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Abstract

In this work, an adaptive passive quasi-zero-stiffness (QZS) vibration isolation system with controllable lateral
springs was proposed and its vibration isolation effectiveness was demonstrated through theoretical and experimental
studies. An adaptive passive control strategy was developed to allow for the regulation of the lateral spring length to
address the high low-frequency resonant response of the QZS system, while maintaining QZS benefits of increasing
the control bandwidth with sufficiently low transmissibility. The effect of the length of the lateral springs on the
negative stiffness of the system under static conditions was investigated, and the stability of the system was analyzed
to ensure the system’s stability during its operation. Through experimental studies, the developed QZS system
demonstrated a lower resonant frequency compared to the linear system. Moreover, by employing the adaptive passive
control strategy, the dynamic characteristics of the QZS system could be altered from linear to nonlinear through the
highly-responsive adjustment of the horizontal spring stiffness. As a result, the excitation of low-frequency resonance
could be avoided while simultaneously obtaining an increase control bandwidth with low transmissibility. An
experimental test rig utilizing stepper motors to regulate the length of lateral springs was designed and constructed,
with the results exhibited a good agreement with the theoretical results. Specifically, experimental results showed that
the developed QZS vibration isolation system could effectively cause a reduction of the peaks of vibration response by
26.37% and 69.56% compared to the QZS vibration isolation system without control and a linear isolation system,
respectively. The QZS vibration isolation system also achieved an overall reduction in vibration transmissibility with
its low-frequency 0-dB bandwidth reduced by 11.8% (from 3.64 Hz to 3.21 Hz) when compared to the linear system,
demonstrating the improved vibration isolation effectiveness by varying the spring length at a specified trigger

frequency.
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1 Introduction

Vibration isolators hold a significant importance for addressing vibration and noise problems in a wide range of
engineering applications. Among different types of vibration isolators, a linear vibration isolator is one of the most
prevalent and well-developed options to be utilized in practical applications. However, they have a particular drawback,
namely, a relatively weak vibration isolation performance in the low-frequency range due to its associated resonance
[1], as they typically provide effective vibration isolation only when the excitation frequency surpasses v2w,,, where
wy, is the system’s natural frequency. To optimize the vibration isolation band, engineers commonly adopt a strategy
of reducing the stiffness of the supporting springs, thereby decreasing its natural frequency [2]. Accordingly, the
development of a vibration isolator with high static stiffness and low dynamic stiffness has become a prominent
research focus [3]. A higher static stiffness results in an increased higher static load capacity, while a lower dynamic
stiffness enhances the vibration isolation performance. The introduction of nonlinear stiffness elements allows for the
realization of quasi-zero stiffness characteristics. Typically, a QZS vibration isolator consists of a vertical spring, which
facilitates the load capacity, as well as a novel structure that provides negative stiffness within a limited range. In the
static equilibrium position, the negative stiffness generated by the nonlinear negative stiffness structure is counteracted
by the positive stiffness provided by the load carrying spring, thus achieving a zero-system stiffness at the static
equilibrium position and reduced the dynamic stiffness within a limited dynamic displacement range. Consequently,
the system exhibits a lower natural frequency, thereby expanding the isolation bandwidth.

With the study of single-degree-of-freedom (DOF) QZS systems, various types of QZS systems have been
developed. Zhou and Ma et al. [3] provided a systematic summary of the research progress and future directions
regarding QZS vibration isolators in recent years. The negative stiffness structure of QZS vibration isolators can be
generally divided into three parts: the passive, semi-active, and active mechanisms. Among these, the passive
mechanism can be further classified into several types, including the mechanical springs, pre-buckled beams,
geometrically nonlinear structures, magnetic structures, and composite structures [3]. Alabudzev et al. [4] theoretically
studied different types of QZS isolators, including typical QZS systems with a combination of lateral and vertical
springs and explored the feasibility of implementation of these systems. Carrella et al. [5,6] and Danh Le et al. [11,12]
proposed several typical QZS isolators, which consisted of a vertical spring and two inclined springs mounted on both
sides of the mass. Danh Le et al. analyzed their system based on simulation and experimental studies, in which the
results showed that this system was effective in improving low frequency vibration performance. Zhao et al. [7-9] used
multiple sets of oblique springs to optimize the vibration isolation performance, while Liu et al. [10] designed a QZS
isolator with a tunable nonlinear inverter, considering its stability and bifurcation characteristics. Wang et al. [13].
proposed several two DOF QZS isolators, which provided a new direction for the study of QZS vibration isolators,
while Liu et al [14] explored the phenomenon of superharmonic vibration in QZS vibration isolators. Several origami

structures were also proposed in [15-17], which could effectively suppress low-frequency vibrations by selecting



appropriate system parameters. In [18-20], as inspired by animal/insect limb structures, several biomimetic vibration
isolation mechanisms have been proposed with good vibration isolation performances without causing stability
problems. Liu et al. [21,22] designed a negative stiffness mechanism using Euler buckled beams, whereas magnetic
negative stiffness structures have also been proposed to generate QZS characteristics [23-27]. Although these QZS
vibration isolators have been demonstrated to be able to improve the low-frequency vibration isolation performance,
they tend to have relatively high low-frequency resonant responses and cannot directly adapt to system’s internal and
external uncertainties that impact on the vibration isolation effectiveness.

Thus, researchers working have also focused on the development of semi-active and active control mechanisms
for QZS vibration isolators. Danh et al. [28] and Palomares et al. [32] designed several isolators with pneumatic
negative stiffness structures to control the system stiffness by adjusting the pneumatic actuators. Sun et al. [29]
proposed a time-delayed active control strategy, adding a vertical controlled spring and a controller to the traditional
three-spring QZS isolator. The peak transmission rate of the isolator could be mitigated through an appropriate
adjustment of the delay time, the stiffhess of controlling spring and other associated parameters, such as the lateral
spring compression and support spring stiffness. Wen et al. [33] presented a new QZS vibration isolator with six oblique
springs, and the stiffness of the system was controlled by adjusting the inclination angle of the six inclined springs,
although the work focused on the theoretical studies of the system so the practical realization of such a isolator would
need further research. In addition, Pu et al. [30] and Zhou et al. [31] proposed several vibration isolation systems with
negative stiffness generated by the electromagnetic force between the coil and the magnet, and the stiffness could be
adjusted in real time by controlling the current flowing through the coil. Theoretical and experimental results showed
that the magnetic negative stiffness structure improved the low-frequency response performance of the vibration
isolator. Although using electromagnetic negative stiffness structures for vibration suppression is a desirable direction,
these systems are usually more costly and more demanding on sensors/actuators and control algorithms.

Previous research works have indicated that the QZS isolator are more effective than the linear isolators in
reducing the natural frequency of the system. However, it is worth noting that for most of the studies their isolation
system is generally inclusively attached to the primary mass, so the vibration isolation mechanism and the primary
mass altogether experience the excitation. There has been limited research on the vibration isolation mechanisms that
are independent to the primary mass. Despite the potential drawback of increased low-frequency vibrations, this
arrangement offers the advantage of enhanced adaptability to various isolation targets due to the absence of a negative
stiffness mechanism attached to the system’s base. As a result, it can exhibit superior robustness, maintaining good
control performance even when the mass of the isolation target varies. On the other hand, studies [34,35] have indicated
that as the excitation amplitude increases, the traditional QZS systems exhibits an increase in the resonant frequency
and the peak amplitude in its transmissibility. Consequently, it can result in an increase in the 0-dB bandwidth of the
vibration transmissibility, which is unfavorable for the isolation system especially when dealing with large excitation
amplitudes. To address these difficulties, therefore, the proposed QZS system incorporates an adaptive control strategy
to transform a linear system into a nonlinear QZS system. The employed adaptive passive control strategy in the

proposed QZS system can be used to effectively sustain the low vibration transmissibility within the low-frequency



range. The proposed control system thus simultaneously achieves a reduction in the transmissibility peak amplitude
and the widening of the bandwidth. In the present study, the negative stiffness mechanism is designed to be
independently attached to the primary mass, enabling its adjustment to suit various isolation requirements. This
mechanism encompasses lateral springs who stiffness can be actively adjusted, allowing for precise control over the
stiffness of the system. By dynamically varying the stiffness, the proposed control strategy is used to mitigate the large
response of the QZS system at low frequencies by detuning its resonance.

This paper is organized as follows. After the introduction in Section 1, Section 2 presents the QZS system, which
consists of a vertical spring and two lateral springs with adjustable lengths. Section 3 investigates the dynamic
characteristics of the QZS system, comparing it to a linear system with a single degree-of-freedom (DOF). The section
provides theoretical analysis on the displacement transmissibility, and subsequently introduces a semi-active control
method based on a displacement-feedback adaptive passive control strategy. In Section 4, the focus shifts to the
experimental investigation of the proposed control method. Frequency sweep experiments of displacement
transmissibility and real-time length adjustment of two lateral springs were conducted to verify the feasibility of the

control method. Finally, the paper concludes with Section 6, which presents the key results of the study.

2 Mathematical modeling of the QZS vibration isolation system with controllable lateral springs
2.1. Static analysis of the proposed semi-active QZS isolation system

As in Fig.1, the schematic diagram for the proposed vibration isolation system is presented, which is constructed
using one vertical spring and two controllable lateral springs. The lateral springs have the characteristic of variable
length, where they are driven by two stepper motors at each side, leading to the controllable spring stiffness. The
original un-stretched length of lateral springs is denoted by [,, and the springs are compressed to the initial length
[ (I < lp) to achieve QZS characteristics. It is assumed that the mass is in the static equilibrium condition in the vertical

direction when x = 0.
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Fig. 1. A QZS system with controllable lateral springs: The schematic diagrams of (a) the undeformed system
and (b) the deformed system with control activated.

It is noted from Fig.1 that the system reaches the static equilibrium, with no externally applied loads. In the
equilibrium state, the lateral spring is perpendicular to the vertical spring. The mass undergoes vertical displacement
by a distance x, while k,, and kj, represent the stiffness values of the vertical and lateral springs, respectively. The
vertical spring connects the base and excitation platform and is characterized by the coefficient of the viscous damping
¢, while the damping coefficient of the lateral spring is assumed to be negligible. The change in the stiffness of the
lateral springs lead to the change in vibration characteristics of the vibration isolation system. Under the static
equilibrium state, the equation used to determine the combined downward vertical force f;, exerted by the two lateral

springs on the mass, is as follows:

=2k (l—°—1) 1)
o= 2o\ F v

Therefore, the combined force f acting vertically upward on mass can be obtained as:

I
F = kyx + 2kpx (1 _ \/xz—"iw) @)

By dividing x on both sides of Eq. (2), the stiffness equation of the system is:

_f_ b
k—;—kv+2kh(1 W) 3)

For the analysis, the equation can be transformed into a dimensionless form. Considering the system’s
displacement in the static equilibrium state associated with the vertical spring k,, is x;, with mg = k,xg, the

dimensionless equation can be obtained from Eg. (3) as:



F=X+2KX(1—;> 4)
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where
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F
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It is noted in the aforementioned equation that the system stiffness K, of the system is affected by several factors.
These factors include the original length [, of the lateral spring, the controllable length [ of the lateral spring, and the
stiffness parameters k,, and kj,. By adjusting these parameters, the system stiffness K, can be changed from positive to
negative when the mass displacement X is in a specific small region, which is beneficial for achieving high static-low
dynamic stiffness characteristics. Here, U is set to 6.2701 for the following analysis, with Figs. 2 (a) and (b) showing
the dimensionless combined force F and stiffness K; with varying dimensionless X and the compression ratio of lateral

spring L, respectively.

(@) (b)
Fig. 2. The influence of the compression ratio of lateral spring L and the dimensionless system’s displacement X on (a)

the dimensionless external force F and (b) the dimensionless system’s stiffness K;.

Figure 2 shows a significant shift in the relationship between F and X as L increases. Initially, this relationship
exhibits extremely non-linearity and demonstrates a specific range of quasi-zero-stiffness characteristics at a certain

range of X. However, with the increase in L, the relationship gradually towards linearity within the displacement range
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of the system. It is worth noting that when L = 1, the system does exhibit the characteristics of a single DOF linear
system. However, although the system closely approximates linearity, the effect of the lateral spring cannot be
disregarded. This is evident in Fig. 2 (a), where the force-displacement curve of the system deviates from linearity
when L = 1, so it is important to account for the nonlinear effects introduced by the lateral spring. From, Fig. 2 (b), it
can be observed that as X approaches to zero, a decrease in L leads to a reduction in k. Furthermore, the influence of
X on K; diminishes with increasing L with the system’s displacement range. Therefore, by altering [ of the lateral
spring, it is possible to manipulate the system’s stiffness, thereby offering a potential for vibration mitigation. The

force-displacement curves with varying stiffness ratio K is plotted in Fig. 3.

Fig. 3. The influence of the dimensionless system’s displacement X and stiffness ratio K on the external force F.

It is evident that the stiffness ratio K and the compression degree L of the lateral spring jointly determine the QZS
characteristics of the isolation system. A higher stiffness ratio K results in more the more pronounced nonlinear
characteristics within the system, while a lower stiffness ratio K brings the system is closer to linearity. When the
stiffness ratio K approaches to zero, it corresponds to a linear system in which the lateral springs at both ends are absent,
S0 in this case, the system can be considered as a single DOF linear system. The effect of the compression degree L of
the lateral spring on the nonlinear characteristics of the system is observed to be similar to the stiffness ratio K. In
particular, when the compression degree is larger, L is smaller, and the nonlinear characteristic of the system is more

obvious.

2.2 Stability analysis
Here, the stability analysis of the proposed vibration isolation system is undertaken to ensure the stability of the

system under varying controllable spring stiffness settings. It has been previously shown in the present work that a
significant influence of lateral spring length [ and spring stiffness are critical parameters that influence nonlinear
characteristics of the vibration isolation system. An improper selection of the spring stiffness and spring length [ can
lead to an unstable QZS system, posing potential risks in its applications. Ensuring stability necessitates that the

equilibrium position of the system, the spring stiffness ratio K, along with other parameters need to be kept within a



reasonable range. When the system is in a static equilibrium state, neglecting the damping term, the combined force
applied to the system F = 0 can be approximated using third-order and fifth-order Taylor expansion of Eq. (5), yielding
the following results:

F =aX +y,X3® =0 (3rd order) 7N

F=aX +y,X3—y,X° =0 (5th order) (8)

wherea =1—-2K(1 —-L)/L, y; = %,yz U4L5, while it is important to note that, as K > 0,L > 0and U > 0,

y1 > 0andy, > 0.
The solution to Eq. (8) gives:

)]
\/h + \/V12 + 4ay, (10)
\/YI vV Y12 + 4ay, (11)
\/h \/V12 + 4ay, (12)
Y1 V12 + day,
Xs = \/ — (13)
Y2

The above solutions can yield three different stability cases:

e Casel:y,%+ 4ay, < 0. In this case, there exists only one solution, X; = 0.

o Case 2,y +4ay, > 0,7, —Jyi2 + 4ay, < 0&y, ++/y12 + 4ay, > 0. In this case, the equation will yield
three distinct solutions, namely X;,X, and Xs. It is noted that the condition y,2 + 4ay, > 0 ensures the
existence of these solution, as both y; and y, > 0.

o Case3,y2+4ay, > 0,y; —/y12 + 4ay, > 0, where all five solutions exist.

It summary, firstly, when @ < 0 and y; < \/Tayz, the system only has one equilibrium point. Secondly, when a >

0, the system has three equilibrium points. Finally, when a < 0 and y; > \/Tayz, the system has five equilibrium

points. Figure 6 shows the stability region based on these three different cases.
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Fig. 4. Stability regions for the QZS vibration isolator.

The relationship between the equilibrium points and the stability region of the system can be observed in Fig. 4.
This figure indicates how the equilibrium points are categorized by two discriminant lines, namely line A
corresponding to @ = 0 and line B corresponding to y; = \/Tayz . By adjusting the characteristic values of K and L
of the system, the number of equilibrium points can be modified, noting that when the system possesses more than one
equilibrium point, the system will tend to become unstable so this should be avoided. To further investigate the effect

of the number of equilibrium points on system stability, consider the potential energy function V of the system defined
as:

1 2 1 4 1 6
VZE(ZX +Z)/1X —g)/ZX (15)

By setting K and L to different values, Fig. 5 can then be plotted.

o

o
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Fig. 5. The potential energy function for the QZS vibration isolation system when (a) K = 1and L = 0.3; (b) K =

04andL =0.7;and (c) K =1.6and L = 0.7



As depicted in Fig. 5, three distinct scenarios regarding the number of equilibrium points are observed when K
and L are fixed at different values to the potential energy function. In Fig. 5 (a), the potential function V exhibits a
solitary trap, indicating the presence of a single equilibrium point. Conversely, Fig. 5 (b) shows the emergence of two
additional traps in the potential function curve, suggesting a relatively less stable system configuration. Figure 5 (c)
represents a potential function with five traps, implying the presence of five equilibrium points. This configuration
implies a higher level of instability within the system. In practice, to ensure the operational safety and potential
instability, the spring length and stiffness of the QZS system therefore need to be regulated to be within the region of
Case 1.

3. Dynamic characteristics of the QZS system with controllable lateral springs

3.1 Governing equations of the linear and QZS systems
In this work, a comparative analysis on dynamics characteristics between the linear system and QZS system are

conducted, specifically by examining their frequency response and displacement transmissibility characteristics. For a
single DOF linear system, the lateral springs at both ends exerts zero force to the mass, and the equation of motion of
the system can be obtained as:

mX + cx + ky,x = cx, + kyx, (16)
Letting x(t) = X;,coswt, x,(t) = X.cos(wt + 6) in Eq. (16):
(—mw?Xp, + kpyXp)* + (cwXp)? = (cPw? + k2)XZ 17)

Based on Eqg. (17), it can be seen that the frequency response curve of the linear system is mainly affected by
factors such as damping, vertical stiffness, and the external excitation. Additionally, the displacement transmissibility

of the system can be readily derived from the frequency response of the system. Let the displacement transmissibility

X
be Td.i = X_m:

e

3 (c2w? + k2)
Tai = \/(—maﬂ + k,)? + (cw)? (18)

Similar to the linear system, the governing equation of the QZS system can be expressed according to Eq. (3) and
Eqg. (15) as:
lo

mx+cx+kvx+ZIchx(l—\/xz:_l_l2

) = cx, + kyx, (19

To simplify the calculation, the governing equation of the QZS system are expanded in the 3 and 5™ orders using

Taylor expansion, respectively:
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mi + cx + ax + y,x3 = cx, + kyx, (20)
mi + cx + ax + y1x3 — y,x° = cx, + kyx, 21)

where a = ky, + 2k, (1 = 1o/1)» v1 = kplo/13,v5 = kplo /1.

The force-displacement curves obtained from Egs. (18)-(20) are compared as shown in Fig. 6. The original
function and the two functions after the Taylor expansion fit well with the nonlinear stiffness characteristic of the QZS
system. Through comparing three functions, it is found that the disparities between the Taylor expansion function and
the original function are negligible within the range of small mass displacement. Considering the proposed control
strategy focused on the range of mass displacement satisfying the zero-stiffness characteristic, the present work uses a
third-order Taylor expansion in the subsequent analysis.

10 . ‘ .
Original funciton

————— 3" order <
5" order

ot
T

-0.06 -0.04 -0.02 0 0.02 0.04 0.06
x(m)

Fig. 6. A comparison of the original function and the functions after Taylor cubic and quintuple expansions.
3.2 Frequency response function and displacement transmissibility of the QZS with/without adaptive control
After Taylor expansion, the harmonic balance method is used to obtain the frequency-domain solution of Eq. (19).

By introducing x(t) = X,,coswt, x.(t) = X.cos(wt + ), Eq. (20) can be expressed by:

3
—Mmw? Xy, + aXy, + ZyX,?;l = —cwX,sind + k,X,cosf (22)
cwX = cwXpco80 + k,X,sinb (23)

By squaring Eqg. (22) and Eq. (23) and adding them together, the following can be obtained:
2

3
(—ma)sz + aXy + ZyX%) + (cwXm)? = (cPw? + k2)X? (23)
The displacement transmissibility is expressed by T;; = i—m:
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X
Tai = = (24)

2
(—ma)ZXm + aX,, + %)/X%) + (cwXp,)?

(c2w? + k2)

By assigning a typical value to the QZS system used in the following experimental setup, as presented in Table 1, Fig.
10 depicts the displacement transmissibility of the system with varying lateral spring length and the fixed vertical
spring stiffness k;, = 318N /m, as well as the system with the varying lateral spring stiffness k,with fixed [ =
0.111 m.

Table 1 Parameter values used in the experimental QZS system.

ky (N/m) kn(N/m) m (Kg) L(m) lo(m) c
380 318 1.094 0.120-0.177 0.177 3.251
40 T 30
—_—=0.11lm |  e— ky, = 100N/m
0L e 1 =0.120m ] - ==k, =200N/m
’ - - =1=0.130m 201 R ] ——ky, = 318N/m |
....... 1 =0.140m Linear system
EYE S N 1= 0.150m = ; ) 0dB
A 5 Linear system = e
:E ol - &% 0dB :;
= ' 5 0 )
‘é 0 = )
& 10} & !
| @=210H—— 20t 0= 249611;/\5 E
-30 . : 230 L : :
10° 10 10° 10
Q(Hz) Q(Hz)
(a) (b)
Fig. 7. The displacement transmissibility comparison of linear and QZS systems for (a) varying [ and (b) k; when
[=111mm.

As shown in Fig.7 (a), when comparing the QZS system with the linear system, it is observed that the QZS system
has a lower resonant frequency. Additionally, as the length of the lateral spring [ decreases, the nonlinear characteristics
of the system become more obvious particularly at the resonance region. The lower resonant frequency and the larger
resonant peak of the QZS system might render it unstable for sufficiently low frequency vibrations. The QZS system
indeed reduces the resonant frequency compared to the linear system. However, in response to sufficiently low
frequency vibration, particularly in proximity to the resonance of the QZS system, the QZS system will significantly
amplify such excitation. This phenomenon could have a substantial impact on the operation of the vibration isolation
system, so this will be addressed with the proposed adaptive passive control strategy. Figure 7 (b) shows that the

variation in the lateral spring stiffness kj, results in a similar phenomenon to those observed when adjusting the length
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of the lateral spring. Specifically, an increase in kj, lead to an alteration in the resonant frequency that increases the
transmissibility within the low-frequency range of the vibration isolation system. Therefore, both excessively low and
high lateral spring stiffnesses are generally not desirable to improve the vibration isolation performance of the system.
It is important to note that further actuating the lateral spring length can only result in a proportional increase in the
spring stiffness. Should the value of k;, be relatively large, this can may induce a substantial increase in the low-
frequency vibration amplitude, thereby rendering the system impractical. Conversely, if k;, is relatively small, although
the vibration amplitude within the low-frequency range might be minimal, the resulting shift in the natural frequency
might not be significant enough to effectively improve the control bandwidth with low transmissibility through control.
Therefore, the selection of the k;, is essential for the control strategy and need to be carefully considered.

In order to widen the control bandwidth with low transmissibility while reducing the resonant responses, enabling
the effective operation of the vibration isolation system, an adaptive passive control method is proposed. The control

loop’s block diagram for the QZS system, featuring controllable spring stiffness, is shown below in Fig. 8.

X, x

QZS system

Stepper Accelerometer
motors
L
14 0

Amplifier Controller

Fig. 8. A block diagram of the adaptive passive control strategy.

The controllable spring length L is adjusted in the QZS system through the utilization of stepper motors. Real-
time excitation frequency data is collected by the accelerometer, which enables the controller to generate digital voltage
signal to the stepper motors. This process enables the regulation of desired spring length L for the lateral springs,
consequently varying the spring stiffness accordingly. Figure 12 illustrates the control principle, which implements the
adaptive passive control strategy to enhance the vibration isolation performance by selectively adjusting the length of

the lateral springs.
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Fig. 9. The displacement transmissibility of QZS system with/without applying adaptive control.

Based on Fig. 9, it evident that the displacement transmissibility curves for QZS system with spring length [ =
0.111 m and linear system exhibits intersection points with 0-dB baseline. The magnitude of frequency at this point is
approximately 2.10 Hz, referred to as the trigger frequency Q2. Below this trigger frequency, the vibration amplitude
of QZS system is significantly higher than that of linear system. However, above 2.10 Hz, the vibration frequency of
linear system becomes significantly greater than that of QZS system. The control methodology aims to regulate the
length of [ based on the detected primary vibration frequency. Specifically, for higher vibration frequencies (e.g., above
2.10 Hz), a shorter length [ of 0.111 m is chosen, while for lower vibration frequencies (e.g., below 2.10 Hz), the
original spring length [ of 0.177 m is selected. By implementing this approach, the system effectively avoids the
significant resonant peak across the entire frequency range, leading to a sustained low vibration transmissibility. By
appropriately adjusting the length of the lateral spring, the vibration isolation performance of the QZS system can be
significantly enhanced, resulting in a 0-dB bandwidth decrease from 4.19 Hz to 2.96 Hz, and the respective reduction
of vibration peaks of 77.53% and 65.50%, from 26.22 dB t0 5.89 dB and 17.07 dB to 5.89 dB, compared to QZS system
without control and linear system, respectively. The corresponding resonant frequency is decreased from 2.96 Hz to
2.10 Hz after the control. This adaptive passive control strategy does not only reduce the resonant frequency but also
diminishes the vibration amplitude due to the resonance, while the transmissibility can be kept lower in the low-
frequency range.

4. Experimental verification of the QZS system with/without control

In the preceding section, the QZS system’s approximated combined force is represented through the utilization of
a Taylor series expansion. Additionally, the harmonic balance method is employed to evaluate the frequency response
function characteristics and displacement transmissibility of the QZS system. In this section, an experiment test rig
was established to verify the proposed theoretical results and assess the performance of the control mechanism for the

QZS system under displacement excitation as shown in Fig. 10. The sweep analysis of the displacement transmissibility
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was conducted by varying the spring length [, and the effectiveness of the adaptive control method was evaluated.
Simultaneously, real-time measurements at different fixed frequencies of the QZS system’s response were recorded to

further analyze its dynamic behavior.

Sliding Stepper
mechanism Motor

p.’
Laser
displacement Acceleration | Detailed

Sensors sensors

[

Vertical

@ (b)
Fig. 10. (a) An experimental set up of the QZS system with controllable lateral springs. (b) A detailed view of

actuation mechanism.

The electrodynamic shaker, positioned at the base, was utilized to generate displacement excitation between the
mass and the foundation through the connection of vertical spring. A signal generator was integrated to the shaker,
which was utilized to generate the sweep sinusoidal signal, and the minimum excitation frequency of the shaker was 1
Hz. The system’s damping was determined through experimental modal hammer testing, in which the logarithmic
decay rate was used to calculate the experimental damping ratio. The data acquisition and control unit employed in this
set up comprised of a comprehensive set of equipment from national instruments (NI), encompassing multi-functional
modules. The accelerometers installed at the mass and base were YMC261A05 models, featuring a sensitivity of 2.0
pC/g. The displacement sensors (Keyence LH-H050) were used measure the mass displacement at specific low
frequencies to ensure the measurement accuracy. To monitor the real-time variation in the length of the lateral spring,
the input to the stepper motors in the form of Pulse Width Modulation wave (PWM) was recorded. The original voltage
signal from the sensors was collected by the NI acquisition cards and sent to the computer using LabVIEW software.
Each response amplitude and frequency necessary for calculating the displacement transmissibility was obtained by
applying the Fast Fourier Transform (FFT) to a specific time period, based on the set sampling frequency.

For the implementation of adaptive passive control, two stepper motors were mounted on the steel beams at both
sides of the system. The stepper motor screw was connected to a push rod, which was further linked to the T-shaped
aluminum frame. The T-shaped connecting member was secured onto the slider, enabling the stepper motors to drive

the slider inward or outward as desired. For the adaptive control process, the measurement frequency was compared
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with the trigger frequency 2, set by adaptive passive control strategy to decide whether the stepper motors moved
inward or outward.

5. Experimental results and discussion

5.1 Displacement transmissibility of the QZS system with varying spring length
The displacement transmissibility of the QZS system with varying spring length I, were numerically solved by the

Runge-Kutta method and compared with the theoretical results of displacement transmissibility curves. The analytical,
numerical, and experimental displacement transmissibility curves under the same excitation displacement amplitude
of 1.5 mm with /=120 mm, 130 mm, 140 mm and 150 mm, are compared in Fig. 11.
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Fig. 11. Displacement transmissibility: (a) Il = 120 mm, (b) [ = 130 mm, (¢) [ = 140 mm, (d) [ = 150 mm,

with the excitation displacement amplitude of 1.5mm.

As shown in Fig.11, as the length [ of the lateral spring decreased, the resonant frequency of QZS progressively
shifted towards lower frequencies. In order to widen the bandwidth for effective vibration isolation, it is necessary to

choose a smaller value of [, thereby reducing the resonant frequency and subsequently increasing the resonant peak of
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the system. It can be also observed that the numerical and experimental results closely aligned with the theoretical
results across the majority of frequency intervals. The experimental results demonstrated an excellent agreement with
the theoretical results, reflecting the accuracy of theoretical equations.
5.2 Displacement transmissibility of the QZS system with adaptive control strategy

Initially, the stepper motors were reset to its original position [; before the start of the testing. Subsequently, a
while loop was implemented to facilitate real-time input and output signals, with a shift register used within the while
loop to record the instantaneous position of the stepper motors. The collected excitation frequency w was compared
against the trigger frequency 2+ and the springs length was actuated to the desired spring length [ if the measured
frequency fell outside the designated range. The following chart of the control strategy is represented, as shown in Fig.
12.

! |

| Reset the position of the | | ags .

I stepper motors I, | |* Initial stage
| |

| |

Detect the excitation
frequency w

« N )
° i Actuation of
Compare with Stl‘p motor
the trigger
frequency 2
Detection of the
Apply control . . ] _
voltage to stepper «— excitation frequency
motors [y in real-time

l

Implement the new
spring length

Fig. 12. The flow chart of the adaptive control strategy.

In the experiment set up, the stepper motor capacity posed a limitation on shortening the spring to 111mm, so the
target spring length was set at 120 mm instead. Additionally, a trigger frequency of 2.30 Hz was specified, so when
the detected frequency exceeded 2.30 Hz, the stepper motors would be activated to adjust the spring length to the
desired value of 120 mm. Conversely, if the detected frequency was equal to or lower than 2.30 Hz, the spring length
would remain unchanged at its original position. Figure 13 shows the experimental results of the QZS system with
adaptive control strategy and the linear system without control by exciting a frequency sweep signal from 1.5 Hz to 8
Hz.
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Fig. 13. Frequency-domain displacement transmissibility using the adaptive passive control.

As shown in Fig.13, the experimental results show a consistency with the corresponding theoretical results. The
implementation of the adaptive passive control strategy resulted in significant reductions in the vibration peak of the
system. Specifically, compared to the QZS system without control (with a spring length of 120 mm), the vibration peak
was reduced by 26.37%, decreasing from 22.41 dB to 6.82 dB. In comparison, the vibration peak of the linear system
was reduced by 69.56%, decreasing from 16.50 dB to 6.82 dB. The 0-dB bandwidth of the proposed QZS isolation is
decreased by 11.81% from 3.64 Hz to 3.21 Hz so to achieve a lower transmissibility at low frequencies. These results
demonstrated the effectiveness of the adaptive passive control strategy in minimizing vibration amplitudes for both
systems. A slight deviation was observed at an approximate frequency of 2.30 Hz, which could be accounted for by
the transient responses resulting from the motion of the stepper motors. As the stepper motors were unable to
instantaneously adjust the spring length from 177 mm to 120 mm, the abrupt variation in the lateral spring stiffness
led to a slight discrepancy in the magnitude of the displacement transmissibility. As predicted in Section 3.2, the
vibration suppression bandwidth and peak amplitude of the adaptive passive QZS vibration isolator has been increased
compared with the linear system.

5.3 Time responses of the QZS system with varying [-length at different excitation frequencies
To investigate the dynamic response of the QZS system under varying excitation frequencies, a series of

experiments were conducted. Excitation frequencies of 2.1 Hz, 2.5 Hz, 3 Hz, and 4 Hz were used, with the variation
of the spring length from 155 mm, 140 mm, 130mm and 120 mm. To observe the relationship between spring length

and time, the PWM signal applied to the stepper motors is plotted in Fig. 14.
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Fig. 14. Stepper motors PWM input and I-length change for the real-time [-length adjustment experiment.
It is depicted in Fig. 14 that the stepper motors varied the spring length over the time period of 45 seconds, using
four different values with time intervals of 10s-11.5s, 21.5s-22.5s, and 32.5s-33.5s. The stepper motors took

approximately 2 seconds to reach each desired length. The vibration responses of the mass and base were recorded and

shown in Fig. 20. A recording time of 10 seconds was allocated prior to each movement of the stepper motors to reach
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the desired length, aiming to ensure the system stabilization.
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Fig. 15. (a) Acceleration responses of the mass and base of the QZS system for the real-time [-length adjustment

experiment with varying excitation frequencies: (a) w=2.1 Hz, (b) w =2.5 Hz, (¢) w =3 Hz, (d) w =4 Hz.

As illustrated in Fig. 15, the real-time adjustment of the spring length | can effectively vary the transmissibility of
the QZS system with sufficient high-responsiveness, demonstrating the feasibility of adaptive passive control strategy
to quickly respond to changes in excitations. When the excitation frequency w exceeded 2.1 Hz and the spring length
was increased, the displacement transmissibility decreased as a consequence. At excitation frequencies of 3 Hz and 4
Hz, the change in displacement transmissibility was not obvious, as the suppressing of vibration was primarily
governed by the inertia of the mass. However, the alteration in acceleration amplitude closely corresponds to the
variation in the spring length, as depicted in Fig. 7.

6 Conclusions

This work proposed an adaptive passive control strategy aimed at improving the performance of a quasi-zero
stiffness vibration isolator using controllable lateral springs. The system incorporated stepper motors mounted at both
ends to adjust the nonlinear stiffness of the system, allowing the vibration isolation system to be regulated to avoid the
excitation of large low-frequency resonance while improving the vibration control bandwidth. The work provided
insights into how the vibration characteristics of the proposed QZS isolator can be regulated through the adaptive-
passive control strategy with the goal of improving its vibration suppression performance. The key findings are as
follows:

(a) The QZS vibration isolation system utilizes controllable variable-length lateral springs, with the system’s stability
and negative stiffness characteristics regulated by the adjustment of lateral spring length. The analysis shows that
as the compression degree decreases, the system behaves more like a linear system. Considering that the system
also exhibits non-linear characteristics, the stiffness ratio K of lateral and vertical springs should be increased

accordingly when L increases. To prevent instability and maintain a single equilibrium point, it is crucial to ensure

that the value of L remains below a specific line represented by y; = /—4ay,.
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(b) To mitigate the large resonant response at low frequencies and optimize the control bandwidth, a displacement
feedback control strategy is implemented, involving the active regulation of the length of lateral springs to
dynamically alter the system stiffness. This approach exhibits high responsiveness, enabling it to quickly response
to changes in external excitations so the system can switch its dynamic characteristic from a linear system to a
nonlinear system and bypass the resonance. The proposed system owns the feature of an extended control
bandwidth with low vibration transmissibility compared to the linear isolation system. The excitation of low-
frequency resonance can be bypassed, while simultaneously decreasing the 0-dB transmissibility bandwidth so to
improve the vibration isolation in the low frequency region.

(c) Experimental tests using stepper motors to manipulate lateral spring length demonstrated that the vibration
isolation performance aligned well with theoretical predictions, showing the substantial reduction in vibration
peaks due to its resonance compared to the non-controlled QZS system. The proposed system showcased 26.37%
and 69.56% reduction in vibration peaks of the linear system and QZS system without control by varying the lateral
spring stiffness based on the trigger frequency, along with a 11.81% increase in the vibration suppression
bandwidth by reducing the 0-dB transmissibility bandwidth from 3.64 Hz to 3.21 Hz, compared to the linear

vibration isolation system.
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