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Abstract

Purpose: This study aims to gain an in-depth understanding of the effect of the inherent dry friction of
inerter devices on the performance of nonlinear frictional inerter-based vibration isolation system (NFI-
VIS).

Methods: The power flow analysis method is used to investigate quantitatively the internal vibration
transmission and energy dissipation. The harmonic balance (HB) method with alternating frequency time
(AFT) scheme is used to obtain the steady-state dynamic responses, with verification by numerical
integration results.

Results: Results show that the use of the nonlinear inerter in the system can reduce the force and vibration
power flow transmission over a wide frequency band. The inherent friction of the inerter can benefit
vibration isolation when the excitation amplitude is large enough to overcome the inerter friction.
Conclusion: This research reveals complex nonlinear dynamic phenomena of the system emerging from
the frictional inerter and shows that the inherent dry friction of the inerter should be considered in future
isolator design.

Keywords: Inerter; Dry Friction; Power Dissipation; Vibration isolator; Nonlinearity; Vibration

suppression
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1 Introduction

Suppression ofundesired vibrations is needed in many applications such as vehicle suspension systems
[1], buildings [2-4], and aircraft landing gear [5]. Vibration isolation systems have been widely used and
various designs have been investigated for superior performance. Salvatore ef al. [6] studied vibration
isolators combing negative stiffness elements with memory alloy materials to achieve effective broadband
vibration isolation. One potential method for better vibration isolation is to use the inerter, which is a passive
mechanical element for which the generated force is proportional to the relative acceleration between its
two ends [7]. Linear and nonlinear inerter-based vibration isolators have been proposed to enhance vibration
isolation performance [8]. Inerter can also be used in absorbers to reduce gust loads in truss-supported
wings [9] and for enhancing wave damping in metamaterial beam structures [10]. A tuned inerter damper
(TID) has been shown to provide good vibration absorption performance while having reduced physical
weight compared to conventional tuned mass damper (TMD) [11].

Considerable work has also been carried out to investigate the influence of adding an inerter on a
dynamic system. Wang et al. [2] identified the benefit of inerter in building models to reduce traffic and
earthquake-induced vibrations. Marian and Giaralis [12] introduced a tuned-mass-damper-inerter, with the
benefitof having a lower physical mass than the conventional TMD without compromising the performance.
Lazar et al. [13] proposed a novel passive vibration control system using a TID, demonstrating better
vibration reduction. Brzeski et al. [14] introduced a pendulum-based absorber with a nonlinear Duffing

oscillator and showed that unhoped bifurcations and instabilities for a T-shaped pendulum-tuned mass
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absorber can be eliminated. Many studies have shown that the incorporation of linear and nonlinear inerter-

based mechanisms can improve the dynamic performance of engineering structures [15-18].

There has been a limited number of studies on inerter-based structural nonlinearity, especially on the

effect of its inherent friction. Papageorgiou etal [19] performed an experimental study comparing the ideal

and non-ideal states of inerters. Wang and Su [20] investigated numerically and experimentally nonlinear

properties of an inerter. The effect of friction on vehicle suspension performance was analyzed. Sun et al.

[21] investigated the influence of ball-screw inerter nonlinearities on various performance indices under

different suspension layouts. Based on a Coulomb friction model, Shen ef al. investigated the influence of

nonlinearities factors including friction and damping force in a fluid inerter [22]. Brezeski et al. [23]

analyzed the dynamics of tuned-mass-dampers with an inerter. It was found that the overall efficiency of

the TMD is improved at proper friction, and increasing friction caused the disappearance of the resonance

peak in a frequency response curve. Mnich et al. [24] studied the friction of an inerter during oscillatory

motion and showed that the friction of an inerter with and without a flywheel can reach as high as 40 N.

The vibration transmission properties of inerter-based vibration isolation systemswith internal friction have

not been fully addressed.

To evaluate the effectiveness of vibration isolation systems, force / displacement transmissibility and

time-averaged vibration energy transmission have been used as performance indicators [25]. Vibration

power flow allows a better quantification of the transmission of the vibration within the dynamic system

from an energy perspective [26]. The power flow analysis (PFA) was applied to study inerter-based

nonlinear systems [27, 28]. In the study of a diamond-shaped linkage mechanism [29], the beneficial

performance of nonlinear vibration isolators was investigated from the aspects of force transmission and
3
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power dissipation. There is a need for in-depth understanding of the inherent friction effects of inerters on

vibration transmission and suppression [25]. As friction nonlinearity can have strong influence on system

dynamics and vibration transmission [30], frictional inerter-based vibration isolation systems (NFI-VIS)

should be investigated.

This study attempts to address the issues by detailed analysis into the dynamics and isolation

performance of NFI-VIS. Main contributions of the current paper are: (1) a systematic investigation into

the influence of the inherent friction on inerter-based vibration isolators and (2) the use of vibrational power

flow variables and transmissibility to assess the influence of frictional inerters on the performance of the

isolators. To study the effect of the inherent friction of inerters, single-DOF (SDOF) NFI-VIS subjected to

force or base-motion excitations and 2-DOF NFI-VIS are considered. It is shown that the frequency band

of effective isolation is broadened by using the NFI-VIS. It is also demonstrated the inherent friction of the

inerter plays an important role in vibration suppression and energy dissipation. Effects of friction subjected

to different external forces on the effectiveness of the NFI-VIS are studied systematically using the

harmonic balance method. The Coulomb friction model is used to model the inherent friction of inerters.

The alternate-frequency-time (AFT) technique and numerical integration method are used to obtain the

dynamic response and performance indices. In Sec. 2, models of frictional inerter-based systems are

presented. The power flow analysis method is introduced, and the performance indices of the system are

defined in Sec. 3. The performance of SDOF and 2DOF NFI-VIS is examined in Sec. 4. Effects of the

friction of inerters on the vibration transmission and power dissipation are also presented.
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2 Dynamic models

2.1 Inerter with inherent dry friction

There are various ways to realize mechanical inerters by using mechanisms such as ball-screw, rack-
and-pinion, helical fluid, hydraulic systems, and living hinges [31]. Fig. 1(a) shows a schematic of a ball-
screw inerter, which consists of a flywheel coupled to the ball nut, a ball screw, a radial bearing, a housing,
and other components. The ball screw can convert the linear motion between two terminals (A and B) into
the rotation of the ball nut and the flywheel. In this process, the ball screw and bearing provide the source
of friction. Fig. 1(b) shows a rack-and-pinion inerter comprising a rack, a flywheel, a housing, pinions, and
gears. Axes of the gears are mounted on the housing. The rack drives the flywheel to rotate through pinions
and gears, with friction effects occurring at contact interfaces with the rack moving inside the housing.

Inherent friction in inerters is unavoidable and should be considered in the vibration isolation system design.

(a) ball nut (b) flywheel gears
plnlons‘ \
0B
A O B
X housing rack
flywheel
Ball-screw inerter Rack-and-pinion inerter

Fig. 1 Schematic drawing of (a) the ball-screw inerter and (b) the rack-and-pinion inerter.
To investigate the effects of the inherent friction of inerters, a frictional inerter model is presented and
shown in Fig. 2(a). For an ideal inerter [1], the applied force f,, is the function of the relative acceleration
of terminal A and B, i.e., f, = bX,g = b(¥, — Xg), where X,p isthe relative acceleration from terminal

A to B, ¥, and Xp are the accelerations, b is the inertance-mass-ratio (i.e., the apparent mass) of the

5
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inerter, in kg. Note that the actual physical mass of an inerter can be up to 2 orders of magnitude lower than
that of the inertance so an ideal inerter can be considered as massless [1]. Fig. 2(b) shows the Karnopp
friction model [30, 32], in which f;, f,s and vy are the magnitudes of the dynamic friction, the
maximum static friction, and the limiting velocity of the assumed zeros velocity interval [ —vy, v4],
respectively. In this paper, it is assumed that f3 = f;,.. Considering the frictional inerter, the applied force

fp is identical to the total inerter force expressed by

fo(Eap %ap) = bisp + foo (1)

where f;. isthe inherent friction force of the inerter. Clearly, f,, depends on the relative acceleration and

velocity between the two terminals of the frictional inerter.

(a) (b) fbc

f 4
AT b____TxA fms__
fa
fbc b >
~Vq|||Vd Vr
_____ T xB ___ _fd
B fb _fms

Fig. 2 Schematic representation of (a) a nonlinear frictional inerter model (b) the Karnopp model.

The use of the Karnopp model can avoid the strong nonlinearity of the classical Coulomb model at

relative velocity v, = 0 considering the contact interface stuck when there is zero relative velocity [33],

as shown in Fig. 2(b). This friction model is represented by

fasen (), if [v.| > vy,
foe =3 fussen (for),  iflyl Svgand If, | = fis, 2
fexo if lv.| < vgand If, ] < fins,

where f,, and v. = X, —xp are the resultant external force in the tangential direction and the relative

6
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velocity, respectively, and the signum function is defined as

2 iflyl £ 0
sgn(vr)z |Vr|

_ : 3)
0, if lv| =0

To obtain the dynamic response, the signum function is used to express friction [34]. Based on the

Coulomb friction, the inerter friction force can be approximated as f,,. = fysgn(v,.). For a periodic
response with the relative velocity v, = D sin(wt), the friction force can be approximated using a fifth-

order Fourier expansion as:

Hal . 1. 1.
foc ® — | sin(wt) + 3 sin (Bwt) + £ sin(5wt) . (4)
Vs
Smooth regularized hyperbolic tangent function can be used to approximate the frictional force when

using HB method for determining the dynamic response [35]. The friction force can be expressed by:

Vry _ _H
exp (%) — exp(— )

v V..’
exp () + exp(— &)

,

foc = fqtanh (—r) = fa

€

(5)

where € is the tolerance parameter for the tanh regularization. Fig. 3(a) shows the time histories of the
internal friction force based on the use of different models. The relative displacement between the two
terminals is prescribedas 0.1cos(wt) m. Theother parametersare setas b = 0.5kg, f; =004 N, w =
1 rad/s, so that the period of the prescribed motionis T = 2m/w = 27 s. Therefore, the figure showed 2
cycles of oscillatory motion. The figure shows that the 5* order Fourier expansion expression of friction
force can well capture the variations of the friction force. When the smooth regularized hyperbolic tangent
function as shown by Eq. (5) is used good approximation is found at a lower value of € = 0.01. Fig. 3(b)
shows the total inerter force expressed by Eq. (1). The parameter values are set the same as those used for

Fig. 3(a). The sky-blue line shows the inertance force of an ideal inerter without internal friction, i.e., fi. =
7
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0. The black line represents the total inerter force for inerter with internal friction expressed by Eq. (2). The
figure shows large differences in the total force inerter with and without considering friction. It shows that
the presence of friction introduces strong nonlinearities into the total inerter force. There are also sudden
jumps in the total force due to the change in the direction of the friction force. It is thus evident that the

internal friction force can have large influence on the dynamics of systems with inerters.

(a) (b) ‘ , ,
0.08 —Signurr;function ‘ ' 0.15 — signumfunction —— frictionless
—— tanh with €=0.01 — tanh with €=0.01
— 5" order 0.1 — 5% orde
—~ 0.04¢ Z
< @ 0.05¢1
2 3 I
5 ° s ¢
£ & 0.05
* 0.04 g
0.1
-0.08 : , : -0.15 - - -
0 0.5 1 15 2 0 0.5 1 1.5 2
t/T t/T

Fig. 3 Time histories of (a) the inerter friction force and (b) the total inerter force f;, based on different methods. The
sky-blue line is for frictionless case. The black line is for the signum function approach, shown in Eq. (2). The blue
line is for Fourier series expansion in 5th order, shown in Eq. (4). Thered line is for smooth tanh-regularization methods

at € = 0.01, shown in Eq. (5). Other parameters: b = 0.5kg, fq4=0.04 N, w =1rad/s.

2.2 Frictional inerter-based vibration isolators

In this section, three configurations for the nonlinear frictional inerter-based vibration isolators are
considered in common application scenarios. The isolator composes a viscous damper with damping
coefficient c, a linear spring with stiffness coefficient k, and a nonlinear inerter with inertance b and
friction f..Fig. 4(a)shows CASE I, in which the isolator mass m is subjectto aharmonic force excitation
fo with amplitude f;, and frequency w. Fig. 4(b), with the model referred to as CASE 11, is for harmonic

base motion excitation case with amplitude y, and frequency w. Fig. 4(c) presents a 2DOF system

8
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containing an SDOF NFI-VIS shown in Fig. 4(a) mounted on a flexible SDOF flexible base with mass m ,,
spring k; and viscous damper c; this is considered as CASE III. Such a model can better represent the
engineering applications including ship engineering and aircraft engineering. A ship structure is not rigid,
and the base can be treated as a flexible foundation. The inerter is assumed to be ideal with negligible mass.

The static equilibrium positions, where x; = x, = x3 = x, = 0, of masses are set as the reference.

fe = focoswt
m X1}
@ ® © Nonlinear A
fe = {ocoswt isolator b k# C+
; + L
m nt m 21 _
Flexible mq x3 4
Y\ base
b k% c+ ke,
2D :B $y = yocoswt !
e e e e e EI-'I-:-I-:-I-:-I-:-:-:-:-:-:-:-:-:-I-:-I-:-I-:'

Fig. 4 Nonlinear inerter-based vibration isolators: application cases (a) SDOF NFI-VIS under force excitation (CASE
I), (b) SDOF NFI-VIS under base-motion excitation (CASE II), and (¢) NFI-VIS mounted on a flexible base (CASE
I10).

2.2.1 SDOF system (CASE I and CASE II)

For the SDOF NFI-VIS shown in Figs. 4(a) and (b), the governing equations can be expressed as:

m¥, + b¥ |+ cxXy + kx; + fi,.; = fycoswt, (6)

mi, +b(E, =) +cl, —y) +k(xy —y) + foer = 0, (7)

respectively, where fyoq = f(Vq) = (1), focz = f(V) = f(&, —¥), where y = y, cos(wt). For



169  parametric studies, the following non-dimensional parameters and variables are introduced:

X x k c b
X1=_1' X2:_2, (l)0: — {: ’ Fdzﬁ’ /1:_’
170 Ly lo m 2maw, ki, m (8)
w v v €
F0=f_0’ Yozﬁ’ Q:—‘ T=0)0t, Vd= a ) ]/rz—rl g=—,

171 where [, X, and X, are the original length of the linear spring and the dimensionless displacement of
172  masses in Figs. 4(a) and (b), respectively, w, and ¢ are natural frequencies and damping ratios,
173 respectively, fy is the magnitude of the dynamic friction, Fy is the non-dimensional form, A is the
174 inertance-to-mass ratio, F,, ¥,, Q and 7 are the nondimensionalized force excitation amplitude, base

175  motion amplitude, exciting frequency, and the dimensionless time, respectively, V4, V. and o are

r

176  dimensionless velocity dead zone, relative velocity and the tolerance ratio of tanh regularization method,

177  respectively. Substituting parameters in Eq. (8) into Egs. (6) and (7), following equations can be obtained:

178 X"+ AX,"+2(X,"+ X, + F,., = FycosQz, 9
1 1 1 1T Fpe1 = Fo

179 X, + (X, + Q%Y cos (Q1)) + 2{ (X, + QY,sin (Q1)) + (X, — Yycos (Q7)) + Fyep =0.  (10)

180 By introducing Z, = X, — Y;cos (Q1), Eq. (10) can be rewritten as

181 (A +DZ," + 202, + Zy + Fyoy = =Y = Y,Q%cosQr. (11)

182  2.2.2 2DOF system (CASE III)

183 For the 2DOF NFI-VIS shown in Fig. 4(c), the dynamic governing equations is expressed as:
184 mi, +b(&, — ¥3) + c(X,— X3) + fy5 + k(x, — x3) = fycoswt, (12a)
185 mxg—c(ky — x3) — k(x, — x3) + c X3+ kyx3 — fio3 —b(E, —%3) =0, (12b)

10
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where inherent friction f,.; = f(v.3) = f (%, — %X3). Following dimensionless parameters are defined as

moym e e m ek
Iy Yl ! m;’ L omyw, m’ wo k'

X, (13)

where w; and {; are natural frequencies and damping ratios of base structure, X; and X, are the

dimensionless displacement of masses in Fig. 4(c), u, y and n are the dimensionless mass ratio,
frequency ratio between the natural frequencies, and stiffness ratio, respectively. Using parameters defined

in Eq. (8) and Eq. (13), Egs. (12) can be rewritten as the following form:

XY 420X, = XD + X, — Xg 4+ Fyos + A(XY — X1) = FycosQr, (14a)

uXY = 20(X5— X5) — (X, — X3) + 20y § X5 +nXs— ooy — AXY — X5 = 0. (14b)

2.2.3 Expressions of the friction force

The fourth order Runge-Kutta (RK) method is used to solve the governing equation with the friction
model represented by the non-smooth signum function shown by Eq. (2). When using the seventh order
HB-AFT method, the friction model with the smooth tanh function shown by Eq. (5) is used. When using
the Karnopp model shown by Eq. (2), the stick phase with no relative motion between the masses is
considered tobe: X;' = X; =0 forCASEI, X; —Y" =X, —Y =0 forCASEIl, X, = X5 and X} =
X, for CASE III. Base on the Karnopp friction model, the non-dimensional external can be denoted as:
F,, = FycosQr — X, for CASE 1, F,=Y,0%o0sQt -7, for CASE 1, and F, =

(uFycosQr + 2uy{; X5+ nX3)/ (u+ 1) — (X, — X3) for CASE IIL

11
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3 Dynamic analysis of frictional inerter-based vibration isolation systems

3.1 Harmonic balance method

For systems shown in Fig. 4, the general equations of motion with frictional inerter-based vibration

isolator can be expressed by
MX" + X' + KX + F,(X",X"") =F, (1), (15)

where M, C, K € R**? are the mass, damping, and stiffness matrices of the corresponding linear system
excluding the inerter, respectively, X, F (X', X"), F,(tr) € R** are the displacement response vector,
nonlinear force vector due to the inerter, and external force vector, respectively, d isthe numberofdegrees
of freedom (DOF), and the prime sign denotes derivative with respect to the non-dimensional time 7.

The steady-state periodic solution of the multiple-DOF frictional system can be achieved using the
harmonic balance (HB) approach [36]. The steady-state periodic response is approximated using harmonic
series. The nonlinear force terms in the governing equations are then approximated using harmonic terms
with coefficients found using Fourier transform. They are then inserted into the governing equation. The
coefficients of the corresponding harmonic terms with the same frequency are balanced to produce a set of
algebraic equations. The solutions to these equations are then found through iterative procedures.

For low-order HB approximation, analytical derivation of the harmonic approximate expression of
nonlinear term may be possible. A first-order HB approximation procedure for the NFI-VIS is shown in the
appendix. For high-order HB approximation, the AFT scheme is needed, and the main idea is illustrated
here with x4(t) representing the displacementresponse and f,;(t) the nonlinear force in the governing
equation. In Fig. 5(a), aninitial guess of the steady-state response (usually the solution of the corresponding

12
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linear system) in the time domain is denoted by x4(t). Then the time histories of nonlinear force terms
fa(t) in the governing equation can be obtained, as shown in Fig. 5(b). Using discrete Fourier transform
(DFT), the Fourier coefficients ﬁ(d_n) associated with nonlinear terms f;(t) are obtained. By balancing
the coefficients and solving the resultant algebraic equations using the Newton-Rapson method, a new
iteration of the solution is obtained, shown by R (an) in Fig. 5(d). Note that R(d,n) denotes the Fourier
series for the response of the d-th coordinate, which can be used to obtain the time histories x4(t) ofthe
guess for the next iteration by using inverse discrete Fourier transform (iDFT). More details on the HB-

AFT method can be found in Refs. [36, 37].

(a) (b)
xd(t) A fnl(t)
Nonlinear
. law .
0 t 0‘ t
iIDFT I l DFT
(d) (c) _
R(d,n)“ H(d,n)“
Iteration
‘_
>N >N

Fig. 5 Illustration of the alternating frequency-time scheme.

For Eq. (15), a truncated N-order Fourier series with a fundamental frequency {1 of approximates the

steady-state displacement response X and the inherent friction force F,.(X') as follows:

T

N N N
X = {2 R(l,n) ei"m ) waey Z R(d,n) ei"m P z R(D,n) einQT§ , (163)
n=0 n=0 n=0

13



236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

N N N
FbC (X,) = {Z H(l,?’l) eiTlQT ) ey Z H(d,n) einQT ) wen Z H(D,Tl) einﬂfi, (16b)
n=0 n=0 n=0

where R(d,n) and H(d’n) are the n-th order complex Fourier coefficients, which correspond to the d-th
DOF, while (d,n) representsubscripts. By differentiating Eqs. (16) with respectto time t, it is possible
to obtain the expressions for velocity X' and acceleration X"'. The Fourier coefficient H of the nonlinear
friction force F,.(X') in Egs. (16) can be determined by using AFT technique. By inserting Egs. (16) into
the Eq. (15) and balancing the harmonic terms of the n-th order (0 < n < N), the following equation can

be obtained:
(-(nQ)*M +inQC +K)R, =S, —H,, 17)

where Ry = {Remy, oo Bamy o Biomy} > B = (A oo Hiamyr o Bpmy s Sp =10, o, Fy, e, 03T
for the force excitation and §n = {0, A 0%, ..., O}T for the base excitation. For a D-DOF system with
N-th order Fourier series, D(2N + 1) real nonlinear algebraic equations can be established from Eq. (17)
One equation is established for n = 0 and 2 equations are obtained for other values of n from n =1 to
n = N. These equations can then be solved by using the Newton-Raphson iterative method [10]. The
analytical formulations using the first-order HB method for SDOF systems are provided in the Appendix.
Note that it is possible to determine the stability of solution obtained using harmonic balance method. The
Floquet theory can be used to evaluate the local stability of a periodic solution using the monodromy matrix
method for time domain analysis [38], and Hill’s method for analysis in the frequency domain [39, 40].

3.2 Transmissibility and power flow

3.2.1 Transmissibility

For the evaluation of vibration transfer between subsystems, force transmissibility is usually used as
14
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an index. For the SDOF system, the force transmissibility TRy for the system with force excitation is
defined as the ratio between the maximum transmitted force and the external force amplitude. For 2DOF
systems, the force transmissibility from the primary mass m to the secondary mass m, can be expressed
as the ratio of the maximum transmitted force to the input force amplitude:

~ max(|Fg)

TRg =—, 18
B 3 (18)

where for CASE I'we have Fz = FycosQt — X' while for CASE I, we have Fg = 2{(X,— X3) + X, —
X3+ F,.; + (X, — X3) being the non-dimensional transmitted force to mass m, with NFI-VIS.

The displacement transmissibility is used to evaluate the performance of the configuration for the
system excited by harmonic base motion [29]:

1X,1
DTRy = —*. (19)
0

The analytical formulations of performance indices of CASE I and CASE II can also be derived using
the first-order harmonic balance method shown in the appendix. The transmitted force F,z,, the force

transmissibility TRy and the displacement transmissibility DTRp can be written as:

Fg, ~ FycosQt + Q*R,cos(Qr +6,), (20a)
V(Fy + Q2R cos6,)? + (Q%R,sin6,)*>  |Fy2 — (24 + 1)Q*R,? + 20%R,?
TRy = = > , (20b)
Fy F,
Ix,l |Xx R,\2((2A+ 1)Q? -2
UL L ) 2 : (200)
Y, Y, Y, Q

where R; and R, are dimensionless displacement amplitudes, 6; is the phase angle of the steady-state

response of the mass m, Egs. (32) and (38) in the Appendix were used. For an effective isolation system
15
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in terms of force transmission, TRy < 1 and DTRg < 1 areneed. Therefore, we can receive the effective

isolation frequency range for force and displacement transmissibility, requiring the excitation frequency to

satisfy:

(21)

It can be observed thatthe critical effective isolation frequency is the same forthe two cases, depending
only on the value of the inertance-to-mass ratio A. For a conventional linear spring-mass-damper isolator,
the isolation of force transmission is achieved when Q is greater than v/2. In comparison, for the NFI-VIS,
increasing the value of 4 broadens the effective isolation frequency range, as shown in Eq. (2 1). Note that

when the excitation frequency tends to infinity, i.e., 2 = oo, we have

(22 +1)Q* — 20%)R,? -
Fy?

TRpe, = lim TRy =J1 - 1, (22a)

<1 (22b)

RN? 2A+1)02-2
) D872

DTRp,, = lim DTRy = J1— <E o2

It is noted that when the external excitation is than the frictional force of the inerter, the inerter and
system will be in the stuck mode such that the mass will be stationary. In this case, the transmitted force
will be the same as the excitation force and the transmissibility will be equal to 1, meaning that the NFI-

VIS will not be effective.
3.2.2 Power flow analysis

The power flow analysis is used to analyze energy transfer and for performance evaluation. The steady-

state periodic response of the system is obtained through approximation of the dry friction force by using
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the tanh regularization [29]. The power flow variables are expressed by
P, =X'TcX’, P =X"TF, . (X), P, =X"F, (1), (23)

where P4,, P; and P;, are dimensionless instantaneous dissipated power, friction related power, and
input power, respectively. In this paper, for CASE IlI, Py, = P4y, + P, where Py, is the instantaneous
dissipated power by the viscous damper ¢, and P, is the instantaneous transmitted power from the NFI-
VIS to the base system, which is dissipated by the viscous damper c,. It should be noted that Py, =
2(X1X{ and P, =0 for CASE I, P4y, = 2{(X{ —Y)(X{—Y') and P, =0 for CASE II; Py, =
20(Xy—X3)(X, —X3) and P, = 2uy{ XX for CASE III.

For a cycle of a periodic response, the damping within the system must dissipate all of the energy
input by the excitation as the total mechanical energy of the system is unchanged. In CASE I, the damper
c, completely dissipates the transmitted power to the mass of base system. In this paper, time-averaged

power flow variables are used:

1 [Tit%p 1 Ti+Tp 1 Ti+Tp
P- = — P, dT' pdvz_f PdVdT’ Ff :_f Pde' (24)
T T

in — in
Tp Tj Tp i Tp i

where 7; is the starting time for averaging, 7, = 2r/Q is the averaging time, Pg,, Py and P, denote
the time-averaged dissipated power by the viscous damper, dissipated power by the friction and input power
by the external force, respectively.

The time-averaged power dissipation ratio is determined as the share of the dissipated energy in the
total input energy of the system. The time-averaged power dissipation ratios corresponding to the viscous

damper and dry friction are:
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dvi1
P.

n

Rd= ) Rf= ) RT =_t' (25)

respectively, where the power transmission ratio Ry represents a relative measure of vibration

transmission. It indicates the proportion of the entire energy transmitted to the base through the NFI-VIS.
For the SDOF frictional inerter-based system with force excitation (CASE 1), the analytical expressions

of time-averaged power flow Py, and P; can be obtained base on Eq. (24) as
P4, ~ 2n{R,%Q, (26a)
Py = 4F4R,, (26b)

where first-order approximations of the response were used. For the base-motion excitation case (CASE ),
the analytical results can be obtained by replacing R, with R, in Eqgs. (26).
Ata prescribed exciting frequency, the mass’s non-dimensional maximum kinetic energy ofthree cases

can be presented by:

Loy 2 1 2p 2
K} max = 2 (|X1|max) ~ E'Q R,%, (27a)
_1 PATRLES 12 2
Kz,max - E ( X2 max) ~ EQ Xz_am ’ (27b)
1 , )
K3,max = E (|X4-|max) ’ (27¢)
where X1l 00 [X5lnax and [X4| . are the maximum dimensionless magnitudes of the velocity of the

mass for three cases, respectively. The first-order approximation of the velocity was used for the

approximations.

In practical applications, studies have shown the friction force is not negligible [2, 20, 24, 36]. To

evaluate the magnitude of friction force as a percentage of the inertial force, we propose a friction force
18



330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

ratio Ry, to characterize the effect of friction force in the inerter, which is defined as:

max (Fy.)

bc — (28)

max (F,)’
where F, = AV, + F,. is the nondimensional inertance force and V;' denotes the relative acceleration

across the terminals of the inerter.

4 Results and discussion

In this section, case studies are carried out to evaluate the performance ofthe NFI-VIS used in different
configurations. The use of NFI-VIS in SDOF models subjected to both force and motion excitation is
considered in Section 4.2 and Section 4.3. Its use in the 2DOF system is then examined in Section 4.4.
Throughout the paper, the order N = 7 is set for HB-AFT approximations with a balanced consideration
of the computational accuracy and the cost.

4.1 Validation of the analysis method

In Fig. 6, the steady-state responses ofthe SDOF isolators obtained by different methods are presented.
The solid lines denote the analytical results obtained from Eqs. (34) and (42). The dashed lines show HB-
AFT approximation results, and the symbols represent these obtained using the RK method. For SDOF
systems, the analytical solution, semi-analytical HB-AFT, and RK results show good agreement across the
frequency range. Differences between the numerical RK and analytical HB results are due to the fact that
the latter is based on a single harmonic term. From Fig. 6, it can be found that the inerter inertance can lead
to the shift of the resonant frequency. In Fig. 6(b), friction leads to the occurrence of stick-slip in the low-
frequency range for the base motion excitation case. This behaviour can be accurately captured by the HB-

AFT and RK methods compared to the analytical HB approach (with the results denoted as Ana HB in the

19



350

351

352

353

354

355

356

357

358

359
360

361
362
363

legend). Therefore, results shown are obtained by using the semi-analytical HB-AFT method, and RK
results are provided for verification, represented by different symbols.

To ensure the functionality of the inerter in the NFI-VIS across a broad range of frequencies, three
different values of the inertance-to-mass ratio 1 are selected. The case with 1 = 0 represents isolation
systems withoutan inerter. By setting a; = Fg/F, = 0 or a, = F;/Y, = 0, we havea frictionless system
with an ideal inerter. It is noted that the analytical solution is only available for dimensionless displacements
when a, < m/4 and a, < m(/4. The valuesof the friction-to-excitation a, forthe force excitation case
and a, for the base-motion excitation case are both set to be in the range from 0.1 to 0.5, based on a

previous study reported in Ref. [41].

(a) ; (b)
10 pad 10" 5
g AnaHBF; =0 5 « 7y —AnaHBF =0
Ul -~ -HB-AFTE; =0 A= 05 i}~ HB-AFTE =0
10°F ——AnaHB F3 = 0.02 3 3 fijl ——AnaHBF,; =002
HB-AFT Fy = 0.02 10°F yli HB-AFT Fy = 0.02 ;
S (2
10
[¢)] ]
E 3 107
g 1072} g
< <
2L
10 10
4
104 0.8 0.84 ) 10 .
107" 10° 10" 107" 10° 10’
Q Q

Fig. 6 Validation of the results for the SDOF NFI-VIS subjected to (a) force excitation (CASE I) and (b) base excitation
(CASE 1I). The solid lines are the analytical HB results, and the dashed line is for HB-AFT results. RK results are
shown by symbols. The black lines, red lines, and black circles are solutions of the frictionless system at A = 0. The

blue lines, green lines, and green squares are the results at A = 0.5 and Fy = 0.02.
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4.2 CASE I: force-excited SDOF NFI-VIS

Figs. 7 and 8 illustrate the effects of the inertance-to-mass ratio 4 and the friction-to-excitation ratio
@, on the force transmissibility TRg and the maximum kinetic energy of the mass ky .. 4 is set at
three different values for different cases, while the magnitude of the friction force Fy is fixed at 0.02, i.e.,
a, = 0.2, as shown in Figs. 7(a) and 8(a). The black line represents the linear vibration isolator without
inerter, i.e., A =0 and a; = 0. The grey line represents the frictionless system inerter-based isolator
basedon A = 0.5 and a; = 0. The blue, red, and pink lines correspondto A = 0.5, 1, and 5, respectively.
In Figs. 7(b) and 8(b), the effects of friction force are studied by changing its magnitude from 0.02 to 0.04
at A = 0.5 and A = 1. The grey, blue, and cyan lines represent a, = 0.2, while the red and green lines
represent a; = 0.4. Other parameters are fixed at { = 0.01 and F, = 0.1.

Fig. 7(a) shows the effects of A and a; on the force transmissibility TRg. In Fig. 7(a), the linear
spring-damper-mass isolator without inerter (i.e., A = 0,a; = 0) has a peak value of 50 in the force
transmissibility at the frequency Q = 1. When an ideal inerter-based vibration isolator (with A =
0.5, a; = 0), the peak value of the force transmissibility decreases to 40.8, and an anti-peak is found. As
the inertance-to-mass ratio A increases from 0.5 to 1 and finally to 5, the peak in each curve shifts to lower
frequencies. The transmissibility peak value decreases to 15.4 at A = 5. In Fig. 7(a), the lower limit of the
frequency for effective isolation is approximately 1, 0.82,and 0.43 when A is 0.5, 1, and 5, respectively.
As the excitation frequency increases, the asymptotic values of transmissibility are approximately 0.46,
0.60 and 0.86, which also can be obtained from TRy, in the Eq.(22a). It shows that the resonant peak is
suppressed with the increase of A, indicating that a larger A value provides performance benefits for the

NFI-VIS. Fig. 7(b) shows the influence of the inherent friction of the inerter on the force transmissibility.
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As the friction-to-excitation ratio a, varies from 0.2 to 0.4, the peak vibration transmission is suppressed,
while the anti-peak increases slightly. When the excitation frequency continues to increase, the force
transmissibility decreases firstly to a local minimum value, and then increases to an asymptotic value.
However, the asymptotic value of TRy increases to 0.63 at A = 0.5 and 0.7 at A = 1, respectively.

In Fig. 8, the effects of two parameters A and a; ofthe NFI-VIS on the maximum kinetic energy of
the mass are investigated. Three different inertance ratio values of the NFI-VIS are definedas 4 = 0.5, 1,
and 5 with a; = 0.2. The conventional vibration isolator without an inerter and a frictionless inerter-based
vibration isolator are studied for comparison. Fig. 8(a) shows that the principal impact of introducing an
ideal frictionless inerter to the vibration isolator is a modification of the resonant frequency. However, the

use of a frictional inerter in the isolator can suppress the peak values of K; from 12.3 to0 6.9. Peaks of

,max
K max shift to a lower frequency range with the increase of A. Compared with TR curves, there is only
one peak in each curve of Kj ... In the low-frequency range, curves tend to merge as the exciting
frequency Q decreases. At high excitation frequencies, a larger A will result in the lower maximum
kinetic energy for the primary mass. Fig. 8(a) also shows that NFI-VIS can provide improved vibration
suppression performance compared to a conventional vibration isolator, i.e., 4 = 0. The influence of the
inerter friction is studied by varying the friction-to-excitation ratio @, from0.1t00.5,at A =1 shownin
Fig. 8(b). The friction can significantly reduce the peak value of the K; ., overa wide frequency range,
specifically at high frequencies. The reason is that the higher frequency leads to a lower dynamic response

in the steady-state motion. It can be concluded from Fig. 8 that a larger value of A and a; can enhance

vibration isolation since it can result in a smaller amount of K

1max at high exciting frequencies. The
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405  difference between HB and numerical RK results arises from the occurrence of the stick -slip phenomenon

406  in the low-frequency range.
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408 Fig. 7 Effects of the (a) inertance-to-mass ratio 4 and (b) friction-to-excitation ratio @; on the force transmissibility
409 TRy of the system. The black and grey lines for the frictionless system at 4 =0 and A = 0.5. The blue, red, and
410  pink lines for A = 0.5, 1, and 5 while a; = 0.2, respectively. The dashed cyan and green lines for A = 0.5,1 with
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413 Fig. 8 Effects of the (a) inertance-to-mass ratio 4 and (b) friction-to-excitation ratio a; on the max kinetic K5 of
414 the mass. The black and grey lines for the frictionless systemat A = 0 and A = 0.5. The blue, red, and pink lines for
415 A=0.5,1,and 5 while a; = 0.2, respectively. In Fig. 8(b), different color lines for a; changing from 0.1 to 0.5 at

416 an interval of 0.1, 1 = 1. Symbols: RK results. The line and symbols are colored the same for the same case.
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Fig. 9 shows the effects of the inertance-to-mass ratio A and friction-to-excitation ratio a; of the
NFI-VIS onthe time-averaged powerdissipation ratio of viscousdamper R4 and friction R; ofthesystem,
respectively. Figs. 9(a) and (c) depict the percentage of viscous damping and frictional energy dissipation
in the system at @; = 0.2 for A = 0.5, 1, and 5, respectively. It can be found that the maximum power
dissipation ratio of the damperis 75%, and the rest of the energy, i.e., 25%, is dissipated by the friction.
The increase of the inertance in the NFI-VIS does not lead to changes in the percentage of the energy
dissipated by the damper and the friction. The reason is that the inertance has little effect on the term R, ()

in Eq. (26a), which is consistent with the maximum kinetic energy K; curves in Fig. 8. However, the

max
inclusion of inerter in the system can shift the peak frequency of the energy dissipation curve to the low-
frequency range and. It shows that over 50% of'the energy is dissipated by friction in the inerter and there
is only a very narrow range of frequencies in which more than 50% of the energy is dissipated by the viscous
damper. Figs. 9(b) and (d) show the effects of the inerter friction with a; = 0.2 and 0.4 at A = 0.5 and
1, respectively. An increase in the value of a, results in the value of Ry at peak frequency to be reduced
significantly from 75% to 48.9% while the local minimum points of R increase substantially from 25%
to 51.1%. This is because the frictional suppression of the dynamic response leads to a smaller portion of
energy inputdissipated by the viscous damper, as shown in Fig. 10. Furthermore, the increase of the friction
force further narrows the frequency range where the dissipationratio Ry exceeds 10%, while the frequency
range of R¢ > 90% is expanded. The friction power dissipation ratio R¢ has a local minimum point at the
resonant frequency and becomes approximately close to 100%, when away from the resonant frequency.

This behaviour shows that the inerter friction is effective in energy dissipation. When the magnitude of the

friction force increases to 0.04, i.e., @, = 0.4, damping dissipation ratio R, is always less than 50.
24



438

439

440

441

442

443

444

445

446

447

448

A
L
—_

S
=

100 100
< <
N @, =02 ] rm0s a, =02
g 80 75% —1=05{ E 8ol =0. @ =04 |
3 —i-1 | 8 Aot (@ =02
[ —A1=5 g a; =04
= —~ 60f ";/\;- 60 F
N =)
c O c O
e 2T
“g 40+ g
2 2
0 @
o °
o 20t 5
2 E
0 5
[a
0 -
107 10° 10
(c) (d)
100 "
a; =02
= —2=05 <
S 80 —2=1 5
8 —2A=5 B
E E
& 60f z
Q S
1) §S
S g8
== 40p o~
2 2
© 5
g f 25 o 8
: : 2
]
o a
0 . 0 .
107" 10° 101 107 10° 10°
Q Q

Fig. 9 Effects of the (a) inertance-to-mass ratio A and (b) friction-to-excitation ratio a; on the power dissipation of
the system. The blue, red, and pink lines for 4 = 0.5, 1, and 5 while a; = 0.2, respectively. The dashed cyan and
green lines for A = 0.5,1 with a; = 0.4. Symbols: RK results. The line and symbols are colored the same for the
same case.

In Fig. 10, the time histories of the steady-state instantaneous dissipated power by damping Py,
dissipated power by friction P, input power P;, are presented. The steady-state responses with the
magnitude of friction Fy = 0.02 and 0.04, A =1 are also shown. The excitation frequency is fixed at
Q = 0.5 while other system parameters remain the same as those used for Fig. 9. Figs. 10(a) and (b) show

that in the low-frequency range, an increase in friction has low impact on the power dissipated by viscous

damping but results in a significant increase in frictional power dissipation. The power input of the system
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increases significantly with the friction increasing, as shown in Fig. 10(c). It shows that the dry friction
nonlinearity strongly affects the power flow behaviour of the system. Fig. 10(d) gives the information on
the nondimensional velocity and friction response in the steady state. The black and green dashed lines

representthe velocity X' of the mass with the friction-to-excitationratio @; = 0.2 and 0.4, respectively.
It can be demonstrated that the increase of friction can reduce the amplitude of the velocity response, which
is consistent with the results shown in Fig. 8(b). Furthermore, it also shows that the velocity and the friction
are approximately in phase, leading to the positive power dissipation by the friction P, implying that in
this system, the friction plays the dominant role of energy dissipation.

Through the above research and analysis, it is found that the inherent friction of the inerter should not
be neglected because it strongly affects the dynamics of the structure and thus the vibration isolation
performance of the vibration isolator. In Fig. 11, the effects of the inertance-to-mass ratio A and the
friction-to-excitation ratio a, on the friction force are studied. Fig. 11(a) shows the friction force ratio
Ry at three different values of 4 with the magnitude of friction Fy = 0.02. The anti-peak frequency
decreases and the ratio R}, is reduced with the increase of A. The friction force ratio Ry . is lower than
10% near the peak frequency, but larger than 50% at low frequencies and between 50% and 10% at high
frequencies. When the excitation frequency tends to infinity, Ry. has an asymptotic value, approximately
42.7%at A =0.5,33%at 4 =1,and23%at 4 = 5.InFig. 11(b),as a, increases from0.1t0 0.5at 1 =
1, the friction force ratio R increases over a wide frequency range. Furthermore, the friction force

accounts for more than 20% of the total inerter force when () is away from the peak frequency.
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Fig. 10 Time histories of (a) instantaneous dissipated power by damping Pg,, (b) instantaneous dissipated power by
friction Py, (c) instantaneous input power P, and (d) dynamic responses in the steady state at 0 = 0.5 for the
system with dry friction. In (a), (b), and (c), the blue and red lines are characteristics with a; = 0.2 and 0.4, 1 = 0.5.
In (d), the blue and red lines are the dry friction force Fy, and the dashed black and green lines are the response

velocity of the mass at a; = 0.2 and 0.4, respectively.
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Fig. 11 Effects of the friction-to-excitation ratio a; on the friction force ratio Ry of the inerter. The blue, red, and
pink lines for A = 0.5, 1, and 5 while a; = 0.2, respectively. In Fig. 11(b), different colour lines for a¢; = 0.1~0.5

with A = 1. Symbols: RK results. The line and symbols are coloured the same for the same case.
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4.3 CASE II; base motion-excited SDOF NFI-VIS

Figs. 12 and 13 show the effects of the inertance-to-massratio A and the friction-to-excitation ratio
a, onthe displacement transmissibility DTRp and the maximum kinetic energy k, ., of the mass for
the system subjected base motion excitation, respectively. Figs. 12(a) and 13(a) demonstrate the influence
of A at 0, 0.5, 1, and 5, while a, = 0 and 0.2. The black line represents the conventional spring-
damper-mass isolator with A =0 and a, = 0, the black and grey lines are for isolators with an ideal
inerter without friction. Figs. 12(b) and 13(b) show the influence of the friction inside the inerter with the
friction level represented by «,. Other parameters are setas ¢ = 0.01 and Y, = 0.1. The 7™ order HB-
AFT approximation results shown with different lines and numerical results shown with different types of
symbols by using the RK method are presented.

In Fig. 12(a), the black line shows the displacement transmissibility characteristics of the linear
vibration isolator with a peak value DTRg = 50, while the grey line represents the vibration isolator with
an ideal inerter, resulting in a lower peak value of DTRy = 40 and an inverse peak. With an inherent
friction coefficient of a, = 0.2, increasing the inertance-to-mass ratio A from 0.5 to 1, and then to 5,
results in a reduction of the critical starting frequency of effective isolation (Eq. (21)), where DTRp <1,
from 1 to 0.82, and then to 0.43. At A =5, DTRp of the NFI-VIS remains smaller than 1 in a wide
frequency range. According to Eq. (22b), at high frequencies, a larger inertance-to-mass value results in a
higher level of displacement transmissibility, which is consistent with the observation in Fig. 12(a). Fig.
12(b) shows that the friction force at a, = 0.4, can reduce the peakin DTRy curves for A = 0.5 and 1.
A stuck phenomenon occurs causing the peak frequency to shift to the right, for the case with a, = 0.4

and A =1, due to larger inertial force. Similar to the motion characteristics due to force excitation,
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increasing the inertance can broaden the frequency range of the effective isolation and lower the peaks of
the transmissibility curve.

Fig. 13 shows that there is an anti-peak in the curve of K, .., when 4= 05 or 1. The peak
frequency of K, ., becomes lower and the peak value decreases as 4 increases. At a prescribed high
exciting frequency, the maximum kinetic energy increases with 1. At low excitation frequencies, the
parameter 4 and @, both have weaker effect on K, ., as the curves for different cases merge. By
increasing the friction-to-excitation ratio a, from 0.1 to 0.5, the effects of friction force are depicted in

Fig. 13(b). The peak and anti-peak frequencies of K, both increase. Compared with the force

,max

excitation case shown in Fig. 8, it can be seen that the overall trends of the K, curves are different for

,max

the force and base-motion excitation cases.

(a) (b)

2 2
10 —21=0 m 10 a; =0
o @=01""7"0s =
5 —21=05] A
> 101_ a2=0.2{ A=1 | :2' 101_
= —21=5 3
s B
@ @
E 0g g 00 —mesr
@ 10 £ 10
© E
< 5]
£

1L 1L
E 10 g 10
Q (3]
& o
Q. (2]
2 @2
L2 &)
[a) ;

10_2 1 0 1 102 -1 0 1
107 10 10 10 10 10
Q 0

Fig. 12 Effects of the (a) inertance-to-mass ratio A and (b) friction-to-excitation ratio @, on the displacement
transmissibility DTRg ofthe system. The black and grey lines for the frictionless systemat A =0 and A = 0.5. The
blue, red, and pink lines for A = 0.5, 1, and 5 while a; = 0.2, respectively. The dashed cyan and green lines for 1 =

0.5,1 with a; = 0.4. Symbols: RK results. The line and symbols are colored the same for the same case.
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Fig. 13 Effects of the (a) inertance-to-mass ratio A and (b) friction-to-excitation ratio a, on the maximum kinetic
kmax of the mass. The black and grey lines for the frictionless systemat A = 0 and A = 0.5. The blue, red, and pink
lines for 4 = 0.5, 1, and 5 while @; = 0.2, respectively. In Fig. 13(b), different colour lines for a; from 0.1 to 0.5
with A = 1. Symbols: RK results. The line and symbols are coloured the same for the same case.

Fig. 14 shows the effects of A and a, ofthe NFI-VIS on the time-averaged energy dissipation of the
base motion excited vibration isolator. As previously defined, R4 is the dissipation ratio of the viscous
damper and Ry is the ratio of friction. Figs. 14(a) and (c) show the percentage of power dissipation by the
viscous damping and friction for the system with A = 0.5, 1, and 5 with a, = 0.2. When the exciting
frequency is lower than 0.5, the NFI-VIS is in a stick phase and is almost ineffective in power dissipation.
At the resonant frequency, the maximum value of Ry is 62%, and the correspondingly Ry is 38%.
Increasing the inertance-to-mass ratio A causes the peak frequency to shift to lower frequencies. When
A =5, the resonant peak disappears due to the strong inertia force. At high frequencies, Ry decreases,
while R¢ increases with A. For acertain given A, a, and (), the portion of frictional energy can be over

90% of the total energy dissipation. However, in the high-frequency range, R4 increases with the

excitation frequency (). Figs. 14(b) and (d) show the effects of the friction of the NFI-VIS with a, = 0.2
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and 0.4 at A= 0.5 and 1, respectively. As a, increases, the power dissipation ratio R, increases
significantly to the local maximum and R¢ reaches the local minimum value. Increasing a, reduces the
energy dissipation by the damper at high frequencies; this is caused by the frictional resistance. In contrast,
the viscous damper of the NFI-VIS issipates energy more efficiently than the inerter friction in the high-
frequency range.

To further study the power flow characteristics of the NFI-VIS under base-motion excitation, the time
histories of instantaneous dissipated power of damping Py, , dissipated power of friction P, input power

P.

1

are presented in Figs. 15(a), (b), and (¢), respectively. Fig. 15(d) shows the steady-state responses with
the magnitude of friction force Fy being 0.02 and 0.04 while A =1 and Q = 0.7. The values of the
remaining parameters are consistent with those used for Fig. 14. It can be found that at low frequencies, the
NFI-VIS exhibits stick-slip phenomenon. The power dissipation of the damper and the friction as well as
the power input reduces with the increase of the friction-to-excitation ratio a,. In Fig. 15(d), the relative
velocity Z," between terminals is reduced when a, increases from 0.2 to 0.4 at Q= 0.7. That is
consistent what is shown in Fig. 13(b) in the low-frequency range. Similarly, there is only a positive part of
P; due to the velocity and friction being of the same sign, and friction reduces the performance. Fig. 16
shows the power flow characteristics at a higher excitation frequency of 0 = 5. The effects of the
inertance and friction force on instantaneous power flow of damping P4, of friction P; and power input
P, ofthe system are studied. It can be concluded that in the high-frequency range, increasing the inertance
will reduce the power input of the system, while increasing friction force will have the opposite effect. In
Fig. 16(a), the friction-to-excitation ratio «, influences slightly the instantaneous power flow related to

damping but significantly increases the power flow associated with friction.
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Fig. 14 Effects of the (a) inertance-to-mass ratio 4 and (b) friction-to-excitation ratio a, on the power dissipation

of the system. The blue, red, and pink lines for A = 0.5, 1, and 5 while a; = 0.2, respectively. The dashed cyan and

green lines for 4 = 0.5,1 with a; = 0.4. Symbols: RK results. The line and symbols are colored the same for the

same casc.
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Fig. 15 Time histories of (a) instantaneous dissipated power by damping Pg,, (b) instantaneous dissipated power by
friction Py, (c) instantaneous input power P, and (d) dynamic responses in the steady state at 0 = 0.7 for the
system with dry friction. In (a), (b), and (¢c), the blue and red lines are characteristics with a, = 0.2 and0.4at A = 1.
In (d), the blue and red lines are the dry friction force Fy, and the dashed black and green lines are the response

velocity of the mass at a, = 0.2 and 0.4, respectively.
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Fig. 16 Time histories of (a) instantaneous dissipated power by damping Py, (b) instantaneous dissipated power by
friction Py, (c) instantaneous input power P;, inthe steady state at 0 = 5 for the system with dry friction. The blue
line is characteristic with @, = 0.2 at4 at A = 0.5. The red line is the characteristic with a, = 0.2 at4 at A = 1.

The green line is characteristic with a, = 0.4 at4at 1 = 1.
Fig. 17 demonstrates the effects of A and a, on the frictional force ratio Ry for the NFI-VIS under
base motion excitation. Fig. 17(a) shows the trend of the friction ratio Ry. with parameters set at a, =
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0.2, A =0.5,1, and 5. It is found that when A varies from 0.5 to 1, the local minimum of Ry . changes
only slightly. When A increases to 5, the anti-peak nearly disappears. In the high-frequency range, the
friction force ratio R},. decreases with the increase of A and (). This is because the friction has relatively
weak effect in the high-frequency band, as shown in Fig. 14. It is also found that R}, is almost 100% in
the stick phase, while Ry, is less than 50% in a specific wide frequency range of the slip phase. For base
excitation case, increasing the value of a, for the inerter enlarges the percentage of friction in the inertial
force, as shown in Fig. 17(b). With high-frequency excitation, the effectof friction on inertial force becomes
weak dueto the larger relative motion, whichresults in a smaller Ry, with the value being lower than 10%.
In comparison, the friction force has a stronger effect on the dynamics of the inerter-based system when the

forcing excitation away from the resonance.

(a) (b)
102 p—t—t—t—t—t—dy : . 1027
= ' 9
o o
o o
|5} 1 |5} 1
& 10'F & 10"}
(o] (o]
'*§ a, =02 '*§
8 —A=05 8
= —iA=1 =
2 4% —a=5 2 10
c c
S S
k3] k3]
LC LT
-1 N -1 .
10 10
10”" 10° 10" 10”" 10° 10

Q

Fig. 17 Effects of the friction-to-excitation ratio &, on the friction force ratio Ry, of the inerter. The blue, red, and
pink lines for A = 0.5, 1, and 5 while a; = 0.2, respectively. In Fig. 17(b), different color lines for @; from 0.1 to

0.5 with A = 1. Symbols: RK results. The line and symbols are colored the same for the same case.
4.4 CASE III: 2DOF NFI-VIS subjected to force excitation

In this section, force transmission and power flow properties of the 2DOF NFI-VIS are investigated to

34



585

586

587

588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

evaluate the isolation performance. The seventh-order HB-AFT and numerical RK methods are used to
obtain dynamic responses with the results shown by lines and symbols, respectively. System parameters are
setas Fy =01, y=p=n=1, {=¢ =0.01.

Figs. 18(a) and (b) show the effects of the inertance-to-mass ratio A and the friction-to-excitation
ratio a5 of the inerter on the relative response amplitude |X, — X5| between the mass m and m;,. The
black line represents the conventional linear isolator case without an inerter, with two resonance peaks and
one anti-resonance peak. Peaks of the relative displacement |X, — X5| shiftto lower frequencies with the
inclusion of the non-frictional inerter shown by the grey lineat A = 0.5, a; = 0. When a frictional inerter
with 2 = 0.5 and a; = 0.2 isused, the nonlinearity of the NFI-VIS becomes strong leading to peaks and
a decrease in the anti-peak, as shown by the blue line. It is noted that increasing the inerter-to-mass ratio A
results in an increase in the value of first peaks and lower peak frequencies but it has a slight effect on the
anti-peak at excitation frequency Q ~ 1. At high frequencies, the relative displacement decreases with the
exciting frequency. Fig. 18(b) shows that as the value of a, increasesfrom0.2to 0.4, valuesof X, — X,
decrease, especially athigh frequency. However, increasingwith a; hasweakereffecton peak frequencies.
As Q reduces in the low-frequency range, these curves tend to merge and the effects of inertance 1 and
friction ratio a; have a weak influence on the relative displacement. It is also noted that using NFI-VIS
leads to a smaller peak relative response amplitude compared to a conventional spring-damperisolator with
inerter, indicating the enhanced suppression by the nonlinear isolator.

Fig. 19 investigates the performance of the nonlinear isolator using the force transmissibility TRp,
as a performance index. Due to the frictionless inerter, the curve of TRp, has two peaks and two anti-

peaks compared to the conventional linear isolator case (the black curve). An increase in the frictional force
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of the inerter leads to the decrease of the first peak. The first peak decreases from 52.6 to 50.5 and moves
to a lower frequency range as the inertance-to-mass ratio A1 increases from 0.5 to 1. The curve of force
transmissibility TR, shows new peaks and anti-peaks at A = 3 and 5, resulting in lower transmitted
force in a frequency range between peaks. Meanwhile, increasing A shifts the frequency-response curve
to the left, and the first peak decreases while the second increases. A larger frequency band with force
transmissibility below 1 is created. The figure shows 4 and a5 have a weak effect on the anti-peaks of
the force transmissibility of the system. As the value of a5 increases from 0.2 to 0.4, the first and second
peaks decrease, while the anti-peak value increases. These properties show benefits in vibration isolation
using nonlinear frictional inerter. When Q > 1, TRp, associated with NFI-VIS increases with ) and
approaches an asymptotic value in the high-frequency range. This value increases with a; and A but

remains smaller than 1. At low frequencies, the lines for different cases tend to merge.
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Fig. 18 Effects of the (a) inertance-to-mass ratio A and (b) friction-to-excitation ratio a; on the response amplitude
X, of m. Effects of the (a) inertance-to-mass ratio A and (b) friction-to-excitation ratio a3 on the relative response
amplitude X, of m.Theblack and grey lines for the frictionlesssystem at A = 0 and A = 0.5. The blue, red, yellow,
and pink lines for A = 0.5, 1, 3, and 5 while a3 = 0.2, respectively. The dashed cyan and steel-blue lines for 1 =

0.5,1 with a3 = 0.4. Symbols: RK results. The line and symbols are colored the same for the same case.
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Fig. 19 Effects of the (a) inertance-to-mass ratio 4 and (b) friction-to-excitationratio @z on the force transmissibility
TRp, ofthe system. Theblack and grey lines for the frictionless systemat 4 = 0 and A = 0.5. The blue, red, yellow,
and pink lines for 4 = 0.5, 1, 3, and 5 while a3 = 0.2, respectively. The dashed cyan and steel-blue lines for 1 =
0.5,1 with a3 = 0.4. Symbols: RK results. The line and symbols are colored the same for the same case.

Fig. 20 shows the effects of the inertance-to-mass ratio A and the friction-to-excitation ratio a5 on
the maximum Kinetic energy Kj .., 0f mass m. Fig. 20(a) shows that for the 2DOF NFI-VIS, the peak
and anti-peak of K; ., shifttoward lower frequencies as A increases. The first peak value of Kj ..
decreases from 38.2 to 16.5 and the firstanti-peak decreaseto 3.2 x 10™* with A increasing from 0.5 to
5. When the excitation frequency is high, the maximum value of K., for the NFI-VIS case is
significantly lower thanthat forthe linear isolator case (represented by the black line). These characteristics
demonstrate the benefit of using the NFI-VIS for vibration isolation. In Fig. 20(b), it is shown that as a;
increases from 0.1 to 0.5 at A = 5, both peak and anti-peak values decrease, suggesting that friction can
suppress excessive vibrations. Using a nonlinear inerter-based isolator results in a substantial decrease in

the kinetic energy level of the system in the high-frequency range, which enhances vibration isolation when

compared to a linear isolator.
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Fig. 20 Effects of the (a) inertance-to-mass ratio A and (b) friction-to-excitation ratio a3 on the max kinetic K3 pax
of the mass m. The black and grey lines for the frictionless system at A = 0 and A = 0.5. The blue, red, and pink
lines for A = 0.5, 1, and 5 while a3 = 0.2, respectively. In Fig. 20(b), different colored lines for a3 being 0.1, 0.2,
0.3, 0.4 and 0.5, with A = 5. Symbols: RK results. The line and symbols are colored the same for the same case.
Figs. 21(a) and (b) show the effects of the inertance-to-mass ratio 4 and the friction-to-excitation
ratio a5 on the time-averaged transmitted power ﬁt, respectively. Figs. 21(c) and (d) show the effects of
A and a5 on the power transmission ratio R, respectively. Figs. 21(a) and (c) show that the NFI-VIS
produces an anti-peak in curves of Ft, leading to a significant reduction in the transmission of vibration
energy to the foundation structure. With NFI-VIS, the peak value of Ry isreducedas 4 and a@; increase
in the low-frequency range. In the high-frequency range, Ry increases with 4 and a;. This observation
is consistent with Figs. 23(a) and (d), where the instantaneous transmitted power P, and the steady-state
velocity X3 of mass m, increase with friction force. Additionally, the peak value moves to lower
frequenciesas A increases. In the low-frequency range, the effectof 4 on E becomes insignificant, as

the differentlines merge together. Fig. 21(d) shows that in the high-frequency range, the transmitted energy

increases with the friction, aspredicted in Eq. (24). The peaks and anti-peaks in the curve of R correspond
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655  to peaks and local minimum of the transmitted power ﬁt of the system, as shown in Figs. 21(a) and (b).
656  These characteristics are desirable for vibration isolation. When Q = 1, the transmission ratio Ry of the
657  system is almost 100%, regardless of the variation of A and a5. This is because the system resonates at
658  the same frequency, and the input power is almost completely transmitted to the base and dissipated by its
659  damping.
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661 Fig. 21 Effects of the inertance-to-massratio A and friction-to-excitation ratio a3 on the (a), (c) transmitted power
662 P, and (b), (d) power transmission ratio Ry of the system. The black and grey lines for the frictionless system at
663 A =0 and A= 0.5. The blue, red, yellow, and pink lines for A = 0.5, 1, 3, and 5 while a3 = 0.2, respectively. The
664 dashed cyan and steel-blue lines for 4 = 0.5,1 with a3 = 0.4. Symbols: RK results. The line and symbols are

665 colored the same for the same case.
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Fig. 22 shows the effectsof 4 and a5 on the time-averaged energy dissipation of the system. Over a
cycle of periodic response, the input energy of the frictionless 2DOF system is dissipated entirely by the
viscous damping ¢ and c,. For the nonlinear structure, when 4 = 0.5, 1, 3,and 5at a; =0.2, Fig. 22(a)
shows that damping ¢ provides almost negligible energy dissipation at both low and high frequencies.
This is due to the low relative velocity, indicating a small power dissipated by the damper c. Also, when
Q is away from the resonance, the transmitted energy is small. As a result, more than 90% of the input
energy is dissipated by the inerter friction. Fig. 22 shows that both energy dissipation by the damping Ry
and by the friction R increaseas A increases for the first peak when Q < 1 butdecrease when Q > 1,
due to the strong nonlinearity at high frequencies. Moreover, Fig. 21 demonstrates that more energy is
transmitted when there is lower relative motion between the masses m and m,. In Fig. 23, it is confirmed
that the relative velocity V. (= X, — X3.) between the masses decreases with a5, while the velocity X3 of
mass m, increases with it. At a; = 0.4, the friction leads to a decrease in R4 and an increase in Ry.
When Q = 1, the energy is entirely transferred to the base through the NFI-VIS (R = 1). Therefore, it can
be summarized that alterations to the friction can change the dissipation of energy within the system.

Fig. 23 shows the time histories of the power flow and response of the system at excitation frequency
Q =3 with inertance-to-mass ratio 4 =5. The instantaneous transmitted power P, of damping c,,
power flow of friction P;, power dissipation by the damper P4,, of damping c, and steady-state
responses are studied at a; = 0.2 and a; = 0.4, respectively. Both P; and P4,, decrease with the
increase of friction force, while the transmitted power P, increases at high excitation frequency.
Correspondingto the characteristics shown in Fig. 23(d), with the increase of friction, the velocity response

X% increases but the relative velocity V. decreases. Also, the frictional power flow P; (107°) and
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transmitted power P, (10~>) exhibit larger magnitudes than that of the damping power Pg, . This is why

a significant portion of the energy within the system is dissipated by the inherent friction of the inerter.

Moreover, the friction has a greater effecton Py and P, compared its effecton P4,,. These agree with

the behaviour shown in Fig. 21(d) and Fig. 22(d).
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Fig. 22 Effects of the inertance-to-mass ratio A and the friction-to-excitation ratio @3 on the power dissipation (a)
by damper Ry and (b) by friction R; of the system. The black and grey lines for the frictionless system at A = 0
and A = 0.5. The blue, red, yellow, and pink lines for 4 = 0.5, 1, 3, and 5 while a3 = 0.2, respectively. The dashed
cyan and steel-blue lines for 4 = 0.5,1 with a3 = 0.4. Symbols: RK results. The line and symbols are colored the

same for the same case.
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Fig. 23 Time histories of the (a) instantaneous transmitted power P (b) instantaneous dissipated power by friction
Py, (c) instantaneous dissipated power by damping Pgy1, and (d) dynamic responses in the steady state at Q =
3 for the system with dry friction. In (a), (b), and (c), the blue and red lines are characteristics with a, = 0.2 and
0.4 at A = 5.1In(d), the blue and red lines are the dry friction force Fy, and the dashed black, green, sky-blue, and
pink lines are the response velocity of the mass m, and relative velocity V. at a, = 0.2 and 0.4, respectively.

The effects of the inertance ratio A and the friction-to-excitation a5 on the frictional influence on
the total inerter force in the 2DOF system are shown in Fig. 24. In Fig. 24(a), the consideration of the
inherent friction of the inerter is essential, accounting for more than 50% of the total inerter force both in
low- and high- frequency ranges. An increasing inertance-to-mass ratio A leadsto a decrease in Ry and
lower anti-peak frequencies. However, the value of Ry increases with an increasing a;. When Q =~ 1,
Ry is approximately 100%, which means F, =~ F, 5. This is because the mass m movingwith the mass

m, with a very small relative motion velocity (V. = 0), as shown in Fig. 22. When the excitation frequency

Q) = oo, the friction force ratio R, hasan asymptotic value. This is because the relative motion decreases
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as the exciting frequency increases, as shown in Fig. 18, indicating a smaller value of the term AV of the

inertance force F.
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Fig. 24 Effects of the (a) inertance-to-mass ratio 4 and (b) friction-to-excitation ratio a3 on the on the friction force
ratio Ry, of the system. The blue, red, yellow, and pink lines for A = 0.5, 1, 3, and 5 while a3 = 0.2, respectively.
In Fig. 24(b), different color lines for a3 = 0.1~0.5 with A = 5. Symbols: RK results. The line and symbols are
colored the same for the same case.

5 Conclusions

This study investigated the force transmission and power dissipation behaviour of frictional inerter-
based vibration isolation systems. Different configurations of nonlinear vibration isolators with frictional
inerters in single DOF and 2DOF systems under force and motion excitations were studied. The Karnopp
model and the smooth friction model were used when using the HB-AFT method and numerical integration
method, respectively. Vibration transmission characteristics of SDOF and 2DOF systems were shown by
using force and displacement transmissibility as well as power flow variables.

For the SDOF system, the use of NFI-VIS under force (CASE I) and base motion (CASE II) excitation
was studied. It is found that the inclusion of the nonlinear frictional inerter in vibration isolator can widen
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the effective frequency band where the force transmissibility is lower than 1. The anti-resonance in the
force transmissibility and displacement transmissibility curves can be used to significantly reduce the
vibration transmission at prescribed excitation frequencies. The inherent friction of inerter provides further
benefits to the performance of the vibration isolator. For example, the asymptotic value of TRy increases
to 0.63at A = 0.5 and 0.7 at 4 =1 when the friction-to-excitation ratio increases from 0.2 to 0.4. Over
a wide frequency range, more than 50% of the energy in the system is dissipated by the inerter friction, For
the force excitation case, the friction force accounts for more than 20% of the total inerter force when the
exciting frequency is away from resonance, and less than 10% near the resonant frequency. These
demonstrate that it is the necessary to consider friction in inerter-based vibration isolator design. It is also
noted that the NFI-VIS is only effective when the excitation amplitude is larger than the static friction of
the inerter.

For the 2DOF NFI-VIS subjected to the force excitation, it is shown that the use of nonlinear frictional
inerter lead to an anti-resonant peak between two peaks where the dynamic response, vibration transmission,
and power transmission level is significantly reduced. With a proper design of inertance and friction in the
NFI-VIS, it is possible to reduce the power transmitted ratio to nearly zero for a specific excitation
frequency. This can be achieved, for example, by setting A =5 and a; = 0.4 for low-frequency range or
A=10.5 and a3 = 0.2 in the high-frequency range. When the excitation frequency is away from peak
frequencies, more than 20% of the total inerter force can be caused by friction. This study showed that the

internal friction of inerters should be considered in the design of inerter-based vibration isolators.
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Appendix
Compared with the HB-AFT method and numerical RK method, the 1% order analytical HB
approximation can be used to seek solutions providing good physical insights at low computational cost
[19, 30]. For the SDOF NFI-VIS (CASE I), the steady-state displacement response can be approximated by
X, =R cos(Qt + 6,) = R cosd,, (29)
where R, is dimensionless displacement amplitudes and ¢; = Qt + 6;. The nondimensional dry friction
force is expressed using harmonic terms as [30]:

, 4F, . 4Fy
Fyeq = Fysgn(X,') = ———sin¢, — 3—sm3¢1. (30)
s T

Substituting Eq. (30) into Eq. (9), and using a, = F;/F,, the steady-state frequency-response

relationship can be obtained,

4a, F,

—(A + DR, Q*cos¢p, — 2{R,Qsing; + R cos¢p, —
™

sing, = Fycos(¢p; —0;). (31)

45



768

769

770

771

772

773

774

775

776

7

778

779

780

781

782

783

784

785

Balancing the coefficients of the associated harmonic terms, the following equations can be obtained:
R, — (A + 1DQ*R, = Fycosb;, (32a)

4
——a,;Fy — 2{R,Q = F,siné,. (32b)
s

Eliminating the sine and cosine terms from Eqs. (32), further simplifying the equation, results in
2 204p 2 2p 2 a1\? 2 202p 2 16 2
Ri%+ (A + D20R,2 = 2+ DO2R, 2+ 16 (=) Ry? +40207R, 2+ — (R, Qa, Fy = K2 (33)
Vs Vs

Eq. (33) is an algebraic relationship equation ofthe frequency 0 andthe response amplitude response

R, for which the quadratic equation can be solved:

2
_ledaify \/(165‘;"‘1%) — 4((1 = (1 + 1)02)? + 40202 )(%1250)—2 — Fy?)

Ry = 34
IR, 2((1 = (A + 1)02)2 +47202) (34)
The following equation can be obtained:
2 2
| | _m_}_\/(m) _4((1_(14_ 1)92)2_'_4(292 )(16(0(2]) _1)
1l _ s i3 I . (35)

Fy 2((1— (A + DO?)? +47202)

2
Itis obvious thatwhen 7——1<0,ie., a, < m/4,there exist positive and real solutions for |R,|/F,.

16(ay)”
n
For the SDOF system with base motion (CASE II), the steady-state relative displacement's analytical
first-order HB expression is
Z, = R,cos(Qt + 6,) = R,cos¢,, (36)
where Z, = X, — Y,cos (Qt) is the relative displacement between the mass and the base as depicted in
Fig. 4(b), R, is dimensionless displacement amplitudes and ¢, = Qt + 6,. Using Flourier expression of

dry friction force in Eq. (30) with a, = F;/Y, andsubstituting Eq. (36) into Eq. (10), by similar derivation

approach to force excited system, following equations can be obtained:
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4 1
Fyep = Fysgn(Z,') = ——(sinq&z + gsin3¢>2) Fy, (37a)
T

Y,
—(1 + D Q*R,cosp, — 2{QR,sin¢, + R,cosp, — % sing, = Y,Q%cos(¢p, — 6,). (37b)
Balancing the corresponding harmonic terms in Eq. (37b), we have:

(1 -1+ DO*)R, = Y 0%cosb,, (38a)

4a,Y,

—2{QR,— = Y,0?siné,. (38b)

Because of sin?6, + cos?6, = 1, Egs. (38) can be rewritten as

2y 2
_ 2p 2, 1047 Y 2 8a, _ v 204
(11— 1+ 2D)%?R,2+ +4020%R,2 + —22 {QR Y, 20 (39)
T[

The relative displacementresponse amplitude response R, canbesolved by usinga bisection method:

_16((:razyn +\/(16((}Ta2YQ) 4((1—(1+A)92)2+45292)(16(“2Y0) YZQ4>

IR,| = . (40)

201 =1+ 00?2+ 47%02)
. . 16(a,)? 4 . a9)
Similarly, it can be deduced from Eq. (40), when —= = 0* <0, ie., a, < Eq. (40) has
meaningful solutions. The displacement response X,(7) of the mass in CASE II can be expressed by

converting equation Z, = X, — Y, cos (Qt):
X,(t) =Z,(t) + YycosQr = R, cos(Qt + 6,) + ¥, cosQr. (41)

Therefore, the dimensionless response amplitude for base excitation can be acquired by using Egs.

(38) for the simplification:

— 2
1-1+100 ) (42)

X3 am = \/(chosez +Y)? 4+ R,%sin?6, = \/Rf +Y% + 2R22< RE
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