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Abstract

This study proposes an inerter-based nonlinear passive joint device and investigates its vibration
suppression performance when inserted in coupled systems. The joint device comprises an axial inerter
and a pair of lateral inerters creating geometric nonlinearity with the nonlinear inertance force being a
function of the relative displacement, velocity, and acceleration of the two terminals. Both analytical
approximations based on the harmonic balance method and numerical integrations are used to obtain
the steady-state response amplitude. Force transmissibility and time-averaged energy flow variables are
used as performance indices to evaluate the vibration transmission in the coupled system with
subsystems representing the dominant modes of interactive engineering structures. Effects of adding
the proposed joint to the force-excited subsystem or to the coupling interface of subsystems on
suppression performance are examined. It is found that the insertion of the inerter-based nonlinear joint
can shift and bend response peaks to lower frequencies, substantially reducing the vibration of the
subsystems at prescribed frequencies. By adding the joint device, the level of vibration force and energy
transmission between the subsystems can be attenuated in the interested range of excitation frequencies.
It is shown that the inerter-based nonlinear joint can be used to introduce an anti-peak in the response
curve and achieve substantially lower levels of the force transmission and reduced amount of energy
transmission between subsystems. This work provides in-depth understanding of the effects of inerter-
based nonlinear devices on vibration attenuation and benefits enhanced designs of coupled systems for

better dynamic performance.

Keywords: Inerter; Vibration suppression; Geometric nonlinearity; Vibration transmission; Energy

flow; Force transmissibility

1. Introduction

There has been a strong need for high-performance vibration suppression devices that can be used
to reduce the vibration transmission between subsystems within dynamic systems in the forms of
scientific equipment and engineering structures [1]. For instance, in built-up structures such as ships or
civil engineering buildings, different parts as coupling subsystems can be connected by different types
of joints. One example is that aircraft engines usually contain blade roots, under platform dampers, and

flange joints [2]. Bolted joints with nonlinearity are adequately used in buildings due to slipping of
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contacting surfacing and opening and closure of interfacial gaps [3]. Dramatic influence over the
dynamic characteristics of the integrated system might be resulted from the interfacial nonlinearities in
the structure [4]. Flange joints are widely used in pipes due to ease of maintenance of connected
equipment and also the flexibility of the disconnection process compared with the traditional welding
[5]. Itis evident that the design of the joint devices is of great importance on the vibration transmission
behaviour of the integrated system. Based on whether external energy input is needed, these suppression
devices are classified into active vibration control systems and passive ones [6]. The applications of the
former are sometimes constrained due to the consideration of reliability issues and also control efforts
required, compared to passive devices [7]. In view of this, there have been much research interest in
developing and investigation new passive suppression systems so as to achieve effective attenuation of
vibration transmission between subsystems of an integrated system and also the vibration level of a
particular subsystem.

Many passive devices such as vibration isolators and dynamic vibration absorbers contain masses,
springs and dampers and the performance associated with different design configurations has been
investigated and explored. There have been much less studies on passive suppression devices with the
inerter, which is a relatively recently proposed passive element. The inerter has the property that the

applied force is proportional to the relative accelerations of two terminals, i.e., F, = b(V'1 — V'Z), where

F, is the coupling inertial force, b is an intrinsic parameter of the inerter named inertance, V; and V,
are the accelerations of two terminals [8]. The corresponding inertance effect of the rack—pinion inerter
is realised according to the physical parameters of the actual design, such as the radius of gyration of
the flywheel and the radii of the rack pinion, gear wheel, and flywheel pinion. Other possible inerter
designs have also been proposed in the past few years. The ball-screw inerter is a modified model
consisting of a screw, nut, and flywheel [9]. With the involvement of the ball screw, the linear motion
of the two terminals is transformed into rotation of the flywheel, which leads to corresponding motion
of the gear and flywheel. The flywheel provides a storage mechanism for kinetic energy, leading to
amplification of the inertia effects. Another widely used type of design is fluid inerters, which can be
readily adapted into various passive network layouts [10]. Many applications have addressed the
benefits of the inerter in the realm of vibration mitigation, including automobile shock absorbers [11],
landing gear systems [12], and structural vibration control [13]. There have also been many studies
reported demonstrating the influence of inerters in single degree-of-freedom vibration isolators [14],
dual-stage isolators [15], and laminated composite plates [16]. A recent study also shows that using
inerters can lead to better damping performance of dynamic systems for a higher energy dissipation
efficiency [17].

While there have been much recent attempts to investigate the dynamics of linear inerter-based
passive suppression devices. There are much less studies on the use of nonlinear configurations of

inerters for potential benefits in vibration suppression. It has been shown that the introduction of
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nonlinearity can enhance the performance of vibration isolators and dynamic vibration absorbers. For
instance, conventional linear single degree-of-freedom (DOF) vibration isolators have the property that
effective attenuation of force transmission is achieved only when the excitation frequency is V2 times
larger than the natural frequency. This brings about a trade-off between the having a lower natural
frequency to enlarge the effective isolation band and a high static supporting stiffness. Nonlinear
elements can be introduced to deal with the issue, by introducing a negative stiffness mechanism to
have high static stiffness and a low dynamic stiffness [1]. Nonlinear vibration absorbers can also be
tailored for vibration suppression of primary systems with different types of nonlinearities [18].
However, only limited studies have exploited the potential benefits of nonlinearities arising from the
use of the inerters. Experimental tests have also been performed to analyse nonlinear effects on two
types of inerters including the friction [19,20,21]. Yang et al. [22] proposed an inerter-based nonlinear
vibration isolator by using the geometric nonlinearity of a nonlinear inertance mechanism (NIM)
created by a pair of oblique inerters. It has been shown that the NIM-based isolator provides better
performance compared with conventional linear isolator.

It is noted that for performance evaluation of linear and nonlinear suppression devices, the force
or displacement transmissibility has been often used as an index to describe the level of vibration
transmission [23]. The time-averaged vibration energy flow variables have also been widely used for
accessing the performance of linear vibration isolation systems. The vibration energy flow combines
the effects of amplitudes of the velocity response and the force as well as their relative phase angle in
one quantity, such that the vibration transmission within a dynamical system can be better quantified
from energy viewpoint [24-26]. Various energy flow analysis approaches, such as the dynamic stiffness
method [27], the receptance method [28], the mobility method [29], energy flow models based on finite
element [30], a substructure method [31], a progressive approach [32], and a power flow formulation
based on continuum mechanics [33] have been proposed to analyse the linear vibration control systems.
Damping and mobility-based power flow mode theories have also been demonstrated to facilitate
power-flow-based dynamic designs [34, 35]. In recently years, energy flow methods have also been
developed to investigate the power flow behaviour of nonlinear systems, including the Duffing
oscillator [36], dynamic vibration absorbers [18], and nonlinear vibration isolators [37]. Power flow
characteristics and performance of single-DOF linear and nonlinear inerter-based isolators have also
been investigated [14, 22].

This study proposes a nonlinear passive joint device by configuring linear inerters to achieve
geometric nonlinearity. The performance of such joint in attenuations of vibrations of subsystems and
also suppression of vibration transmission between subsystems when inserted in a coupled system is
examined. The force transmissibility and time-averaged power flow variables are used for performance
evaluation from both the viewpoint of force transmission and also vibration energy flow perspective.
Both analytical approximations based on the harmonic balance methods and numerical integrations are

used for the determinations of the steady-state responses and the performance indices. It will be shown
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that effective suppression of vibrations and vibration transmission can be achieved by inserting the
proposed joint device to the coupled system. The remainder of this paper is organised as follows. In
Sect. 2, the inerter-based nonlinear joint and the coupled system models will be introduced and modelled.
In Sect. 3, the steady-state response is obtained by using the harmonic balance method with analytical
derivation and also the alternating-frequency-time scheme (AFT) with numerical continuations. In Sect.
4, the performance indices of vibration transmission between the subsystems are defined. Both the force
transmissibility as well as the time-averaged vibration energy flow variables are defined and formulated.
In Sect. 5, the effects of different inerters and the positions or adding the proposed nonlinear joint on

vibration transmission are examined systematically. Conclusions are provided at the end of the paper.
2. Mathematical Modelling

2.1. Inerter-based nonlinear joint

Figure 1 provides a schematic representation of the proposed inerter-based nonlinear joint created
by using a pair of lateral inerters and an inerter in the axial direction [15]. The nonlinear joint has two
terminals A and B. One of the ends for the two lateral inerters are hinged together at terminal A and
their other ends are pinned at points € and D, which are separated horizontally by 21,. The lateral
inerters are with the same inertance of b, while the axial inerter has inertance b,. Due to the symmetry
of the nonlinear joint, its terminal B only has axial motion in the horizontal, and its displacement,
velocity, and acceleration is denoted by x;,, x;, and %, respectively. The displacement, velocity, and
acceleration of the other terminal of the nonlinear joint, terminal A is represented by x,, x, and X,
respectively. The relative displacement between the two terminals A and B is defined as § = x, — x;,.
Hence, the geometric nonlinearity is introduced by the inerter-based joint, where the total force between
A and B is [15]:

825 12552
15+62  (12452)°

£o(8,6,8) = boS + 2B, ) = fonr + fo @

where

2b16%\ & 13552
for = (bo+ F25) 80 foo =201 20 (22, b)

Eqg. (1) shows that the nonlinear inertial force by the inerter-based joint depends on the displacement,

velocity, and acceleration of two moving terminals A and B.

Figure 2 shows the variations of the nonlinear inertial forces f,; and f,,, against the relative
displacement &, velocity &, and acceleration § of the two terminals for the inerter-based nonlinear joint.
The parameters are set as b, = 1 kg, b; = 1 kgand [, = 1 m. Fig. 2(a) shows that the value of f,,;
depends on both the relative displacement § and relative acceleration & of its two terminals. It shows
that the value of f;,, is approximately proportional to the relative acceleration & of two terminals when
6/1, is large. This character can be demonstrated by setting §/[, to infinity in Eq. (2), and the

corresponding value of fi,; will be (2b; + by)8, suggesting two lateral inerters tend to orient in the
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143  horizontal direction when 6 /1, tends to infinity. Fig. 2(b) shows the effects of relative displacement
144 and velocity of two terminals on the nonlinear force f;,. It is noted that the changes in § has large
145  impacton f,, when § = 0. However, f;,, tends to zero when the relative displacement of two terminals

146 & becomes large.
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149 Fig. 1. Schematic representation of the inerter-based nonlinear joint.
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151 Fig. 2. Nonlinear inertial force characteristics of the inerter-based nonlinear joint (b = b; = 1 kg, [y = 1 m).
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2.2. Coupled system with the inerter-based joint device

Figure 3 provides a schematic representation of the model comprising two subsystems coupled with
a mechanical joint characterized by a spring with stiffness coefficient k,. Subsystem one (S1) is a
single-DOF system consisting of a mass m; subject to an external harmonic excitation f(t) of
amplitude f, with frequency w and phase angle ¢, a linear spring with stiffness coefficient k,, and a
viscous damper of damping coefficient c;. Subsystem two (S2) is another single-DOF system consisting
of a mass m,, a linear spring with stiffness coefficient k,, and a viscous damper with damping
coefficient c,. There are also two possible positions P and Q@ marked in Fig. 3, for the insertion of the
inerter-based nonlinear joint. It is assumed that the masses both move horizontally without frictions and
their static equilibrium positions are taken as reference when x; = x, = 0 and the springs are

upstretched.

Subsystem one (S1) Subsystem two (S2)

Fig. 3. A schematic representation of the coupled system with a nonlinear inerter-based joint position at positions P or Q.

When the nonlinear inerter-based joints are added at both positions P and Q, the dynamic

governing equations of the system are written in a matrix form as

A [ O A ) M Ca B R

0 my|l%, 0 cflx, —ko  kytkollx2 —fop B
®3)
where f,p and f;,, represent the forces applied by the NIM-based nonlinear joint at P and Q,

respectively, and are expressed by

528 12652 N
be = Zbl <102+52 + (102+62)2> + b061 (4a)
2.4 2, .2
=2b, [ty LoXa¥i ) g 4b
be 1 <loz+x{ (102+xf)2 0X1 (4b)

where § = x; — x, is the relative displacement between the masses.

To facilitate later formulations, the following non-dimensional parameters are introduced:

k1 ko my X1 X2
W= |[—/—, W= |[—/—, U=—, X1=_: X2=_1
mq ms mq lo lo

S5 _ Kk

k
N=X,-X=— = K= %} = =
1 2 Lo 4 Ky ) ) (1 ) (2 2m2w1’

key

C1 C2

2mywq
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do=2, A =2 F=Lo 0=2 1=wt (5)

m, my kqlo’ wq
where w; and w, are the undamped natural frequencies of S1 and S2, respectively, u is the mass ratio,
X1,X, and 4 are the non-dimensional displacements of masses m;, m,, and the relative displacement
between the masses, respectively, y and k are the stiffness ratios, {; and ¢, are the damping ratios, 4,
and A, are the inertance-to-mass ratios for the axial inerter and the lateral inerters in the nonlinear joint,
respectively, F, is the non-dimensional forcing amplitude, 2 and 7 are the dimensionless frequency and
time, respectively.
By using these parameters and variables, the governing Eq. (1) can be written into a non-dimensional
form as
MX" + CX' + KX + F; (X", X', X) = F, (1), (6)
where X = {X;(1),X,(7)}T is the displacement response vector, Fo(t) = {F, exp(iQt +i¢),0}T
denoting the external force vector, M, C, and K represent the mass, damping and stiffness matrices of

the system without adding inerter-based joints and are expressed by

M:[(l) Lot’ Cz[zgl 2602;1]’ Kz[ljkk V_+KK]' (7a.b.c)

FuX", X', X) = {Fbp + Fpq —FbP}T representing the force vector generated by the addition of the

inerter-based nonlinear joint, where

224" aa'?

Fyp = 214 (m + m) + 204", (8a)
x2xy! X.X1%

Foq = 24 <11+x112 * (1+1x12)2> Aot (8b)

are the non-dimensional forces of the nonlinear joint placed at point P and point Q, respectively.

To obtain the steady-state response and vibration energy flow behaviour, it is necessary to solve the
governing equations. Two methods are used in the current study. The first one is the numerical
integration based on the Runge-Kutta method. The use of this method can yield accurate results with
relatively high computational cost. The other method is based on analytical approximations such as the
harmonic balance method (HB). The use of HB can yield the determination of stable and unstable
solution branches at relatively low computation cost. The combined use of both can also facilitate

validation and comparison of the results from different approaches.
3. Dynamic analysis by harmonic balance method

3.1. Analytical approximations

Here analytical approximations based on the harmonic balance method are used to obtain the steady-
state frequency-response relationship the system. It is noted that for the forces created by the inerter-
based nonlinear joint shown by Eq. (8) can be Taylor expanded at the equilibrium position of 4 = 0

and X; = 0, respectively, to have [22]
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Fop = AgA" + 22, 024" + 22, (1 — 24%)44"%, (9a)

Foq = AoX1' + 20, X7X{' + 22, (1 — 2X1)X, X2, (9b)

Using a first order approximation, the dimensionless steady-state displacement X; of the mass m, and
the relative displacement U between the two masses of the subsystems are assumed to be

X1 = Ry exp(iQ1), A = Uexp(iQr +1i6), (10a, b)

where R; and U represent the real amplitude of the dimensionless displacement response of mass m,

and that of the relative displacement, respectively, 8 represents difference in the phase angles of X; and

A. Note that in the steady state, the phase difference between X; and the excitation force is denoted by

¢. From Eq. (10a) and (b), we have the following expressions

X, = Ry exp(iQ1) — U exp(iQt +i0), R, = |X,| =/R? + U2 — 2R, U cos 6, (11a, b)
X; = iQR, exp(iQ1), X{ = —Q2?R, exp(iQ7), (11c, d)
A" =iQU exp(iQt +i0), A" = —Q2?U exp(iQt + i0). (11e, f)

where R, represents the dimensionless response amplitude of mass m,. By inserting Egs. (10) and (11)
into Eqg. (9) and retaining only the component at the fundamental frequency, the nonlinear forces by the
inerter-based nonlinear joint are expressed by

Fop = — (20 + (1 +2) 1,U2) 02U exp(ittz +i6), (12a)
Foq = = (%0 + (1 +52) 1,R2) 02R, exp(i). (12b)
Note that by using 4 = X; — X, to replace X, in Eq. (6), it follows that
Xi'+ 284X + X1 + KA+ Fop + Fpq = Fo exp(iQt + i¢), (13a)
pXy —4") + 25uX; — A — kA +y(Xy — A) — Fpp = 0. (13b)

By using Egs. (10), (11) and (12) to substitute the response and nonlinear force terms into Eq. (13) and

balancing of the coefficients of corresponding harmonic terms, it follows that
. R? u? .
(1= 1+ 2007 + 26,00 — (1 + %) 1,R2Q?) Ry + (i = 2002 — (1 + L) 1,U%Q% ) U exp(i6) =
F, exp(i¢), (14a)
2
(v — 1% + 20,ui0R, — (¥ + k¢ = (u + 20)02 + 28,ui0 — (1 + L) 1,U%Q% ) U exp(i6) = 0.
(14b)

Eq. (14) is a nonlinear complex equation, and it can be further transformed into nonlinear algebraic

equations by balancing the real part and imaginary part. It becomes
R? U?
(1 —(1+29)0% - (1 + 71) AlRfQZ) R, + (K — 2102 — (1 + 7) AlUZQZ) U cos8 = F, cos ¢,
(15a)

28,0R; + (k= 2002 = (1+ %) ,U202) Usin6 = Fysin g, (15b)

2

(v = uO2Ry — (v + K = (u+ 20)0% — (1+5) 2,U20%) U cos  + 2{,uQU sin 6 = 0, (15¢)
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2
20,U0R; — (¥ + 1k — (u + 1)Q? — (1 + U?) AlUZQZ) U'sin @ — 24,uQU cos 8 = 0. (15d)
By using Egs. (15c¢) and (15d) to cancel out the trigonometric terms, we have
2 2
(v = HO2)?RE + (24u0R)? = (y + 1 = (u+ A)922 — (14 ) L, U02) U? + (26400)2 (16)

By treating Egs. (15c) and (15d) as linear algebraic equations of Usin6 and U cos @, using the

Cramer’s rule, we have

2
zzzyan<x—/1092—(1+”7)AlUZQZ)

U=xR;sinf = 7 = Ay, (17a)

(2Z,uQ)? +(y+x—(u+lo)92—(1+%2>11 U202>

(Y+K_(#+AO)QZ—<1+U72>A1Uzﬂz)(y—#ﬂz)”z(z“mz R2 =4 (17b)
2 1= 42

U=*Rycos0 = 5
(zzzun)2+(y+x—(y+/10)nz—(1+”7)/11u292)

where A; and A, are introduced to enhance clarity of later formulations. A mathematical treatment of
Eqg. (15a) and (15b) leads to

2 2 2 2
(1- (1 +20092 - (1+2) 4,R20%) R + (2G,0R)? + (1 = 2002 — (1 + ) ,U%0%) V% +
2 2 2
2 <1 — (1 + )02 — (1 + %) AR2Q ) (K 2,07 - (1 + ”7) /11U292>A2 +4¢,0 <K 0% -

(1 + ”72) AlUZQZ)Al — F2. (18)
Note that Eqgs. (16) and (18) are two nonlinear real algebraic equations with two unknowns R? and U?
for the displacement amplitudes. Many methods, such as the Newton-Raphson method, are available
for solving nonlinear algebraic equations. Here, a standard bisection method can be used the following
procedure. Using Egs. (16), R? can be represented by an expression of U?2:
(y+}c—(u+lo)ﬂz—(1+u72)llUZQZ)2+(2(2uQ)2

(y—uQ2)2+(24,u0)?

By inserting Eq. (19) into Eq. (18) to replace R?, we have a single nonlinear algebraic equation with one

R? =

(19)

known U2. It can be solved by a standard bisection method. Subsequently, the displacement amplitude
R, and the phase angle differences 8 and ¢ can be obtained, yielding the steady-state response
information. Compared with the Newton-Raphson method, the main benefit of using the bisection
method is that it can conveniently determine all the possible solutions with using numerical continuation
for path following.

Note that for the original coupled system without adding inerter-based joint, Egs. (16) and (18)

becomes
(v — nQ*)?R? + (20,uQR,)? = (v + k — uQ*)2U? + (24,uQU)?, (20a)
(1 — O22R? + (24,QR,)? + K2U? + 2k(1 — Q%) A, + 4, QxcAy = FE, (20b)
where
A = (2<2unz)iz+u(gylf—u02)2’ A = (y+’(cz_zﬁ;))(2y+_(5iltzc)—;(é§§5 R}, (213, b)
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When the nonlinear joint is placed at point Q, we have
(v — uO?)?R} + (20,uQR1)* = (v + k — pQ?)*U* + (20,uQU)?, (22a)

2 2
(1 — (14102 — (1 +Z)L,R20?) RE + (20,QR,)? + KU + 2 (1 —(1+29)0% -

2 2
(1 + %) MR )KAZ +40,kQA; = F§, (22b)

where

_ 20, uQKR] _ (r+e—p0?)(y—003)+@2%Lu0)* ;
A1_<252u9)2+(y+x—u92)2’ 27 (2Lu0)2+(y+k-pua?)? Ri. (232, b)

When the nonlinear joint is placed at point P, Eq. (14) is simplified into
2 2
(v — KO2)2RE + (2GuOR)? = (v + K = G+ 20)0% — (1+5) 4U02) U+ 25,u0)%,  (240)
2\2p2 2 2 u? 202\ 172 2 2
(1 - 02)2R? + (27,QR;) +(;c—/109 —(1+7)/11U Q ) Uz+2(1-0 )(K—/’LOQ -
2 2
(1 + ”7) Aleﬂz)Az + 4{19(K 2007 — (1 + ”7) /11U292>A1 = F2, (24b)

where A; and A, keep the original form shown by Eqg. (17a) and (17b), respectively.
The backbone curves correspond to the relationship between the displacement amplitudes and the
oscillation frequency of the unforced and undamped system, i.e., {; = {, = 0 and F, = 0. For the

current system, they can be obtained by solving the following two equations

(v —u0??R? = (v + 1 — (u+20)0% - (1+ ”7) /1111292)2 u?, (25a)
(1-a+2902 - (1+5) Alanz)z R+ (10— 2,07 - (1+2) Aluzaz)z U? +2 (1 -

2 2 2
(1+29)02 — (1 + %) AR%Q ) (K 0% - (1 + ”7) /11U292>A2 — 0, (25b)

where

—u02
A, = (rou?) RZ, (26)
(y+x—(u+/10)92—(1+7)11U292)

3.2. HB with Alternating-frequency-time scheme

To determine the steady-state responses of the system, Eq. (6) can also be solved by the harmonic
balance (HB) method with alternating-frequency-time (AFT) technique [38]. The displacement
response vector is approximated by a truncated N-th order Fourier series with a fundamental frequency
of Q:

= . = . T
X ={Xn=0 Raamexp (inQ1), XN_oRen exp (inQ1)}, (27)
where R(l,n) and R(z,n) are the complex Fourier coefficients of the n-th order Fourier approximations
associated with X; and X,, respectively. By taking the differentiation of Eq. (27), the velocity and

acceleration vectors can be obtained, and they are expressed as
X' = {ZN_0inQR ) exp (inQ1), XN_oinQR ) exp (inQr)}T, (28a)

10
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" = . ~ . T
X" = {2 0(n)?R1p exp(inQr), —XN_o(nQ)2R 2y exp (inQ1)} (28b)

respectively. The nonlinear force vector generated by the inclusion of the nonlinear joints are

Fat (X", X', X) = {Z0_ Ay exp (in01), o gy exp (in01)} (29)
where H(l,n) and H(Z,n) are the complex Fourier coefficients of the n-th order associated with the
nonlinear force terms Fy,p + F,q and —Fyp, respectively. For the treatment of the nonlinear force, the
AFT scheme is applied to determine the Fourier coefficient associated with a general nonlinear force,
which may be smooth or non-smooth functions of the displacement, velocity or the acceleration [39].
The main idea of the AFT scheme is to replace the continuous Fourier transform of the nonlinear forces
by a discrete Fourier transform so that samples of the nonlinear forces at equidistant time instants within
one period of oscillation are taken.

By inserting Egs. (27), (28) and (29) into Eq. (6) and balancing the coefficients of the n-th (0 < n <
N) order harmonic term, we have

(—(n)*M +i(nQ)C+KR, =S, -H,, (30)
where R, = {(Rimy Rem) ' By = {Hany, Ham) and$, = {(Fo, 0}T. Note that Eq. (23) is an
algebraic equation of complex numbers, and it can be transformed into two real algebraic equations.
When the N-th order HB approximations are carried out, there will be a total number of 2(2N+1) real
algebraic equations, which can be solved by Newton-Raphson method. To track the solution branches
with variations of the system parameters or excitation parameters, the pseudo-arclength continuation
methods is also used. Therefore, the steady-state response of the system can be determined and the
effects of the nonlinear joints on the dynamics and the power flow behaviour of the coupled system can
be determined.

To compare and verify the results obtained from different methods, Fig. 4(a) and (b) shows the
steady-state displacement amplitudes | X; | ax and | X5 | max Of masses m, and m,, respectively. The
system parameters are set as u =1,y = 1,k = 10,{; = {, = 0.01, F, = 0.05 and the inerter-based
nonlinear joint is added at position P. The solid line is for the system without adding inerter-based joint,
i.e, 1o = 4; = 0. The HB-AFT results are based on 3" order approximation and are denoted by the
dashed line. The 1% HB results based on analytical derivations shown by Eq. (25), solved by a standard
bisection method. The figure shows relatively good agreements of the results obtained from the three

different approaches.
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Fig. 4. Comparison of the response amplitudes obtained using different methods. Solid line: Dashed line: HB-

AFT; Circles: RK results; Triangles: analytical HB.
4. Vibration transmission and energy flow

4.1. Force transmissibility

For vibration suppression of coupled systems, the vibration transmission between subsystems is of
interest. In this study, the force transmission and vibration energy flow are both used to quantify the
level of vibration transmission.

The force transmission TR from the primary system to the secondary system can be defined as the
ratio between the magnitude of the force transmitted to S2 and that of the excitation force

_ |Frl
TR =-", (31)

0

where Fr represents the transmitted force to mass m, and is expressed by

4.2. Time-averaged energy flow and kinetic energies

4.2.1 Energy input
The dimensionless instantaneous input power into the system is the product of the excitation force
and the velocity of mass m;:
Pin = R{Fo exp(iQ7 + i$)}R{X1}, (33)
where the symbol R denotes the operation of taking the real part of a complex number. The time-

averaged input power is

P =— [ P dr = 0.5F,R{(i0R1 1))} = 0.5FR,Qsin ¢, (34)

T
Tp 0
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where X; = ¥N_, inﬂﬁ(lln) exp (inQt) obtained from Eq. (21), 7, is the starting time for the averaging,
T, is the averaging time span set as one cycle of the excitation with 7, = 2m/Q, the symbol operator *

denotes the operation of taking complex conjugate of a complex number, and Eq. (11a) has been used

for the approximation .

4.2.2 Energy dissipation

The dimensionless instantaneous dissipated powers P4, and P4, by dampers c¢; and ¢, in S1and S2
are obtained by taking the product of the damping forces and the corresponding relative velocities across
the two ends of the dampers. The time-averaged dissipated powers are represented by

—_— ’ 2
Pyy =— fT’O‘J”P Pgydr == ffo"”chl{m{Xl}} dr ~ ¢;R2Q2, (35a)

Tp Tp

= 1 + 1 + 1412
Paz =[P Pazdr = — [P 26,/ {R{X:}) dr ~ GyR302, (35b)

T
where the first-order expressions of the velocities shown by Eq. (11a) and (b) have been used for the
approximations. Note that over a cycle of a periodic response, the total mechanical energy remains
unchanged, i.e., the total input energy by the excitation force should be fully dissipated by viscous

dampers c; and c,. Therefore, we have P;, = Pgy + Pqy.

4.2.3 Energy transmission
The dimensionless instantaneous time-averaged transmitted power to S2 is the product of the
transmitted force and the corresponding velocity of mass m,,
Py = R{FTIR{X2}. (36)
Time-averaged transmitted power is then obtained as
= 1

Pt=_

Tp

fro-”p P dt = §2VR2292, (37)

To

where that first-order expressions of the transmitted force Fp and velocity X; were used for the
approximation. Note that for a periodic response, there is not net change in the total mechanical energy
of subsystem S2 over a cycle of motion. Therefore, all the transmitted energy to S2 is dissipated by
damper c,. Consequently, we have P, = Pg,. This behaviour was shown by first-order approximations
shown by Egs. (28b) and (30). The power transmission ratio R, can be defined as the ratio between P,
and P,

ST (38)

Rt - _—t — —
Pin  Pqi1tPqaz

5. Results and discussions

In this section, the influence of adding the inerter-based nonlinear joint at two positions P and Q is
investigated individually. Position P corresponds to the interface of the two subsystems S1 and S2,
while position Q is placed within subsystem S1. The effects of the design parameters of lateral inerters
and axial inerters are analysed, respectively. With a balanced consideration of the accuracy of the results

and the computational efforts, the HB-AFT method with order N = 3 is used to obtain the displacement
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response, force transmissibility, and time-averaged power flow variables. The values of the system
parameters and the excitation are selected as u =1,y =1,k =10,{; = {, = 0.01,F, = 0.05. The
HB-AFT results are presented by different types of lines and are compared with those obtained by the
fourth order RK method denoted by different kinds of symbols.

5.1 Inerter-based joint added to position P (F,q = 0)

5.1.1. Effects of the lateral inerters

Here the inclusion of the inerter-based nonlinear joint to position P at the coupling interface of the
subsystems is considered. Figs. 5. 6 and 7 show the effects of the parameters of the lateral inerters on
the steady-state displacement response, the time-averaged input and transmitted powers, as well as the
force transmissibility and power transmission ratio, respectively. Case one is for the system without
adding the nonlinear joint by setting the inertance of both the axial and the lateral inerters to be A, =
A, = 0. The effects of the lateral inerters are investigated by changing their inertance A2; from 0, to 1
and then to 5 in Cases two, three and four, respectively, while fixing the inertance of the axial inerter
as 4o = 1. The HB-AFT results for Cases one, two, three and four are represented by the solid, dashed,
dash-dotted and dotted lines, respectively.

Figure 5(a) and (b) shows the influence of the lateral inerters on the steady-state displacement
response amplitude |X;|nax Of mass m; and the relative displacement amplitude [X, — X;]max
between the masses. Fig. 5(a) shows that for the original coupled system without adding the nonlinear
joint, there are two resonant peaks in the curve of | X;]ax. After adding a joint with only the axial
inerter with an inertance-to-mass ratio of A, = 1, the second peak of | X; | ,ax Moves to the left and the
corresponding peak value is increased. However, the first peak frequency and value of | X; |;ax remain
nearly unchanged in spite of the variations in A, and A, for the four cases. There is an anti-peak in each
curve of | X; |max, Which shifts to low-frequency range with the addition of the axial inerter 1. This
anti-peak remains almost the same regardless of the changes in the inertance A, of the lateral inerters in
Cases two, three and four. The reason for the effects is that when the response amplitude is large, the
nonlinearity introduced by the lateral inerters as shown by the nonlinear force term becomes stronger.
In contrast, when the response amplitude is low, as is the case at the anti-peak, the response amplitude
is small such as the nonlinear force term is small, leading to a negligible effect of the changing inertance
of the lateral inerters on the response. Fig. 5(a) also shows that the displacement amplitude [X; | ,ax at
the second peak frequency of mass m; is reduced by adding the nonlinear joint in Cases three and four,
compared to Case two. This behaviour demonstrates that the inerter-based nonlinear joint can be used
to suppress the vibration at prescribed excitation frequencies. Fig. 5(b) shows that only one peak exists
in each curve of the relative displacement amplitude |X; — X, |max, COrresponding to the out-of-phase
mode of the system. It is found that the addition of the axial inerter can move this peak to lower

frequency range. This peak bends to the left with the addition of lateral inerters. An increase in the value
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of 1, from 0, to 1 and then to 5 for the lateral inerters can further twist the peak to low-frequency range

with slight increases in the peak value.
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Fig. 5. Effects of the inerter-based nonlinear joint on (a) the response amplitude of mass m,, and (b) the relative
response of masses m,; and m,when the inerter-based joint is added at P (u =1,y =1,%x=10,{; = {, =
0.01,F, = 0.05).

As shown in Fig. 6 (a) and (b), the time-averaged input power P;, and transmitted power P, are
examined. Fig. 6(a) shows two peaks in each curve of P;,. It is shown that with the addition of axial
inerter 1, = 1 from Case one to Case two, the second peak of time-averaged input power moves to
lower frequency range from Q0 = 4.6 to Q = 2.6. This peak further bends towards the low frequencies
as A, increases from 0 to 1, and to 5, from Cases two to three and four. There are slight changes in the
second peak value of P, with the changes in 4, and A,. However, the first peak value and peak
frequency obtained at Q ~ 1 remain almost the same regardless of the changes in 4, and 4, in the four
cases considered. Fig. 6(a) shows that the time-averaged power into the system is mainly affected by
the lateral inerters at the coupling interface when the excitation frequency is in the vicinity of the second
resonance peak. The addition of inerter-based nonlinear joint reduces the time-averaged input power
when Q > 3.2 and the effects of the nonlinear joint are relatively small at low excitation frequencies
with Q < 2. Fig. 6(b) shows that an anti-peak of time-averaged transmitted power P; is introduced by
the addition of the axial inerter at the interface of the coupled system. The second peak of the transmitted
power moves to lower frequencies after introducing the linear inerter at position P. It is further bent to
the lower frequency range with the involvement of lateral inerters. This phenomenon indicates that a
large value of inertance A, and A, leads to higher amount of vibration power transmission from
subsystem one to subsystem two from QL = 1.9 to Q = 2.8 and also in the high-frequency range Q >
7.1. A reduction of power transmission is noticed between 2.8 < Q < 7.1 in Fig. 6(b), especially in the
vicinity of the anti-peak obtained at Q ~ 3.2. This figure suggests that the vibration transmission can

be effectively reduced at prescribed excitation frequencies. The value of the inerter-based nonlinear
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joint can be further tailored for the suppression of vibration transmission based on the excitation

frequency.
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Fig. 6. Effects of the inerter-based nonlinear joint on (a) the time-averaged input power P;,, and (b) the time-
averaged transmitted power P, when the inerter-based joint is added at P (u =1,y =1,%=10,{, = {, =
0.01,F, = 0.05).

Figure 7(a) and (b) illustrates the influence of adding the inerter-based joint at the interface of the
coupled system on the force transmissibility and power transmission ratio from subsystem one to
subsystem two. In Fig. 7(a), it is observed that the addition of the linear inerter at the interface of the
coupled system causes the resonance peak of force transmissibility to shift to a lower frequency range.
An anti-peak is introduced at Q ~ 3.2 around where the force transmissibility is greatly reduced. The
peak bends towards lower frequencies when the nonlinear inerter is further included. Fig. 7(a) shows
that the effect of inerter is negligible at low frequencies with Q < 1.5. The force transmission from
subsystem one to subsystem two is increased with the inclusion of the axial inerter in the joint device
from Q = 1.3 t0 Q = 2.8 for Case four, and gretly reduced from Q = 2.8 to QO = 7.2. This character
suggests that the force transmission can be effectively reduced in prescribed excitation frequency range.
In Fig. 7(b), the influence of the inerter-based nonlinear joint on the power transmission ratio R, from
subsystem one to subsystem two is examined. It is shown that the inclusion of the linear inerter shifts
the original peak of R, from Q = 3.3 to Q = 2.3 with the similar peak height. An anti-peak is
introduced at Q ~ 3.2 resulted from the anti-peak introduced in the time-averaged transmitted power
P, at this frequency. A fluctuation of power transmission ratio is observed within 1.3 < Q < 2.7 when
the lateral inerters are further included. As shown in the enlarged view in Fig. 7(b), compared with Case
two with only the axial inerter A, = 1, the nonlinear joint in Cases three and four with A, = 1 and 5
introduces a horizontal notch in the curve of R;. A larger nonlinear inertance value 1, of the lateral
inerter leads to a wider horizontal notch of the power transmission ratio R;. When the excitation
frequency is relatively small, i.e., Q < 1.3, the impact of the inerter-based nonlinear joint tends to be

small. The power transmission ratio is increased at high frequencies Q > 5.8 with the inclusion of the
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joint device in Cases two, three and four, compared with Case one. This phenomenon indicates that the

power transmission ratio of the coupled system can be highly reduced at prescribed frequencies.
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Fig. 7. Effects of the inerter-based nonlinear joint on (a) the force transmissibility TR, and (b) the time-averaged
power transmission ratio R, when the inerter-based joint is added at P (u =1,y =1,%»=10,(4 ={, =
0.01,F, = 0.05).

5.1.2. Effects of the axial inerter

In this section, the influence of the axial inerter is investigated. The inerter-based nonlinear joint is
added at position P. Figs. 8, 9 and 10 show the effects of the parameters of the axial inerter on the
steady-state response, the time-averaged power flow as well as the force transmissibility and power
transmission ratio of the system. There are four cases considered and the HB-AFT results are shown by
different curves. Case one with 4, = A; = 0 refers to the original system without adding the joint and
the results are presented by solid lines. In Cases two, three and four, a nonlinear joint with different
inertance of the axial inerter is added at position P setting 1, = 1,5 and 10, respectively, while fixing
A, = 2. The HB-AFT results for Cases two, three and four are shown by the dashed, dash-dotted, and
dotted lines, respectively, while the corresponding RK results are shown by circles, squares and
triangles.

In Fig. 8, effects of the axial inerter on the maximum steady-state displacement response |X; |pax Of
the primary mass m, and the amplitude of the relative displacement |X; — X;|nax Petween the masses
my and m, are investigated. Fig. 8(a) shows two peaks in the curve of Case one. The addition of a
nonlinear joint at position P in Cases two, three and four shifts the second peak of |X;|pax t0 lower
frequencies. By the increase in 4, from 1, to 5 and then to 10, the second peak and the anti-peak in each
curve of | X; | max DOth move to the low-frequency range with larger second peak value and also the
value at the anti-peak. It is noted that with the increase in the value of 1, there is less bending in the
second peak of |X;|max Suggesting that the nonlinearity becomes weaker. In Case four, with the
inertance-to-mass ratio of the axial inerter increases to 4, = 10, the second peak corresponding to the

out-of-phase mode of | X; | max tends to merge with the first peak, which is associated with the in-phase
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mode. It is also shown that the bending out-of-phase peak is slightly higher than the in-phase peak when
Ao = 10,1, = 2. The effects of the changes in A, of the inerter-based nonlinear joint on the value of
| X1 Imax 1S Negligible in the low-frequency range with Q < 0.96. Fig. 8(b) shows the influence of the
variations in the inertance A, of the inerter-based joint on the relative displacement of two masses m;
and m,,. It is observed that with the increase of the inertance A, of the axial inerter from 1 to 5 and then
10, the peak frequency of |X; — X, |max 1S reduced but the peak value increases. From Case two to Case
four, there is less bending of the peak, suggesting that the nonlinear inertial effect brought by the
addition of the nonlinear joint becomes weaker. Comparing Case four with Case one, Fig. 8(b) shows
that the increase in 4, results in a reduction of relative displacement at high frequencies with Q > 1.4.
There is an increase in |X; — X, |max When the excitation frequency is between 0.4 < Q < 1.4. This

inerter-based joint has weaker influence on |X; — X, | nax at low frequencies with Q < 0.4.
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Fig. 8. Effects of the inerter-based nonlinear joint on (a) the response amplitude of mass m,, and (b) the relative
response of masses m, and m,when the inerter-based joint is added at P (u =1,y =1,%=10,{; ={, =
0.01, F, = 0.05).

Figure 9(a) and (b) shows the effects of the inertance-to-mass ratios A, and A, of the inerter-based
joint on the time-averaged input power P;,, and the time-averaged transmitted power P; to the secondary
mass m,, respectively. Fig. 9(a) shows that the lateral inerters bend the second peak of P, to low-
frequency range. With the increase in A, from 1, to 5 and then to 10 for the axial inerter, this peak is
shifted to the low-frequency range. The corresponding peak height remains almost the same with the
increase of A, from Case two to Case four. The other peak associated with the in-phase mode remains
to be approximately at the same frequency and of the same value regardless of the changes in 4, and
A1. In Case four with 1, = 10 for the axial inerter, the bending peak merges with the corresponding
peak associated with the in-phase mode. Also, for this case, the corresponding peak value of P, for the
out-of-phase mode becomes smaller than the peak associated with in-phase mode. It is observed that
with the increase of 1, from Case two to Case four, there is less extent of the bending. Fig. 9(b) shows

that the second peak of the time-averaged transmitted power bends towards low frequencies by the
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addition of the inerter-based nonlinear joint at position P. The inclusion of the joint in Case two
introduces an anti-peak of P, at Q =~ 3.17. Both the out-of-phase mode peak and the anti-peak move to
lower frequency range with the increase of axial inertance A, from Case two to Case four. In Case four
with 1, = 10, the out-of-phase peak merges with the in-phase peak as well as the anti-peak. As shown
in the enlarged view in Fig. 9(b), the peak value of the in-phase mode peak is not reduced, while the
out-of-phase mode peak is slightly reduced compared with Case one. Comparing Case four with Case
one, an increase of power transmission to subsystem two is noticed at high frequencies Q >7 and the
effect of inerter-based nonlinear joint becomes small at low frequencies. From the viewpoint of power
transmission, the level of vibration transmission to subsystem S2 is greatly reduced within 1.5 < Q <

7 by the using nonlinear joint in Case four.
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Fig. 9. Effects of the inerter-based nonlinear joint on (a) the time-averaged input power P,,, and (b) the time-
averaged transmitted power P, when the inerter-based joint is added at P (u =1,y =1,x%x=10,{; ={, =
0.01,F, = 0.05).

Figure 10(a) and (b) shows the effects of the inerter-based nonlinear joint on the force
transmissibility TR and power transmission ratio R, within the system, respectively. Fig. 10(a) shows
only one peak in each curve of TR, corresponding to the out-of-phase mode of the system. Compared
with Case one, the addition of the inerter-based nonlinear joint in Case two twists the peak of force
transmissibility to lower frequencies. The increase of the inertance 4, of the axial inerter shifts this peak
to lower frequency range and correspondingly reduces the peak value. However, the corresponding
bending effect due to the nonlinearity of lateral inerters becomes smaller with the increase of 45. An
anti-peak of force transmissibility is introduced by adding the inerter-based joint in Cases two, three
and four. The peak value of TR is reduced after increasing the value of axial inertance A, from 1 to 10.
The anti-peak almost disappears when the inertance A, of the axial inerter increases to 10. The figure
shows that the level of force transmission to mass m, can be reduced at the original peak frequency of
Case one, i.e., the original system without adding the joint. However, there might be larger force

transmission at high excitation frequencies. Fig. 10(b) shows that compared with Case one an anti-peak
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exits in each curve of the power transmission ratio in Cases two, three and four. A horizontal fluctuation
appears at R; = 0.45 due to the addition of lateral inerters. This fluctuation becomes smaller as the
inertance of the axial inerter increases. The figure also shows that the inclusion of the inerter-based joint
increases the power transmission ratio at high frequencies. A larger value of the inertance A, leads to a
higher value of power transmission ratio R, in the high-frequency range. The figure shows that both TR
and R; both tend to asymptotic values when the excitation frequency £ increases in the high-frequency
range. The effects of adding the inerter-based nonlinear joint on force transmissibility and the power

transmission ratio becomes weaker at low excitation frequencies.
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Fig. 10. Effects of the inerter-based nonlinear joint on (a) the force transmissibility T, and (b) the time-averaged
power transmission ratio R, when the inerter-based joint is added at P (u=1,y =1,%x=10,{; ={, =
0.01,F, = 0.05).

5.2. Nonlinear Inerter added to position Q (F,p = 0)

5.2.1. Effects of the lateral inerters

Here the effects of the lateral inerters in the inerter-based nonlinear joint at position Q on the steady-
state response, time-averaged input and transmitted powers, force transmissibility, and the power
transmission ratio are investigated. Four cases are considered with Case one for the original system
without adding the inerter-based joint (i.e., A, = A; = 0) and the analytical results are represented by
solid lines. In Cases two, only the axial inerter exits in the joint device by setting A, = 1and 4, =0
and the analytical results are shown by dashed lines. In Cases three and four, the inertance A, of the
lateral inerters is selected as 1; = 1 and 4; = 5, while fixing 4, = 1, which are represented by dash-
dotted and dotted lines, respectively.

Figure 11(a) shows that there are two resonance peaks and one anti-peak in each curve of the steady-
state response amplitude of displacement |X; | ,ax- A comparison of Cases one and two shows that by
the addition of the joint comprising only the axial inerter with 1, = 1, both peaks of |X; | nax Shift to
the low-frequency range. The height of the first peak is slightly increased, while the second one reduces.

However, for both cases, an anti-peak is obtained at Q =~ 3.3 and the corresponding value of |X; | max
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remains almost the same. The first peak bends towards lower frequency range with the further inclusion
of lateral inerters in Case three and four. Comparing Case three with Case four, it shows that a larger
value of 1, of the lateral inerters can bend the first peak further to the low-frequency range, and the
corresponding peak value becomes larger. However, the second peak as well as the anti-peak change
little despite of the variations in the values of 1, in the inerter-based nonlinear joint compared with Case
one. It is observed that the effect of adding the inerter-based joint is negligible at low frequencies with
Q < 3.4. Compared with Case one, the response amplitude |X; | hax @ssociated with the other three
cases is reduced at high frequencies Q > 4.2. Fig. 11(b) shows the variations of the relative
displacement amplitude |X; — X, |nax Of two masses m; and m,. It shows that the use of the axial
inerter results in another peak in the low-frequency range and also an anti-peak between the two peaks.
Detailed analysis of the time histories shows that the peak in low-frequency range corresponds to an in-
phase mode, while the one found at a higher frequency corresponds to an out-of-phase mode. This
property is investigated in more details in Fig. 12 by examining the time histories of the steady-state

displacement responses.
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Fig. 11. Effects of the inerter-based nonlinear joint on (a) the response amplitude of mass m,, and (b) the relative
response of masses m, and m,when the inerter-based joint is added at Q (u =1,y =1,%x=10,{; ={, =
0.01,F, = 0.05).

Figure 12(a) and (b) presents the time histories of the dimensionless steady-state displacements | X; |
and | X,| to reveal the reason for the presence of an extra peak in |X; — X,|max by the addition of the
inerter-based joint for Case two. Fig. 12(a) shows that two displacement curves reach their maximum
value and minimum value at the same time, which indicates that the first peak in Fig. 11(a) and (b)
corresponds to an in-phase mode. On the contrary, in Fig. 12(b) with Q = 3.98, when | X; | reaches its
maximum value, |X,| is at its minimum, suggesting that the second peak in Fig. 11(a) and (b)
correspond to an out-of-phase mode. It is recalled that the influence of the inerter-based nonlinear on
the first peak (in-phase-mode) is stronger than that on the second peak (out-of-phase mode) in Fig. 11(a).

This behaviour arises from the fact that the inerter-based nonlinear joint is now added to position Q.
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The nonlinearity and also the nonlinear inertance force depend on the response of the first mass only.
As shown in Fig. 12, the displacement amplitude of mass m, at Q = 0.81 is much larger than the one
at O = 3.98. Consequently, there is a stronger effect introduced by the nonlinearity of the joint device

at the first peak.
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Fig. 12. Time histories of the steady-state dimensionless displacement response | X, | and |X,| with excitation at
(3) Q2 =0.81,and(b) Q=398 (u=1,y=1,%=10,{, = = 0.01,F, = 0.05,1, = 1,4, = 1).

In Fig. 13(a) and (b), the influence of adding the inerter-based joint to point Q on the time-averaged
input power P;,, and transmitted power P, is examined. It shows that two peaks are observed in each
curve Py, and P.. Compared with Case one, the inclusion of the axial inerter in the joint device shifts
both peaks in each curve to lower frequency range. The second peak in Case two reduces slightly after
connecting the linear inerter at position Q compared with Case one, while the height of the first peak
remains almost the same despite of changes in A4, and A,. By adding the lateral inerters in Case three,
the first peak corresponding to the in-phase mode bends to lower frequency range. A higher inertance
of the lateral inerter with 4; = 5 in Case four bends the first peak to further lower frequency range. The
addition of the inerter-based nonlinear joint has much weaker influence when the excitation frequency
is small. The figure shows that by adding the inerter-based joint to the system as in Cases two, three
and our, there is less amount of the time-averaged input and transmitted power at high excitation
frequencies. Note that the second peak in Case one reduces slightly after connecting the linear inerter
at position Q, while the height of the first peak remains almost the same despite of changes in 1, and
A4, suggesting the potential benefits of the inerter-based joint in vibration suppression in terms of

vibration energy transmission within the system.
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Fig. 13. Effects of the inerter-based nonlinear joint on (a) the time-averaged input power P, and (b) the time-
averaged transmitted power P, when the inerter-based joint is added at Q (u =1,y =1,x=10,{; = {, =
0.01,F, = 0.05).

Figure 14(a) and (b) shows the influence of the inerter-based joint at point Q on the force
transmissibility TR and the power transmission ratio Ry, respectively. Fig. 14(a) shows that for the
original system without the inerter-based joint as in Case one, only one peak is observed in the curve
of TR. The inclusion of the inerter-based joint with only the axial inerter in Case two reduces this peak
value and the peak frequency, which is beneficial for suppression of vibration transmission. Another
peak in the curve of TR is introduced at a lower value of the excitation frequency, the value of which
is smaller than the second peak value. An anti-peak is generated between these two peaks at Q =~ 1,
which can be used to substantially reduce vibration force transmissibility. In Case three with the
addition of the lateral inerters in the joint, the first peak of TR bends towards low frequencies with
slightly larger peak value. In Case four, the value of A, is further increased to 5, which leads to the
further bending of the first peak in TR to the left with a higher peak value. However, the second peak
and the anti-peak in each curve of TR keep almost the same for Cases two, three and four regardless
the variations in 4. Fig. 14(b) shows a peak in each cure of the power transmission ratio R;. It shows
that the power transmission is not sensitive to the changes in the values of 4, and A, for the four cases

considered. Detailed explanations and mathematical derivations are shown in the Appendix.
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Fig. 14. Effects of the inerter-based nonlinear joint on (a) the force transmissibility TR, and (b) the time-averaged
power transmission ratio R, when the inerter-based joint is added at Q (u=1,y=1,»%=10,{4 =, =
0.01,F, = 0.05).

5.2.2. Effects of the axial inerter

Here the effects of the axial inerter in the inerter-based nonlinear joint added to position Q with
subsystem S1 are investigated. Figs. 15, 16 and17 show the variations of the steady-state response, the
time-averaged power flow, force transmissibility, and power transmission of the system. Four cases are
considered in each figure, which are obtained by HB-AFT method and verified by RK method. The
solid line represents the results from Case one considering the system without adding inerter-based joint,
i.e., 1o = A; = 0. To examine the effect of the axial inerter, the value of 4, changes from 1, to 5 and
then to 10 in Cases two, three and four, respectively, while setting the inertance of the lateral inerters
A, = 2. The corresponding HB-AFT results are plotted by the dashed, dash-dotted, and dotted lines,
respectively.

Figure 15 demonstrates the effects of the inerter-based nonlinear joint added at position Q on the
displacement response amplitude |X; | hax Of the primary mass and the relative displacement response
amplitude |X; — X, |max Of two masses. Fig. 15(a) shows that two peaks exist in each curve of |X; | pax -
The inclusion of nonlinear inerter-based joint with A, = 1 and 4; = 2 in Case two shifts the first peak
to lower frequencies and bend it towards the left. Examinations of Cases two, three and four shows that
increases of the inertance A, from 1 to 5 then to 10 shift the first peak to lower frequencies and the
corresponding peak value increases. As the inertance of the lateral inerters are fixed, the extent of
bending of the first peak reduces from Case two to Case four. The second peak of |X; |.x found at a
relatively higher frequency also shifts to the left with the increase of 1,, and the corresponding peak
value reduces. In comparison, the frequency where the anti-peak is found on each curve remains almost
the same regardless of the variations in the inertance-to-mass ratios A, and 1,. Compared with Case
one, the addition of the inerter-based joint in Case two can reduce the response amplitude of the mass

my at prescribed frequencies, especially at high frequencies with Q > 4.2 and near the original peak
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frequency of Q = 1. This behaviour shows the benefits of using the inerter-based joint on vibration
suppression. The effects of adding the joint device on the dynamic response becomes weak at low
excitation frequencies with Q < 0.14. Fig. 15(b) shows that for the original system without the inerter-
based joint (i.e., Case one), only one peak exists in the curve of the relative displacement amplitude. In
contrast, for Cases two, three and four, there are two peaks in each curve of |X; — X, |nax @and an anti-
peak is found between the two peaks. The first peak found at low frequencies bends towards the left
while there is no noticeable bending for the second peak. For a fixed value of A, = 2 for the lateral
inerters, an increase of inertance A, for the axial inerter shifts both peaks to the low-frequency range,
while the anti-peak is found at approximately the same frequency. With the increase in A, from Case
two to Cases three and four, the first peak corresponding to the in-phase mode becomes higher, while
the second peak becomes lower. As the excitation frequency reduces to the range where Q < 0.14, the
curves associated with the four cases tend to merge, suggesting that the addition of the inerter-based

joint has less impact on the relative displacement amplitude.
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Fig. 15. Effects of the inerter-based nonlinear joint on (a) the response amplitude of mass m,, and (b) the relative
response of masses m, and m,when the inerter-based joint is added at Q (u =1,y =1,%=10,{; ={, =
0.01,F, = 0.05).

In Fig. 16(a) and (b), the influence of the inerter-based nonlinear joint on the time-averaged input
power P and on the transmitted power P, is investigated, respectively. The figure shows that the
changes in the inerter-based joint affect P;, and P in a similar way. It shows that from Case one to case
two with the addition of the inerter-based joint at position Q, both peaks on each curve of time-averaged
power flow shift to the low-frequency range. This behaviour is beneficial for suppression of vibration
transmission at high excitation frequencies. The figure shows that the height of the first peak
corresponding to the in-phase mode remains almost the same for Cases two, three and four. In contrast,
the increase in Ay from Case two to four leads to a reduction in the second peak value, which is
beneficial for attenuation of vibration transmission. At a prescribed high-frequency range, it shows that

Case four leads to the lowest amount of the time-averaged input power and transmitted power. Fig. 16
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shows that the first peak of P,, and P, bends to the lower frequencies in Case two. With the value of 1,
increases to 2 as in Case three, there is less bending of the first peak. These characteristics suggest that
the inclusion of the inerter-based nonlinear joint is desirable in vibration suppression performance by
the reduction of P, and P, over a wide frequency band, both at high frequencies and within the

frequency range between two peaks.
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Fig. 16. Effects of the inerter-based nonlinear joint on (a) the time-averaged input power Py, and (b) the time-
averaged transmitted power P, when the inerter-based joint is added at Q (u =1,y =1,x%=10,{; ={, =
0.01,F, = 0.05).

Figure 17 presents the effects of adding inerter-based joint at position Q on the force transmissibility
TR and the power transmission ratio R;. Fig. 17(a) shows only one peak in the curve TR for Case one.
The use of an inerter-based nonlinear joint with 1, = 1, 4; = 2 in Case two shifts this peak to the lower
frequency and reduces the peak value, compared with Case one. Another peak corresponding to the in-
phase mode of the coupled system is introduced at Q ~ 0.64 in Case two. It is noted that this first peak
is bent towards left due to the nonlinear effect introduced by the inerter-based joint. There is an anti-
peak found at Q ~ 1 between the two peaks. The value of force transmissibility at the anti-peak reduces
with the inertance A, of the axial inerter, shown by a comparison of Cases two, three and four. The
second peak value reduces with the increase of 1, and the first one slightly increases with 4,. The figure
shows that the use of the joint device in Case four can lead to much lower value of TR, compared with
that of Case one for the original system. These characteristics show the benefits of inerter-based joint
in vibration suppression at high frequencies as well as in the vicinity of Q = 1. Fig. 17(b) shows that
over the examined range of excitation frequency the power transmission ratio for the four cases tend to
merge. In other words, the relative of portion in the total input power that gets transmitted to subsystem

two is not sensitive to changes in the inertance 1, and 4.
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Fig. 17. Effects of the inerter-based nonlinear joint on (a) the force transmissibility TR, and (b) the time-averaged
power transmission ratio R, when the inerter-based joint is added at Q (u=1,y=1,»%=10,{4 =, =
0.01, F, = 0.05).

6. Conclusions

This study proposed the use of an inerter-based nonlinear joint in a coupled system for the
attenuation of vibration transmission between the subsystems. The nonlinear inertance force of the joint
device is shown to be dependent on the relative displacement, velocity, and accelerations of its two
terminals. The influence of placing the joint device at the interface of the subsystems or within the
force-excited subsystem on vibration transmission has been investigated using analytical
approximations and numerical integrations. The force transmissibility and time-averaged power flow
behaviour were used to access the performance of the inerter-based nonlinear joint. When the inerter-
based joint is added to the interface of the subsystems, it was shown that the joint device can
significantly reduce the response amplitudes associated with the out-of-phase mode of the system. It
was also shown that by the addition of the joint device, the response peaks can be shifted and bent to
the low-frequency range for desirable dynamic characteristics. The force transmissibility and power
transmission through the interface between the subsystems can be substantially reduced within a
prescribed frequency range. It was also demonstrated that inertances of the embed inerters in the joint
can lead to the presence of an anti-peak in the curves of force transmissibility, time-averaged transmitted
power, and power transmission ratio, and the anti-peak can be placed at interested frequencies to
suppress vibration transmission. When the inerter-based nonlinear joint is added to the force-excited
subsystem, it was shown that the inclusion of the joint device has large influence on the first peak of
the response amplitude corresponding to the in-phase mode, and the extent of the bending increases
with the inertance of the lateral inerters. An anti-peak can be found in the curve of force transmissibility,
suggesting that the inerter-based nonlinear joint reduces the force transmission at prescribed frequencies.
The power transmission ratio from the force-excited subsystem to the other subsystem is not sensitive

to the variations in the inertances of the joint. It was also shown that the insertion of the joint device in
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the system can substantially reduce response amplitude and power transmission, compared to the

original system without adding the joint device.
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Appendix. Detailed representations of power transmission ratio R,

When the inerter-based joint is added at position Q, the power transmission ratio R, from subsystems
S1to S2 is not sensitive to changes in the inertance 4, and A, as shown in Figs. 14(b) and 17(b). Here
the reasons are demonstrated with mathematical derivations for the case when the inerter-based joint is
added at position Q, and the lateral inerters are with A, = 0. Note that Eq. (6) can be rearranged as:

—02X, +20,i0X, + X, + kA — Q%X = Fyexp(i), (39a)

-Q%u(X, — ) + 28i0u(X, - A) +y(X, - 4) —kd =0, (39b)

where, X, and 4 denotes the complex amplitude of the response of mass m; and that of the relative
displacement amplitude. According to Eg. (39a) and (39b), the expression of response amplitude can

be derived as:

7 = Fo exp(i)(—Q2u+20,iQu+y+k) (40a)
17 (cQ2420,1Q+1-0220) (=Q2u+201Qu+y +K) +K(- Q2 p+20,1Qu+y)’

A“ — Fo exp(i¢)(—ﬂzu+2{2iﬂu+y) (40b)
(—Q2428,i0+1-0220) (—Q2u+20,iQu+y +K) +K(— Q2 u+24,iQu+y)’

G _ ¥ _ A Fyexp(igp)x
Xp=X%-4= (—Q2+420i0+1-0220) (- Q2 u+24,1Qu+y+K) +k(—Q2u+20,iQu+y)" (40c)

The transmitted force to subsystem S2 can be expressed by:

F, = k4. (41)
The time-averaged input power and transmitted power over a period of oscillation are:
= 1 to+T 1 . v -
Pin =7 [ Re{pin} dt = SRe{(Fy exp(i¢h))" X110}, (422)
= 1 pto+T 1 = * .
P = ;ftoo Re{p,}dt = ERe{Ft X,iQ}, (42b)

where * denotes the complex conjugate. The power transmission ratio from subsystem one to subsystem

two is defined as:

Py

Rt = pin. (43)
Based on Eqgs. (40)-(43), the power transmission ratio R, can be calculated:
R, == 728 0p (44)

Pin  (—Q2u+y+K)(—Q2u+y+K)27, Q+ 2K, Quic’
where A, is eliminated suggesting that the change in A, will not affect the power transmission ratio

from subsystem S1 to subsystem S2.
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