝜹𝒓𝒆𝒇⁄ . 𝑷∞ is the static pressure of the incoming flow. 

The instantaneous numerical density schlieren applying 0.8𝑒−10(|𝛻𝜌|−|𝛻𝜌|𝑚𝑖𝑛) (|𝛻𝜌|−|𝛻𝜌|𝑚𝑎𝑥)⁄  of 
three flow cases are shown in Fig. 4. The experimental schlieren of Zheltovodov et al.14 at Reδ= 
190000 is also given for quantitatively comparison. The λ-shock system can be seen clearly from 
the schlieren of the DNS. All the three pictures in Fig. 4 have similar flow patterns, and we can 
observe the weakening of the turbulent structures with the increase of their sizes during the 
expansion process. From the DNS results, we can see the flow in the separation bubble is less 
fluctuant, which mean the flow in it could be laminar. 

a       b  

c          d  

Fig. 4.  The instantaneous density schlieren of Case 1 (a), Case 2 (b) Case3 (c) and the experiment observation of 
Zheltovodov et al. 14 at Reδ = 190000 (d) 
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The mean skin friction 𝐶𝑓 are plotted in Fig. 5, in which we can see that The skin friction has a 
strong spike at EC, which is caused by the sudden change of the surface geometry. After the spike, 
the skin friction gradually decreases and at about the half of the ramp, the skin friction has a plateau 
region with negative values, which indicates the existence of the separation region with reverse 
flows. The plateau value of present DNS cases and other published data collapses, which means it is 
independent of flow Reynolds number. The separation point is located just downstream the first 
positive peak of the wall pressure gradient (see Fig. 3 b), which is also the position of the foot of the 
front shock. Downstream the compression corner, with the increase of the adverse pressure gradient, 
the skin friction decreases again and reaches the minimum value. After that, 𝐶𝑓 begins to increase 
and the reattachment point can be identified according to 𝐶𝑓 = 0. Further downstream, the increase 
of 𝐶𝑓 slows down, which indicates the recovery of the turbulent boundary layer towards another 
equilibrium status.  
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Fig. 5.  Mean skin friction distribution. 

According the skin friction, the reduction of the size of the separation region and the forward 
movement of the reattachment with the increase of the Reynolds number can be confirmed and with 
the increase of the Reynolds number, the recovery of the skin friction downstream the reattachment 
is also faster. In general, the predicted skin frictions of the present DNS are in good agreement with 
the experimental data of Zheltovodov et al.14 as well as two previous LES results. Comparing all the 
simulation results, it can be seen that, the discrepancy of all the simulations are mainly presented in 
region downstream the compression corner location, where the flow is dominated by the SWTBLI. 
The difference in separation bubble size and reattachment point could be primarily due to Reynolds 
number effect that leads to the generation of small turbulent structures by the SWTBLI. As there is 
limited experimental data available in this region, it is not possible to judge which simulation 
produces better prediction of the skin friction than others.  

In Figs. 6 a–c, predicted the mean surface streamlines in the 3D region of the three cases are 
compared. Downstream the separation line, several periodic longitudinal convergence and divergence 
lines located along the plate width can be identified. Such the periodic lines have been observed also in 
experiments14, however, they have been not very distinct at β = 25° as compared with similar ones 
observed at the higher deflection angle β = 45° (see Fig. 6 c). 

This flow topology is also observed in two-dimensional compression corner flow experiments 
by using surface visualization technology35

 and numerical simulations by using LES36, which is 
considered as the evidence of Görtler type vortices. The topologies of the surface streamlines of the 
predicted three cases are identical and the spanwise distances between the convergence lines are all 
at the scale of 𝛿𝑟𝑒𝑓, which are independent of the Reynolds number and smaller than the value in 
the compression corner flow LES of Loginov et al.36, who reported a spanwise scale about 2δ. 
However, in accordance with experiments by Zheltovodov et al.14 the spanwise scale is also about 



Section Number:   Section name 

2𝛿𝑅 downstream the backward-facing step if the reattaching boundary-layer thickness 𝛿𝑅 to be used 
as a reference value. 

 a b c  

d  

Fig. 6.  Time averaged skin friction coefficient and surface streamlines around the reattachment line for (a) Case 1, (b) 
Case 2, (c) Case 3, (d) Experimental surface flow pattern (oil flow visualization) at β = 45°, Reδ = 194000. (EC – 

expansion corner, CC – compression corner, S – separation line, R – reattachment line). 

 
The normal Reynolds stress components and the turbulent kinetic energy (defined as =

0.5〈𝑢𝑗′′𝑢𝑗′′〉 ) contours are shown in Fig. 7. During the expansion process, all components of normal 
Reynolds stresses are suppressed. Downstream CC, they are all greatly amplified due to the 
interaction with the shock-wave. The maximum turbulent kinetic energy can be found near the 
reattachment point and its peak is placed in the middle of the boundary layer rather than in the near 
wall region, which means the fluctuations are dominated by the turbulent structures detached from 
the wall. Further downstream, the normal Reynolds stresses in the outer region of the boundary 
layer are dissipated and 〈𝑢′′𝑢′′〉  and 〈𝑤′′𝑤′′〉  begin to increase in the near wall region, which 
indicates the regeneration of wall turbulence during the recovery of the boundary layer. 

a b  

c  d   
 

Fig. 7.  Components of Reynolds normal stresses. (a): 〈𝑢′′𝑢′′〉, (b): 〈𝑣′′𝑣′′〉, (c): 〈𝑤′′𝑤′′〉, (d): Turbulent kinetic energy. 
All variables are normalized with the square of friction velocity 𝑢𝜏 at the reference place. Two streamlines are shown in 

(d) with black solid lines. 

It is worth to note that, the evolution of the turbulence stress in the ramp region is different in 
inner layer and outer layer regions. In the outer layer, the turbulent fluctuations keep decreasing in 
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the whole ramp region. However, for the inner layer, the Reynolds stresses are reduced sharply near 
EC, and then begin to increase almost immediately after EC. Therefore, the differences between the 
inner and the outer layers become more and more distinguishable during the evolution along the 
ramp. To investigate this property, two streamline traces are introduced, one from the near-wall 
region (S1: x=0, y=0.03) and the other from the middle of the boundary layer (S2: x=0, y=0.35) at 
the reference plane, as shown in Fig. 7 (d). The normal Reynolds stresses evolution along these two 
streamlines are plotted in Fig. 8. It can be seen that along the streamline S1, 〈𝑢′′𝑢′′〉 and 〈𝑤′′𝑤′′〉 
have shown significant reduction within a shorter distance after EC, whilst 〈𝑣′′𝑣′′〉  has only 
negligible oscillation around EC position. Downstream EC, all compounds of the Reynolds stresses 
increase along the ramp surface. The rate of the increase is largely amplified after the interaction 
with the front shock at 𝑥 ≈ 7, and it continues after the interaction with the rear shock at CC. The 
peak of the normal Reynolds stresses can be found near the reattachment point. 

In contrary, along the streamline S2, all normal Reynolds stress components are gradually 
reduced downstream EC, until the region where turbulence is amplified by the strong SWTBL, and 
then the increase of all compounds of normal Reynolds stresses can be seen. Therefore, it is clear 
that the turbulence in the inner layer and the outer layer has undergone completely different 
evolution process, which means the different turbulence suppression and re-development 
mechanisms in the inner and outer layers along the ramp surface. 
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Fig. 8.  Evolution of 〈𝑢′′𝑢′′〉 (a), 〈𝑣′′𝑣′′〉 (b), 〈𝑤′′𝑤′′〉 (c), and K (d), along the streamlines S1 and S2. All variables are 
normalized with their values at the reference plane. 

The instantaneous turbulent flow field will be analyzed to investigate the turbulence structures. 
Firstly, the streamwise velocity fluctuation 𝑢𝑠′′ along two planes containing streamlines S1 and S2 
respectively are shown in Fig. 9. For the streamline (S1) plane, which is in the near-wall region, we 
can see the classic streamwise elongated streaks in the upstream undisturbed boundary layer region 
and the distance between two neighbouring low-speed streaks is about ∆𝑧+ = 100, in agreement 
with other DNS studies37,38. Dowstream EC, the strength of velocity fluctuations is weakened. 
However, the streaky structures are still preserved and their scale is largely increased. From the 
second half of the ramp, we can see large-scale streaks with a spanwise length scale of about 𝛿𝑟𝑒𝑓 
and a streamwise length scale of about 5𝛿𝑟𝑒𝑓. Downstream the reattachment point, the large-scale 
streaks become unstable and break down to generate more small-scale structures. After 𝑥 = 15, the 
classic streaky structures as seen in the upstream undisturbed boundary layer are formed, which 
promote the near-wall turbulence recovery towards the equilibrium status. 

In contrary, the streamwise velocity fluctuation along the streamline (S2) plane presents weak 
and less organized structures in the upstream undisturbed boundary layer and these fluctuations are 
consistently suppressed over the ramp region until the flow reattachment point. After 𝑥 = 15 in the 
mixing layer region, we can see some large-scale structures in the boundary layer recovery region, 
which is contributed by the large-scale turbulent coherent structures in the mixing layer. 

a b  
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Fig. 9  Streamwise velocity fluctuation along the streamlines S1 (a) and S2 (b). 

The turbulent coherent structures are further visualized with the 𝜆𝑐𝑖  criterion, which was 
proposed by Zhou et al.39 as the representation of the swirling strength. The iso-surface of 𝜆𝑐𝑖 
colored with the instantaneous x-vorticity 𝜔𝑥 is shown in Fig. 10. The coherent structures in the 
undisturbed boundary layer present classic streamwise elongated hairpin vortices.  

In the ramp region, we can barely see any structures, which indicate the expansion process 
greatly reduce the swirling strength of the turbulence. Near the reattachment line in Fig. 10 (c), we 
can see some large-scale coherent structures in the near-wall region, indicating the Görtler vortices. 
In the recovery region, we can see lots of detached structures in the middle of the boundary layer, 
which is generated by the free shear in the mixing layer. These structures are dissipated with the 
recovery of the boundary layer, while attached hairpin structures are gradually regenerated. 

 

Fig. 10.  Turbulence coherent structures visualized with the iso-surface of 𝝀𝒄𝒊 equaling to 0.8% of its global maximum 
and coloured with the x-vorticity. The expansion-wave and shock-wave are visualized by using the iso-surface of 

𝒑 = 𝟎.𝟔𝒑𝟎.  

The visualization of turbulent coherent structures in the ramp region is enhanced by using the 
iso-surface of 𝜆𝑐𝑖 = 0.16%𝜆𝑐𝑖,𝑚𝑎𝑥 in Fig. 11, in which the evolution of the two-layer structures of 
turbulence along the ramp can be seen. The turbulent coherent structures from the outer part of the 
undisturbed boundary layer are gradually damped with the loss of their coherence during the 
expansion process. In the inner layer, however, the quasi-streamwise structures are preserved all the 
way along the ramp. Therefore, the separation line, the large-scale quasi-streamwise vortices can be 
seen very clearly. These structures have larger scale in both spanwise and streamwise than the 
streamwise vortices in the undisturbed boundary layer and contribute to the streamwise elongated 
streaks in the near-wall region of the ramp, as shown in Fig. 9 (a). Further downstream, the size of 
these quasi-streamwise structures becomes larger, and near CC, the spanwise size between these 
structures is about δ𝑟𝑒𝑓, which is the same size with the Görtler vortices. 
 

(a)        (b)  
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Fig. 11.  Turbulent coherent structures in the ramp region. 𝜆𝑐𝑖 = 0.16%𝜆𝑐𝑖,𝑚𝑎𝑥  is used to visualize coherent structures. 
(b) is the view from the z direction. 

4. Conclusions 
The Mach=2.9 supersonic turbulent flow in an expansion-compression corner with 25° decline 

angle at Reδ=20000, Reδ=40000 and Reδ=80000 are studied by using DNS with the high-order low-
dissipative numerical scheme. The DNS results are well validated by comparing the wall properties 
in both equilibrium boundary layer and interaction regions with published experimental 
measurements and other DNS/LES data. The detailed turbulence structures and flow statistics in the 
backward-facing step interaction region are firstly reported and analysed.  

It was found that with the increase of Reynolds number, the reattachment line moves upstream 
and the size of the separation bubble decreases. Despite the skin friction increases after the flow 
reattachment are steeper at higher Reynolds number case, the lower Reynolds number case reaches 
higher skin friction in the recovery region.  

In the ramp region, the turbulence motions and structures are at first largely suppression after the 
expansion-waves emitted from expansion corner, and then amplified due to the interaction with the 
shock-wave formed at compression corner region. During the expansion process, a two-layer 
turbulence structure is observed, in which the turbulence in the outer layer is suppressed over entire 
ramp. In the inner layer, however, the turbulence is merely suppressed in a small region around the 
corners and then enhanced in the rest of the ramp. Therefore, a thin layer with high level of 
turbulent fluctuations can be observed in the region close to the ramp surface. It is also found that 
although the turbulence motion is suppressed in certain ramp region, the quasi-streamwise coherent 
structure is still preserved. After the flow reattachment, the large-scale Görtler vortices induce 
strong velocity fluctuations in the near-wall region, which leads to ‘quick’ regeneration of wall 
turbulence and recovery of the boundary layer to equilibrium status. 

The large-scale Görtler vortices are correlated with the rapid increase of skin friction near the 
reattachment line. From the analysis of wall streamline, we can see a typical saddle-node 
combination with a characteristic size of 𝛿𝑟𝑒𝑓.  
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