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ABSTRACT: A planar duct flow configuration with a cross-flow injected from a longitudinal slit close to the 

upper wall of the duct is studied by using a direct numerical simulation approach to explore the underlying 

flow mechanism in relation to the tip-leakage vortex (TLV), which is one of the most important flow phenomena 

in turbomachinery.  Major characteristics of TLV in a rotor of turbomachinery are identified in the current flow 

model. The analysis of mean and instantaneous flow fields reveals that the interaction between the main (axial) 

flow and jet (cross) flow is the primary source of the generation of the TLV. The evolution of the TLV is then 

investigated, and a vortex breakup phenomenon is identified. The evolution of TLV can be divided into three 

phases, i.e. the formation phase, the break-up phase, and the diffusion phase. Mean streamlines and turbulence 

kinetic energy (TKE) budgets are analysed, showing that the high TKE central spot in the formation phase is 

due to the interaction between highly swirling vortex filaments and mean velocity gradient. In the outer part 

of the TLV, the TKE is mainly produced in the shear-layer and transported towards the centre by the turbulence 

transport. 
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1. Introduction 

Turbomachinery is a core component of the modern energy transfer system, such as a heavy-duty gas 

turbine for power generation and a jet-engine for aviation. It is critical to study turbomachinery aerodynamics 

with a view to improving its performance. Tip-leakage flow (TLF) is a typical secondary flow phenomenon in 

turbomachinery, which is moving across the tip clearance between the blade tip and the casing, driven by the 

pressure difference between the pressure surface and the suction surface of the blade. It is considered as one 

of the three major sources of the loss in turbomachinery [1], along with the profile loss and secondary loss. It 

also has overall effects on turbomachinery’s performance, such as efficiency [2,3], noise generation [4] and 

stability [5,6,7]. Downstream of the tip clearance, the TLF rolls up to form unsteady vortical structures, brings 

vorticity into the flow passage, and further interacts with the main (axial) flow inside the blade passage. Hence, 

it is of great significance for the energy and aerospace industries to investigate the dynamics and mechanisms 

of TLF. 

Because of the complexity and non-equilibrium nature of TLF, the Reynolds-averaged Navier-Stokes 

(RANS) simulation in the tip region is generally unsatisfactory [1,8], although RANS has been widely adopted in 

the turbomachinery industry as a productive computational fluid dynamics (CFD) tool [9]. Turbulence models 

used in RANS approach are the main source of the inaccuracy and uncertainty of CFD [10], as most turbulence 

models are semi-empirical, and those constants and coefficients in eddy viscosity-based models are mostly 

calibrated with experimental data of basic equilibrium turbulent flows [ 11 ]. Therefore, RANS often fail to 

predicate a correction mean flow field in the tip region, where the turbulence is in a typical non-equilibrium 

state [12]. Further improvement of turbulence models in TLF requires a deeper understanding of turbulence 

mechanism of tip-leakage vortex (TLV) and accurate flow field data for calibration of parameters. 

Numerous experiments have been done in the past to investigate TLF, producing a large amount of dataset 

of pressure distribution, velocity, vorticity, and Reynolds stress at specific measurement points. Recently, 

advanced experimental technologies like stereo particle image velocimetry (SPIV) have been used to acquire 

detailed velocity field of TLV. For example, Yu and Liu [13] and Du et. al. [14] investigated the TLV in an axial 

compressor rotor passage using SPIV, and revealed many important features of the TLV, including the 

breakdown of the TLV, the formation of the compound corner vortex, and the evolution of the tip corner anti-

rotating streamwise vortices. The comprehensive SPIV data recently obtained by Miorini et al. [15] and Wu et al. 
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[ 16 ] in an axial water pump showed very complex turbulence structures inside a TLV. They reported the 

mismatch between turbulence kinetic energy (TKE) and its production and pointed out that the TKE peak at 

the TLV’s core is due to the convection effect. Researchers were trying to understand the underlying 

mechanism of the TKE production and its transport characteristics of TLV [15-17]. However, it is still quite 

difficult to reconstruct a detailed three-dimensional (3D) flow field using experimental data, which limits a 

further investigation of TLV. 

Compared to RANS, eddy-resolved numerical methods, such as direct numerical simulation (DNS), large-

eddy simulation (LES) and hybrid RANS/LES, have been demonstrated to yield much more accurate, reliable 

and detailed data [18], which greatly benefits the research in flow physics and validation of turbulence models 

[19,20]. You et al. [21,22,23] have conducted a LES of a linear cascade flow with a tip clearance to investigate the 

clearance size effect, viscous loss and vortex dynamics of the TLF. Their research suggests the endwall viscous 

losses can be alleviated by changing the direction of the tip-leakage flow. Pogorelov et al. [24] performed a large-

scale LES on the TLF of an axial fan rotor. The detailed flow fields in the rotor tip region were resolved, and the 

turbulence and acoustics characteristics were investigated.  Moghadam et al. [25] studied the TLV in a model 

axial fan at different tip-gap sizes and operating conditions, using a LES approach. Good agreements with the 

experimental measurements were achieved, and the breakdown of the TLV was captured in a large tip-gas size 

case. Zonal-LES [26,27] and delayed detached-eddy simulation (DDES) [28,29] were then employed in the TLF 

problem, showing that hybrid RANS/LES methods are also feasible approaches for the problem with an 

acceptable computational cost. It must admit that DNS is still the most favourite tool for fundamental 

turbulence research because all turbulent scales are resolved without introducing any empirical parameter [30], 

although it is too computationally expensive to apply directly to a full-scale engineering problem at a working 

condition. Even the LES approach was only applied for model cascades [21,22,23] and rotors [25], rather than full-

size turbomachinery. Therefore, it is more realistic to apply DNS in a more generalised flow model extracted 

from an engineering problem.  Such a model shall have a simple geometry and work at a relatively low Reynolds 

number, but contain major flow features and key characteristics of turbulence for a study of physics of fluids. 

A jet model was proposed by Rains [31] to study the mechanism of loss due to blade tip clearances.  A compound 

vortex model was used by Lakshminarayana [32], and the blade-to-blade variation and stagnation pressure 

losses in TLF were well predicted. Chen et al. [33] presented a similarity analysis by decomposing TLF into 
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independent throughflow and crossflow, and their calculations based on the similarity scaling agreed well with 

the experimental data. Recently, Wheeler et al. [34,35,36] developed a channel configuration with a sharp inlet 

corner to model flow over the tip of a turbine blade. DNS is adopted to resolve the details of the development 

of the turbulence boundary layer in the tip area, together with the study of the tip flow aerodynamics and heat 

transfer under the influences of free-stream turbulence, cross-flow and the pressure side boundary layer.  

Inspired by Chen et al. [33], a generalised TLF model is adopted to represent the cross-jet flow/passage flow 

interaction and the TLV roll-up. The TLF is reduced to a wall-jet flow ejected from a slit on a sidewall of a cuboid 

duct, and the wall-jet interacts with the passage flow, creating a helical rolling-up vortex for the research of 

TLV. The present flow model can be regarded as a combination of two basic types of jet flows, i.e. the wall jet 

[37] and jet in crossflow [38]. It is a simple flow model compared with a rotor in turbomachinery yet still with 

generality. Meanwhile, it still contains complex three-dimensional vortical structures observed in rotors. The 

flow physics based on the analysis of the flow model can be used to understand the vortex dynamics in 

turbomachinery, and the DNS database produced can be used to improve turbulence models, especially for 

those emerging data-driven turbulence modelling methods [39,40]. The previous LES studies [41,42]  have shown 

that the flow model could reproduce similar flow field with the TLV in a compressor rotor. Apart from its 

simplicity, flexibility is also favourable. Some key factors in the TLF, such as gap geometry, adverse pressure 

gradient and relevant motion of casing wall, can be added to the basic form of the flow model and studied 

individually or jointly. A DNS approach is employed in the present study to simulate the model flow at a low 

Reynolds number. The statistics in the duct flow without the cross-jet flow is validated first. Then the DNS data 

are analysed, focusing on flow structures and turbulence mechanisms of the TLV, especially the TKE production 

mechanisms in the vortical region. 

2. Governing Equations and Computational Setup 

2.1. Governing Equations 

The 3D unsteady compressible Navier-Stokes (N-S) equations given as, 

𝜕𝜌

𝜕𝑡
+
𝜕𝜌𝑢𝑖
𝜕𝑥𝑖

= 0,                                                                                   (1) 

𝜕𝜌𝑢𝑖
𝜕𝑡

+
𝜕𝜌𝑢𝑖𝑢𝑗

𝜕𝑥𝑗
−
𝜕𝑝

𝜕𝑥𝑖
=
𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
,                                                                      (2) 
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𝜕𝜌𝐸

𝜕𝑡
+
𝜕𝜌𝐸𝑢𝑗 + 𝑝

𝜕𝑥𝑗
= −

𝜕𝑞𝑗

𝜕𝑥𝑗
+
𝜕𝑢𝑖𝜎𝑖𝑗

𝜕𝑥𝑗
,                                                               (3) 

are numerically solved, in which the primary variables are the density 𝜌, the pressure 𝑝, the velocity component 

𝑢𝑖 with (𝑢1 = 𝑢, 𝑢2 = 𝑣, 𝑢3 = 𝑤), and the total energy per unit mass 𝐸, defined as, 𝐸 =
𝑝

(𝛾−1)𝜌
+
1

2
𝑢𝑖𝑢𝑖, with the 

ratio of specific heats 𝛾 = 1.4.  

Based on a Newtonian fluid, the viscous stress tensor  𝜎𝑖𝑗 is defined as, 

𝜎𝑖𝑗 = 𝜇 (
𝜕𝑢𝑖
𝜕𝑥𝑗

+
𝜕𝑢𝑗

𝜕𝑥𝑖
) −

2

3
𝜇
𝜕𝑢𝑘
𝜕𝑥𝑘

𝛿𝑖𝑗 ,                                                                (4) 

where 𝜇 is the dynamic viscosity and calculated via the Sutherland law as, 

𝜇 = 𝑇1.5
𝑇𝑆 𝑇0⁄ + 1

𝑇 + 𝑇𝑆 𝑇0⁄
 ,                                                                              (5) 

where 𝑇 is the temperature, 𝑇0 = 298.15𝐾 and  𝑇𝑆 = 110.4𝐾. 

The heat flux vector is defined according to the Fourier’s law as, 

𝑞𝑖 = −𝜆
𝜕𝑇

𝜕𝑥𝑖
,                                                                                       (6) 

where 𝜆 = 𝜇𝑐𝑝 Pr⁄  is the coefficient of thermal conductivity, Pr = 0.72 is the Prandtl number, 𝐶𝑃 = 𝛾𝑅/(𝛾 − 1) 

is the specific heat capacity of the gas at constant pressure with the gas constant, 𝑅 = 287.1 J (K∙kg)⁄ . 

2.2. Numerical Method 

By Jacobian transformation and conformal mapping, Eqs. (1-3) are projected to a computational domain to 

deal with the local mesh deformation, and the transformed N-S equations are solved within a CFD framework 

of high-order finite difference method by using an in-house code ASTR, which has been previously applied to 

DNS [43,44,45] and LES [46,47,48]. The 6th-order compact central scheme [49] is adopted to solve both the convection 

and diffusion terms. The compact scheme is decoupled at the interface between two neighbouring subdomains 

to adapt a domain-decomposition based parallel computation [50]. The 2nd derivatives of the diffusion terms are 

solved with the application of the first-order difference twice in a successive manner. This method is more 

efficient than the direct calculation of the second-order derivatives although the latter method could be 

numerically more stable [51]. To remove the small-scale numerical wiggles due to aliasing errors resulting from 

the discrete evaluation of the nonlinear convection terms, a 10th-order compact low bypass filter is 
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incorporated, which limits the filtering only at high wavenumbers [52]. After all the spatial terms are solved, a 

third-order total variation diminishing (TVD) Runge-Kutta method [53] is used for the time integration. 

2.3. Domain and Mesh 

The computational domain is an 8𝑙0×2𝑙0×1𝑙0 cuboid, where a reference length 𝑙0 is the same as the spanwise 

width. An extra sponger layer is added at the end of the domain to minimise the reflection of numerical errors 

from the outlet boundary.  The slit is defined as a zone of 𝑥 ≥ 2, 1.95 ≤ 𝑦 ≤ 2 and 𝑧 = 0, shown as the blue 

patch in Figure 1. A mesh of 512×384×192 nodes is used to discretise the domain. As represented in Figure 1, 

the mesh is uniformly distributed in the 𝑥 direction within the effective domain and hyperbolically stretched 

in the sponge layer. In the 𝑧 and 𝑦 directions, the mesh is concentrated towards all four walls to enhance the 

resolution of the near-wall turbulence. No further special treatment is needed for the slit area since the mesh 

is already fine in that region. The mesh resolutions in wall unit based on the inflow properties are listed in 

Table 1, from which it can be seen that the streamwise mesh resolution in wall unit ∆𝑥+ is below 10 and the 

radial and transverse mesh resolutions ∆𝑦+ and ∆𝑧+ varies from 0.75 at the wall to 5.82 in the centre of the 

duct. These resolutions satisfy the criteria of DNS of a wall turbulence suggested by Sagaut [54]. The ratio of the 

effective mesh size (defined as ∆= √𝛥𝑥𝛥𝑦𝛥𝑧
3  ) to the local Kolmogorov scale 𝜂 calculated based on the inflow 

turbulence is plotted in Figure 2. The value of ∆ 𝜂⁄  is below 4 on the inflow plane, ensuring that the mesh 

resolution is down to the smallest turbulence scale in the present DNS study.  

 

Figure 1. A sketch of the computational domain along with computational meshes. The mesh nodes 
are drawn every 4 points and the red solid lines mark the effective domain. The blue patch denotes 

the slit. 
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Table 1. Mesh resolution at the inflow plane* 

∆𝑥+ ∆𝑦1
+ ∆𝑦𝑚

+ ∆𝑧1
+ ∆𝑧𝑚

+  
9.64 0.74 5.82 0.75 5.82 

*∆𝑦1
+ and ∆𝑧1

+ represent the mesh spaces of the first node away from the wall in the local wall unit.  ∆𝑦𝑚
+ and 

∆𝑧𝑚
+  are the mesh resolutions at the centre of the duct. The wall variables are based on the inflow turbulence 

properties. 
 

 

Figure 2. The ratio of the effective mesh size (Δ) to the local Kolmogorov scale 𝜼. 𝜼 is calculated based 
on the inflow turbulence properties. 

 
2.4. Computational Setup 

The flow is primarily a subsonic turbulent duct flow with an inflow Mach number 𝑀𝑎 = 𝑢0 √𝛾𝑅𝑇0⁄ = 0.5 

and Reynolds number 𝑅𝑒 = 𝜌0𝑢0𝑙0 𝜇0⁄ = 10,000 , in which 𝑢0  is the reference velocity taken as the bulk 

averaged inflow velocity, 𝜌0 is the reference density taken as the bulk averaged density of the inflow, 𝑇0 is the 

reference temperature taken as the wall temperature, and 𝜇0 is the reference viscosity calculated based on  𝑇0.  

The corresponding Reynolds number based on friction velocity is 𝑅𝑒𝜏 = 600, which is much lower than the 

Reynolds number of turbomachinery at a working condition. Therefore, the study of the present paper is meant 

for a qualitative analysis of TLV dynamics in turbomachinery. 

To generate appropriate inflow turbulence, a precursor DNS of a turbulent duct flow with the homogeneous 

𝑥-direction applying the periodic condition at 𝑥 = 0 and 𝑥 = 𝑥𝑚𝑎𝑥 planes is conducted. An unsteady uniform 

body force proposed by Lenormand et al. [55] is adopted to drive the flow inside the duct to maintain a constant 
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mass flux. After the turbulence in the duct being fully developed, instantaneous flow field at a 𝑥-location is 

extracted and saved at every 20 time steps as the inflow database for the main simulation. The generated inflow 

data slices are introduced to the main flow simulation at the 𝑥 = 0 plane via the subsonic inflow boundary 

condition of Rudy and Strikwerda [56]. At the outflow plane (𝑥 = 𝑥𝑚𝑎𝑥), the non-reflective outflow condition [57] 

is used. A non-slip isothermal condition with wall temperature equalling to 𝑇0  are applied at 𝑦 = 0 ,  𝑦 =

𝑦𝑚𝑎𝑥 , 𝑧 = 0 and 𝑧 = 𝑧𝑚𝑎𝑥 planes, except for the slit area, where the  jet cross-flow is introduced into the duct 

with the subsonic inflow condition with a uniform spanwise inlet flow 𝑤𝑖𝑛 = 1.5𝑢0. 

The time step for the main simulation is set to be ∆t = 0.45 × 10−3t0, where t0 = 𝑙0 𝑢0⁄  is the reference time 

scale, corresponding to a CFL number of 0.99.  The main simulation has been persisted till t = 113.5t0, which 

is about 14 through-flow passing the computational domain and the statistics are collected every 40 time steps 

from t = 37.18t0 after the simulation has reached a statistically steady status, and 4240 samples are collected 

to calculate statistics. 

3. Results and Discussion 

3.1. Validation  

The flow statistics in the inflow plane is first analysed to validate the simulation. The mean streamwise 

velocity, 〈𝑢〉, and the Reynolds stress components, 〈𝑢𝑖
′′𝑢𝑗

′′〉, are shown in Figure 3, and 〈 〉 and the superscript, 

′′, stand for Favre-averaged mean variables and fluctuations, respectively. From Figure 3, a near symmetrical 

flow field along both y and z directions can be observed. Mean velocity profile and Reynolds stresses in the local 

wall unit along the central lines (marked as a dashed line in Figure 3 a) are presented in Figure 4, and the DNS 

of an incompressible planar channel flow at Re𝜏 = 590  of Moser et al. [ 58 ] is used for a reference. Good 

agreement can be observed in the linear and logarithmic layers, where the local wall turbulence dominates the 

flow. Close to the centre of the duct, the velocity profile presents a wake layer, which was also reported in a 

recent DNS of turbulent flow in a square duct [59].  The mesh sensitivity of the flow in the duct without a slit is 

also checked (data not shown), and the mean flow field and Reynolds stress are confirmed to be independent 

of the mesh’s resolution.  
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(a)                                                          (b)                                                          (c)           

         
(d)                                                          (e)                                                              (f) 

Figure 3. Mean streamwise velocity and Reynolds stress components of the inflow turbulence. (a): 〈𝒖〉; 
(b): 〈𝒖′′𝒖′′〉; (c): 〈𝒗′′𝒗′′〉; (d): 〈𝒘′′𝒘′′〉; (e): 〈𝒖′′𝒗′′〉; (f): 〈𝒘′′𝒘′′〉. 〈𝒖〉 is normalised with the reference 

velocity and the Reynolds stresses are normalised with wall units at (𝒚 = 𝟎, 𝒛 = 𝟎. 𝟓). 
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Figure 4. Profiles of mean velocity (a) and Reynolds stress (b) along the central lines of the inflow 
plane.  

3.2. Instantaneous flow analysis 
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According to the instantaneous velocity field shown in Figure 5 (a, b, c), we can see that the injection of the 

spanwise cross flow via the slit, and interaction between the cross jet-flow and the main passage flow forms a 

spiral-like swirling flow structures with high values of vorticity magnitude shown in Figure 5 (d), namely the 

TLV. Clearly, the swirling motion of TLV induces strong momentum exchanges across the upper part of the duct. 

Consequently, a large area of low-speed flow region is produced, and the velocity close to the centre of the duct 

is increased due to the blockage effect, as reflected in Figure 5 (a). The initial formulation of TLV as well as its 

evolution and break-up can be observed from Figure 5 (d) and is also shown in details in Figure 6, from which 

we can see the concentrated positive vorticity at a position of x=2.5 breaks up into small-scale vortices at a 

position of x=7, occupying up to 1/3 of the cross-section.  

  
(a)                                                                                                         (b) 

  
(c)                                                                                                         (d) 

Figure 5. Instantaneous streamwise velocity 𝒖 (a), spanwise velocity 𝒘 (b), streamlines (c) and stream 
vorticity 𝛚𝒙 (d) on 10 selected z-y planes at t=113.5. The locations of the selected z-y planes are at 

𝒙=1, 2, 2.5, 3, 3.5, 4, 4.5, 5, 6, 7. 
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Figure 6. Streamwise vorticity 𝛚𝒙 on the x=2.5 (left) and x=7 (right) slices. 

The instantaneous turbulence structures visualised with the 𝜆𝑐𝑖 criteria (i.e. the swirling strength [60,61]) are 

presented in Figure 7. In the initial stage of the formation of the vortex, a relatively concentrated vortex 

structure can be identified, and it breaks up between x=2.6 and x=2.8 as highlighted in Figure 7. After the initial 

break-up, TLV can be regarded as a package of many small-scale vortical structures. With the development of 

TLV downstream, the vortical package approaches the wall opposite to the slit (z=zmax) and interacts with the 

spatially-developing wall turbulence there.  
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Figure 7. Instantaneous turbulence coherent structures with different angles of view. The coherent 
structures are visualised by the iso-surface of ci equalling to 0.2% of its global maximum and 

coloured with streamwise vorticity. 

The iso-surfaces of the instantaneous vorticity magnitude|𝜔| = √𝜔𝑥
2 +𝜔𝑦

2 +𝜔𝑧
2, which indicates the shear 

flow strength in different regions, are presented in Figure 8. Upstream of the slit, the shear-layer is basically a 

streamwise elongated streaky flow structure which is the typical characteristic of wall turbulence. The jet from 

the slit induces a strong shear-layer close to the top wall (𝑦 = 𝑦𝑚𝑎𝑥) with negative values of 𝜔𝑥 as shown in 

Figure 8 (a). Downstream, the shear-layer penetrates towards the 𝑧𝑚𝑎𝑥 wall boundary layer, and the front of 

the shear-layer becomes more unstable. In the meantime, the jet pushes the ‘streaky’ flow structures towards 

the 𝑧𝑚𝑎𝑥 wall, and makes them more twisted. The interactions between the jet flow from the slit and the wall 

turbulence from the top wall (y=ymax) also generates small-scale flow structures around their interfaces as 

shown in Figure 8 (a) and (b). A positive 𝜔𝑥 shear-layer is formed from the lower lip of the slit due to the shear 

between the spanwise jet and the main passage flow, as shown in Figure 8 (b) and (c). The positive 𝜔𝑥 shear-

layer is clearly more unstable than the negative  𝜔𝑥 shear-layer above it, and its penetrating depth is also much 

shorter. Close to the centre of the duct, the shear-layer is present as a large number of small-scale flow 

structures (shown in Figure 8 (d)) which is co-existing in the main body of the TLV.  
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(a) (b)       

(c)  (d)  

Figure 8. Instantaneous turbulence coherent structures visualised by the iso-surface of |𝛚| equalling 
to 35% of its global maximum and coloured with streamwise vorticity. (a, b, c) show structures close 

to the 𝒚𝒎𝒂𝒙 wall, and (d) shows structures away from the wall. 

The instantaneous streamwise velocity fluctuations, 𝑢′′, on the two selected z-x slices are shown in Figure 

9, from which we can see the interactions of the jet and the wall turbulence from the 𝑦 = 𝑦𝑚𝑎𝑥 plane. Upstream 

of the slit, the near-wall area is filled with typical streamwise elongated streaks, which was so-called well 

organised structures of wall turbulence first reported by Kine et al. [62]. In contrast, the jet flow from the slit is 

quiet and barley fluctuating, due to the uniform inflow boundary condition applied on the slit. The jet flow then 

pushes the streaky structures towards the z=zmax wall, and the shape of streaks is highly twisted. Meanwhile, 

the jet front becomes unstable and breaks up into smaller flow structures. Also, we can observe a transitional 

area between less fluctuating jet flow and streaky wall turbulence, and the flow in the transitional area is more 

isotropic and chaotic. 
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 (a)  

(b)  

Figure 9. Instantaneous streamwise velocity fluctuations at two x-z planes close to the top wall. (a) 
locates at y=1.975; (b) locates at y=1.95; . 

 

3.3. Mean flow statistics 

The time-averaged streamwise velocity field with mean streamlines is shown in Figure 10, from which we 

can see the development of the low-speed zone due to the mixing effect of the TLV with the passage flow. Close 

to the centre of the duct, the flow speed gets increased as the consequence of the blockage effect of the TLV and 

the increase of the mass flux from the injected jet. The jet from the slit bends towards the streamwise direction, 

swirls around the TLV core and mixes with the main passage flow. The mean y-direction velocity 〈𝑣〉 shown in 

Figure 10 (b) shows positive values in the left-hand side of the duct and negative values in the right-hand side 

of the duct (assuming the normal direction is +x), presenting the mean vortical motion of the TLV. The mean 

spanwise velocity 〈𝑤〉 in Figure 10 (c) presents the strong positive spanwise jet velocity from the slit near the 

top wall and the relatively negative spanwise velocity region away from the top wall, also indicating a vortical 

motion of the mean flow.  Considering the TLV is in mainly alignment with the x-direction and the flow is weakly 

compressible, the centre of the TLV is defined as the local minimum of the 2D stream function, 𝜑(𝑧, 𝑦) =

∫ (〈𝑤〉𝑑𝑦 − 〈𝑣〉𝑑𝑧)
(𝑧,𝑦)

(𝑧0,𝑦0)
, in a 𝑧 − 𝑦 plane. This definition was also used by Ruben and Khosla [63] and Ghia et al. 

[64] to identify vortex centre in the lid-driven cavity problem. The streamlines around the TLV as well as the 

vortex centre are shown in Figure 11.  
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(a)  

(b)  

(c)  

Figure 10. Mean streamwise velocity 〈𝒖〉 (a), mean y-direction velocity  〈𝒗〉 (b) and mean z-direction 
velocity  〈𝒘〉 (c) on the selected z-y slices along with mean streamlines.  
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Figure 11. The streamlines and the centre of the TLV (marked as red dots). 

The TLV flow structure is further studied by drawing streamlines based on the 2D velocity vector (〈𝑤〉, 〈𝑣〉) 

in the three successive z-y planes at x = 2.5, 4.5 and 7.0, respectively, as shown in Figure 12. Four vortex cores 

can be identified at all the three slices. They are categorised as the main TLV, two induced vortex (IV1 and IV2) 

and one corner vortex (CV). IV1 was also previously observed in a linear cascade [23] and a NACA0009 airfoil 

with a tip clearance [65,66], and reported as the end-wall boundary layer separation [15].  CV appears at the corner 

is simply because of the existence of the zmax wall. IV2 beneath the slit is induced by the interactions of the TLV 

and the sidewall, which has not found to be reported in a cascade configuration. The mean streamwise vorticity, 

〈𝜔𝑥〉, at the three selected z-y sections are shown in Figure 13, in which all the three figures present similar 

patterns of 〈𝜔𝑥〉. The two legs with high negative and positive 〈𝜔𝑥〉 are due to the jet/wall and the jet/main-

stream interactions respectively. The large area of positive 〈𝜔𝑥〉 is due to the roll-up of the TLV. At x = 2.5, the 

vorticity is highly concentrated with a clear boundary from the main stream, which is consistent with the 

patterns of the instantaneous streamwise vorticity seen in Figure 6 (a). This indicates highly concentrated 

vorticity produced at the position. Downstream, the two legs penetrate deeper towards the +z direction and 

the vorticity scatters over a larger area. Combing Figure 6 (b), it can be confirmed that the large area of the 

mean vorticity in Figure 13 (c) is contributed by many small-scale vortices.  
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(a)  (b) (c)  

Figure 12. The 2D streamlines (w,v) on three selected z-y planes at (a): x=2.5, (b) x=4.5 and (c) x=7. 
The TLV centres are marked as red spots. 

(a) (b)  (c)  

Figure 13. Mean streamwise vorticity at (a): x=2.5, (b) x=4.5 and (c) x=7. The TLV centres are marked 
as black spots. 

3.4. Turbulence Kinetic Energy 

The turbulence kinetic energy (TKE) defined as, k =
1

2
(〈𝑢′′𝑢′′〉 + 〈𝑣′′𝑣′′〉 + 〈𝑤′′𝑤′′〉), at 10 selected slices 

(x=1.0, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5 5.0, 6.0 and 7.0) is shown in Figure 14, from which we can see a relatively high 

level of TKE within the TLV region and the diffusion of high TKE area downstream. Prior to the breakup of the 

TLV (i.e. x=2.5), TKE is characterised with the two separated peaks: the central TKE peak (CTP) at the vortex 

core and the peripheral peak surrounding the core on the right side of the vortex, producing a “⟓” shape pattern, 

which is similar to the PIV measurements in an axial waterjet pump [15,16]. For TLV in the axial waterjet pump, 

the TKE was observed to have three peaks, respectively within the vorticity sheet connecting the slit, near the 

TLV centre, and at the interface between positive and negative vorticity layers, prior to the breakup. The high 

TKE on the right side of TLV is clearly due to the production in the shear-layer between the vortex and the 

mainstream. During the early stage of TLV evolution, the TKE on the right-side of the shear-layer is increased. 

After the breakup of TLV, it is gradually damped out, and the TKE pattern changes accordingly. The CTP 

disappears after the breakup of TLV, and a new high TKE region close to the top wall is formed and 

strengthened downstream. Therefore, TKE evolves into a “⏋” pattern from x = 4 to x = 6 in Figure 14. With the 
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further decay of the shear-layer and the deeper penetration of the wall-jet, the TKE becomes a “—” shape 

pattern at x = 7. By plotting TKE and mean vorticity components at x = 2.66 in Figure 15, where the breakup of 

TKE happens, we can see the TKE near the edge of the TLV is mainly contributed by 〈𝜔𝑦〉 and 〈𝜔𝑧〉, which stands 

for the shear between low-speed fluids inside of the TLV and the mainstream. The CTP corresponds to the 

highly concentrated 〈𝜔𝑥〉 around the TLV core, which means it is mainly contributed from the flow motions in 

the z-y plane. The TKE and the vorticity distributions at the x = 4.5 slice are shown in Figure 17, from which a 

clear “⏋” shape of the TKE is observed. The highly compact streamwise vorticity spreads onto a larger area 

after the breakup of the TLV. Both 〈𝜔𝑦〉 and 〈𝜔𝑧〉 present thicker and weaker shear-layers than those at the x = 

2.66 section, indicating the diffusion and the dissipation of the shear-layer. The high TKE layer close to the top 

wall is clearly attributed by both 〈𝜔𝑥〉  and 〈𝜔𝑧〉 , which is due to the penetration of the wall-jet and the 

mainstream boundary layer, respectively. 

 

Figure 14. Turbulence kinetic energy on the selected z-y slices. Four mean streamlines are shown, of 
which S1 passes the TLV centre, S2 and S3 pass the TKE peaks on the TLV right side, S4 passes the TKE 
peak close to the top wall on the x=7 slice. The black spot on each slice marks the TLV centre location. 
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(a) (b)  

(c) (d)  

Figure 15. Turbulence kinetic energy and mean vorticity components at x=2.66. (a): TKE, (b): 〈𝝎𝒙〉, (c): 
〈𝝎𝒚〉, (d): 〈𝝎𝒛〉. 

(a) (b)  
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(c) (d)  

Figure 16. Turbulence kinetic energy and mean vorticity components at x=4.5. (a): TKE, (b): 〈𝝎𝒙〉, (c): 
〈𝝎𝒚〉, (d): 〈𝝎𝒛〉. The block spot marks the TLV core. 

The TKE profile along the TLV central line is shown in Figure 17, in which the TKE at the vortex centre is 

rapidly increased, and then decays after its peak location at x = 2.66. The TKE peak location in Figure 17 is 

consistent with the TLV breakup location observed in Figure 7, confirming the connection of the disappearance 

of CTP with the TLV breakup. Comparing the three components of Reynolds stress along the TLV centre line, 

〈𝑣′′𝑣′′〉 is the main contributor in prior of the breakup, producing an anisotropic status of Reynolds stress. After 

the TKE peak, Reynolds stress at the TLV centre undergoes a recovery process towards an isotropic state. 

Miorini et al. [15] attributed the CTP generation mechanism to two possible reasons, the out-of-plane 

contributors and the transport terms in the TKE equation, which could not be studied in detail due to the 

limitation of their experimental research. To further explore the mechanism of the production of high TKE at 

the TLV core, four mean streamlines are extracted in the present study, as presented in Figure 14. The 

streamwise S1 is selected as the streamline passing through the TLV centre at x = 2.5. S2 is selected as the one 

through the TKE peak on the right side of the vortex at x = 2.5. S3 is selected as the one through the TKE peak 

at x = 3, and S4 selected as the one through the TKE peak at x = 7. 
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Figure 17. Evolution of Reynolds stress 〈𝒖𝒊
′′𝒖𝒊

′′〉 and TKE at the TLV centre. 

Note that the streamline S1 undergoes a highly spiral meandering during the early stage of the TLV 

evolution, which can be seen more clearly in the zoomed view in Figure 18 (a). This kind of mean flow behaviour 

could have a major contribution to the CTP, and it also explains 〈𝑣′′𝑣′′〉 being the dominant TKE component. 

The compactly spiral meandering of the vortex filament interacts with the large velocity gradient compound 

𝜕〈𝑣〉 𝜕〈𝑧〉⁄  on the z-y plane, creating large velocity fluctuations 𝑣′′ around the TLV core. This agrees with the 

conclusion of “meandering of vortex filaments dominates the TKE” drawn by Miorini et al. [15]. This process can 

be further demonstrated by observing the streamline S1 and the mean velocity  〈𝑣〉 during the early stage of 

TLV generation as shown in Figure 18 (b). The streamline S1 ‘jumps’ between positive and negative regions 

within a compact space, which exchanges momentum between two regions and generates strong 〈𝑣′′𝑣′′〉 

around the TLV core. This kind of momentum exchange is basically a mean flow mixing process. After the 

breakup of the TLV, the meandering of streamline becomes much smoother, and therefore the central TKE ‘hot’ 

spot disappears. The helical motions of S2 and S3 are less violent than S1, which means they have less 

momentum exchanging effect, and the high TKE on the right side of the TLV is mainly due to local shear 

production.  
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(a)  (b)   

Figure 18. (a): Streamlines S1 (red), S2(purple) and S3 (blue) and TLV centre trace lines (black) in the 
zoomed view. (b): Streamline S1 and distribution of mean velocity 〈𝒗〉. 

 

3.5. TKE Transport Characteristic 

The TKE transport equation or the budget equation, 
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                                                                                                                           (7) 

is further analysed to study turbulence mechanism in terms of TKE generation. Each term in Eq. (7) represent 

a specific dynamic process of TKE behaviour. The turbulence kinetic energy budget terms are classified as the 

convection term,  𝐶, the turbulence transport term, 𝑇, the viscous diffusion term, 𝑉,  the production term, 𝑃, the 

dissipation term, 𝜀, and the compressibility term, 𝐾. The overbar,      ̅̅̅̅ , stands the Reynolds-averaging operator, 

and the superscript, ′, represents the fluctuation from a Reynolds-averaged variable. The viscous stress tensor, 

𝜎𝑗𝑖(〈𝑢〉) and 𝜎𝑗𝑖(𝑢
′′), are respectively calculated with mean and fluctuation velocities. 

The distributions of the TKE budget terms at the 𝑥 = 2.66 and 𝑥 = 4.5 sections are shown in Figure 19 and 

Figure 20, respectively.  At 𝑥 = 2.66, the production rate is positive and high in the shear-layer, but low and 

even negative at the centre, indicating the different TKE production mechanisms in the vortex core and the 

shear-layer. It is interesting to note that the TKE has a large peak in the vortex core region (shown in Figure 15 

a), but the TKE production presents a negative value. This contradiction is also observed in the measurement 

of Miorini et al. [15]. The negative production indicates that the turbulence is in a non-equilibrium state, e.g. 

there is a difference between the change of the mean strain rate and the response of the Reynolds stress [17]. 

The dissipation rate in the TLV region is at an order of magnitude smaller than the production. The turbulence 
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transport term, 𝑇, plays a significant role in the re-distribution of turbulence kinetic energy. It has a similar 

magnitude as the production term and transports TKE from the shear-layer towards the central and the outer 

regions. The convection term, 𝐶, also has a comparable order of magnitude as 𝑃 and  𝑇, and it is negative in the 

shear-layer, but positive at the vortex centre. This observation is consistent with the analysis of the highly spiral 

mean streamline S1 and its mixing effect. Therefore, it can be concluded that the CTP is mainly due to the 

convection effect through the highly spiral motion of the mean flow. The viscous diffusion term, 𝑉, balances the 

TKE through the viscous effect. But its magnitude is an order smaller than 𝑃, 𝑇, and 𝐶, thus the effect may not 

be significant. The compressibility effect is also negligible since the flow is weakly-compressible.  

(a) (b) (c)  

(d) (e)  

Figure 19. TKE budget terms at x=2.66. (a): P, (b): ε, (c): T, (d): C, (e): V. The black spot marks the TLV 
core. 

At the 𝑥 = 4.5 section, where the TLV has broken up, the budget presents a shear dominating TKE transport 

characteristic. The production term has high values in the two shear-layers, which leads to high values of TKE 

(as shown in Figure 16 a) in the corresponding regions. The dissipation term is also high in the shear-layers. 

The turbulent transport term is responsible for the redistribution of TKE in the 𝑧 − 𝑦 section, i.e. transport of 

TKE from high production regions to the surrounding low production regions.  The convection term mainly 

transports turbulent energy along the streamwise direction. At the TLV core, where the shear strength is 

relatively weak, all terms are not significant.  
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(a) (b) (c)  

(d) (e)  

Figure 20. TKE budget terms at x=4.5. (a): P, (b): ε, (c): T, (d): C, (e): V. The black spot marks the TLV 
core. 

 

4. Conclusions 

A flow model, which consists of a planar duct with a longitudinal slit, is studied using DNS at Ma = 0.5, Re = 

10,000, to study the tip-leakage vortex flow. The results are validated by comparing the profiles of velocity and 

Reynolds stress in the inlet plane with the DNS of channel flow. This is followed by the study of instantaneous 

and mean flow fields, and then the discussion of detailed turbulence structures and vortex behaviours. 

Turbulence kinetic energy budget equation is also analysed.   

It is found that the interaction between the main passage flow in the duct and the jet flow from the slit 

generates a streamwise vortex, resembling the tip-leakage vortex. A low-speed flow region is formed within 

the TLV area, leading to a blockage effect, which is often observed in turbomachinery. The vortical flow in the 

passage is found strongly three-dimensional and complicated. Major features of the TLV in turbomachinery are 

identified by the current model, including the main TLV, induced vortices besides the TLV, and the corner 

vortex. The vorticity of the TLV is highly concentrated during its initial stage, and after a critical point, it breaks 

up into a package of many small-scale vortical structures. 

The turbulence in the TLV area is energetic, which can be observed in the velocity fluctuations and the TKE 

distribution. With the development of the TLV, the evolution of TKE can be divided into three phases. The first 
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is the formation phase, which is from the formation of TLV to the break-up point. During the formation phase, 

the TKE presents two separated peaks, one at the centre of the TLV and the other in the outer layer of the vortex. 

The second phase is called the break-up phase, in which the TLV breaks up into many small vortices. The central 

peak of TKE disappears, while the vortical region expands. In the third phase, namely the diffusion phase, the 

turbulence within the vortical area is relatively weak, and strong turbulence is observed in the jet shear-layer.  

The analysis of mean streamline shows that a mean flow mixing process happens at the vortex centre in the 

formation phase, which exchanges the fluid momentum between the positive and the negative y-velocity 

regions and causes a high level of velocity fluctuations. This process is primarily a result of the spiral 

meandering of the vortex filament. The further investigation of the TKE budget equation shows that the TKE is 

mainly produced in the shear-layer on the outer part of the TLV, then transported towards the TLV centre by 

the turbulent transport. Meanwhile, the central high TKE region is contributed by the convection effect, as a 

result of the mixing effect of the highly spiral mean flow.  
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