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Abstract

We study necessary conditions and sufficient conditions for the existence of local-in-time
solutions of the Cauchy problem for superlinear fractional parabolic equations. Our condi-
tions are sharp and clarify the relationship between the solvability of the Cauchy problem
and the strength of the singularities of the initial measure.
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1 Introduction

We consider the Cauchy problem for a superlinear fractional parabolic equation

{ Ou+ (—A)su=F(u), zeRN t>0,

u(0) = p in RV, (®)

where 1 is a nonnegative Radon measure in RY. Throughout the paper we assume that N > 1,
0<60<2 and F:[0,00) = [0,00) is (at least) continuous.

In general, the existence of local-in-time nonnegative solutions of problem (P) depends cru-
cially on the delicate interplay between the strength of the singularities of the initial measure
and the behavior of F(1) as 7 — oo. In this paper, for a large class of nonlinearities F', we obtain
new necessary conditions and new sufficient conditions for the local solvability of problem (P).
The prototypical example we have in mind is

F(7) = 7P[log(L + 7)]?, where p > 1, ¢ € R, and L > 1.

As a consequence of our more general results, we are then able to derive sharp results for classes
of nonlinearities which include these prototypes as special cases, and quantify this interplay
more precisely via ‘optimal singularities’.

Throughout this paper we use the following notations. For "> 0 we set Q7 := RY x (0,7)
and let B(z,0) denote the Euclidean ball in RY centre z, radius 0. We use f5 f dz for the
average value of f over B with respect to the Lebesgue measure dx. The set of nonnegative
Lebesgue measurable functions in RY is denoted by Ly, while M denotes the set of nonnegative
Radon measures in RYV. For u € £y we abuse terminology somewhat by speaking of ‘measure i’
defined via dy = p(z)dx.

1.1 Background

The solvability of the Cauchy problem for superlinear parabolic equations has been studied in
many papers since the pioneering work by Fujita [14]. The literature is now very extensive
and we refer to the comprehensive monograph [35]. We also mention the following works,
some of which are directly related to this paper, others with a different emphasis (higher order
equations, systems, nonlinear boundary conditions): superlinear parabolic equations [2,6,7,14,
29-31,33,36,38-41]; linear heat equation with nonlinear boundary conditions [10,15,20,27,28] ;
superlinear parabolic equations with a potential [1,3,9,22,23,39]; superlinear parabolic systems
[11-13, 26, 34]; superlinear fractional parabolic equations [18,19,21, 32, 37]; superlinear higher
order parabolic equations [8,16,17,24,25].

In [19] the second and third authors of this paper considered problem (P) in the special case
of the power law nonlinearity F'(u) = u? with p > 1:

(1.1)

atu+(—A)%u:up, reRN, t>0,
u(0) = in RV,

There, as here, the exponent py := 1 + /N plays a critical role. They proved the following
necessary conditions for the local existence (cases (i) and (ii)).

(i) Let p € M. If problem (1.1) possesses a nonnegative solution in Q7 for some 7' > 0, then
there exists Ch = C1(N, 6, p) > 0 such that

[
sup pu(B(z,0)) < Cio™ 71, 0<o< T3, (1.2)
z€RN



In the case where 1 < p < pg the function (0,00) 3 ¢ — oV ~(=1 is decreasing so that
relation (1.2) is equivalent to

sup u(B(x,T%)) < Cngfp%l.

zeRN
In the case where p = py there exists Co = C2(N,0) > 0 such that
Lo
Te o 1
sup u(B(z,0)) < Cs |log| e+ — , 0<o<Ts.
zeRN o

(See [2] for the Laplacian case 6 = 2.)
Condition (i) implies the following non-existence result.

(ii) Let p > pp. There exists v = v(N, 0, p) > 0 such that if u € Ly satisfies

N
1\1 ¢!
M@EVM\NP%<0+MO} if p=pe,
__6 .
p(x) > ylo| »-T1 if p> py,

for almost all (a.a.) z in a neighborhood of the origin, then problem (1.1) possesses no
local-in-time nonnegative solutions.

Regarding sufficiency, in [19] they obtained results (iii) and (iv) below.
(iii) Let p € M and 1 < p < pp. There exists ¢ = ¢(N, 6, p) > 0 such that if

1 N_ 1
sup pu(B(z,T9)) < cT'o p-1
z€RN

for some T > 0, then problem (1.1) possesses a nonnegative solution in Q7.

(iv) Let pu € Lo and p > pg. There exists ¢ = (N, 0, p) > 0 such that if

1\] 7"
0 < pu(z) <ele|~N [bg (e + m)] +K if p=py,

0
0<p(zx) <elz| 71+ K if p>py,

for a.a. x € RN for some K > 0, then problem (1.1) possesses a local-in-time nonnegative
solution.

For 1 € Ly the results in (ii) and (iv) demonstrate that the ‘strength’ of the singularity at
the origin of the functions

__o_ .
p (:U)—{ |z P 1 if p> pe,
) = N .

[ ~N[log|z||"7 " if p=p,

is the critical threshold for the local solvability of problem (1.1). We term such a singularity
in the initial data an optimal singularity for the solvability for problem (1.1). Of course, by
translation invariance the singularity could be located at any point of RY.

Subsequently, the results of [19] were extended to some related parabolic problems with
a power law nonlinearity (see [20-25]). However, one cannot apply the arguments in these papers
to problem (P) with a general nonlinearity F' since they depend heavily upon the homogeneous
structure of the power law nonlinearity.



1.2 The main result

In this paper we improve the arguments in [19] to obtain necessary conditions and sufficient
conditions for the existence of local-in-time solutions of problem (P) for a significantly larger
class of nonlinearities F' and determine the optimal singularities of the initial data for the
solvability of problem (P).

Let fi; and fy be real-valued functions defined in an interval [L,00), where L € R. We
write f1(t) < fao(t) as t — oo if there exists C' > 0 such that fi(t) < Cfa(t) for all large
enough ¢t € [L,00). We define > in the obvious way, namely fa(t) = fi(f) as ¢ — oo if and
only if f1(t) < fa(t) as t — co. We write f1(t) < fa(t) as t — oo whenever fi(t) < fo(t) and
fi(t) = fa(t) as t — oo, i.e. there exists C' > 0 such that C~1fa(t) < fi1(t) < Cfa(t) for large
enough ¢ € [L, c0).

We consider nonlinearities which are asymptotic to the prototypical example (F), in this
sense:

(F1) F is locally Lipschitz continuous in [0, 00);
(F2) F(r) < 7P[log7]? as 7 — oo for some p > 1 and ¢ € R.
Theorem 1.1. Assume conditions (F1) and (F2).

(i) Let p € M and either
(i) 1<p<peg or (i) p=py and g < —1.

Problem (P) possesses a local-in-time solution if and only if sup pu(B(z,1)) < oco.
2€RN
(ii) Suppose pu € Ly.
(1) Let p=py and g = —1. There exists y1 > 0 such that if

N
-1

p(a) > mla| | log|z||~* log | log ||} (1.3)

in a neighborhood of x = 0, then problem (P) possesses no local-in-time solutions. On
the other hand, for any R € (0,1), there exists €1 > 0 such that if

_N
0

0 < p(z) < x|z [log|a|| " flog |log |z|]7 “*xp,r)(2) + K1,z €RY, (14)

for some Ky > 0, then problem (P) possesses a local-in-time solution.

(2) Letp=py and g > —1. There exists y2 > 0 such that if

N(‘Z‘FU -1

(@) = yelz[~V|log |z||” 0 (1.5)

in a neighborhood of x = 0, then problem (P) possesses no local-in-time solutions. On
the other hand, for any R € (0,1), there exists e2 > 0 such that if

N(g+1)
g -1

0 < p(x) < egla| N log |||~ XBo.R)(x) + K2, z€RY, (1.6)

for some Ko > 0, then problem (P) possesses a local-in-time solution.



(3) Let p > py. There exists v3 > 0 such that if
__0_ __a_
u(x) = yslz| 71 |log |z||” P (1.7)

in a neighborhood of x = 0, then problem (P) possesses no local-in-time solutions. On
the other hand, for any R € (0,1), there exists €3 > 0 such that if

__6 __a_
0 < p(e) < eslal 7| log |o|| T xXpom) (@) + K,z RV, (18)
for some K3 > 0, then problem (P) possesses a local-in-time solution.

While Theorem 1.1 provides sharp results on the identification of optimal singularities for the
solvability of problem (P), we point out that we have obtained several other interesting and pow-
erful results in this paper regarding necessary conditions and sufficient conditions for existence
under very general conditions on F. We mention, in particular, Theorem 3.1, Theorem 4.1,
Theorem 4.2, and Theorem 4.3.

Subject to mild assumptions on F' (essentially that of majorizing a convex function with
suitable monotonicity properties), we follow the strategy in [19] and obtain necessary conditions
for the existence in Theorem 3.1. However, the iteration step in [19] to obtain the estimate for
the optimal singularity relies on the homogeneity of the pure power law nonlinearity considered
there. For the class of nonlinearities satisfying (F1)—(F2), we combine the arguments in [19]
with the method introduced in [32], to obtain a sharper necessary condition in Corollary 3.1.
Conversely, in order to derive sharp sufficient conditions we require delicate arguments for F
satisfying (F1)—(F2). Indeed, the arguments are separated into three cases: (i) 1 < p < py (see
Theorem 4.1), p > py (see Theorem 4.3), and (iii) p = py (see Theorem 4.2). The arguments in
case (i) are somewhat standard but the other cases involve certain intricacies, in particular, for
the critical case p = py.

The rest of this paper is organized as follows. In Section 2 we recall some properties of the
fundamental solution I'g and prove some preliminary lemmas. In Section 3 we obtain necessary
conditions for the existence of local-in-time solutions of problem (P). In Section 4 we prove several
theorems on sufficient conditions for the existence of local-in-time solutions of problem (P). In
Section 4.4 we also provide a necessary and sufficient condition on the nonlinearity F' for which
problem (P) is solvable for the case of initial data a Dirac measure (Corollary 4.4). Finally, in
Section 5 we complete the proof of our main result, Theorem 1.1, and outline some analogous
results for nonlinearities which are asymptotic to further log-refinements of the cases above (see
Remark 5.1).

2 Preliminaries

In this section we prove some important technical lemmas, modifying the arguments in [19] for
the more general nonlinearities considered here. We make precise our notion of solution used
throughout this paper, which implicitly considers nonnegative functions only. The use of the
word ‘solvability’ for problem (P) is always used with respect to this solution concept. In all that
follows we will use C' to denote generic positive constants which depend only on N, 6, and F
and point out that C' may take different values within a calculation. We begin by recalling some
properties of the kernel for the fractional Laplacian.

Let Ty = I'p(x,t) be the fundamental solution of

2]
2

du+ (=A)2u=0 in RN x(0,00).



The function I'y satisfies

2
To(z,t) = (47rt)7% exp (—@) if 0 =2,

LN L \-N-6 N NN
CUH (14+t70al) T <To(et) <O (1467 0]2]) it 0<0<2,

for all z € RY and ¢ > 0 and has the following properties:

e Ty is positive and smooth in RY x (0, c0),

N 1
o [y(z,t)=t"0Ty (t_ﬁx, 1> , / To(z,t)dx =1,
RN

o T'y(-,1) is radially symmetric and I'g(z,1) < Ty(y, 1) if |z| > |y|,

o Tolet)= [ Talw -yt = 9oy, dy
R

(2.1)

for all z,y € RY and 0 < s < t (see for example [4,5,37]). Furthermore, we have the following

smoothing estimate for the semigroup associated with I'y (see [19, Lemma 2.1]).

Lemma 2.1. For any p € M, set
(SO = | Tolw =yt dut). @R, t>0
Then there exists C = C(N,0) > 0 such that

N
|SOullquy < CEF sup u(Bla,t9)), ¢ >0.
x€ER

Remark 2.1. (i) S(t)u is possibly infinite everywhere in RN ; (i) if u € M is such that

sup p(B(z,)) < oo
rERN

for some r > 0, then for any R > r there exists C > 1 such that

sup pu(B(z,R)) < C sup pu(B(z,r)) < oco.
zeRN zeRN

See for example [27, Lemma 2.1] or [12, Lemma 2.4].

We now make precise our solution concepts for problem (P).

Definition 2.1. Let T' > 0 and u be a nonnegative, measurable, finite almost everywhere function

in Qr. Let F be a nonnegative and continuous function in [0, 00).

(i) We say that u satisfies
Oyu + (—A)%u = F(u)
in Qr if, for a.a. T € (0,T), u satisfies

u(x,t) :/RN Fg(x—y,t—T)u(y,T)dy—i—/ /]RN To(x —y,t — s)F(uly, s)) dy ds

for a.a. (z,t) € RN x (1,7).

(2.5)



(ii) Let p € M. We say that u is a solution of problem (P) in Qr if u satisfies

u(z,t) = /RN Lo(x —y,t)du(y) + /0 /]RN To(z —y,t —s)F(u(y, s)) dyds (2.6)

for a.a. (z,t) € Qp. If u satisfies (2.6) with “ =" replaced by “ > "7, then u is said to be
a supersolution of problem (P) in Qr.

Next we recall a lemma on the existence of solutions of problem (P) in the presence of
a supersolution (see [19, Lemma 2.2]).

Lemma 2.2. Let F' be an increasing, nonnegative continuous function in [0,00). Let p € M
and 0 < T < oco. If there exists a supersolution v of problem (P) in Qr, then there exists a
solution u of problem (P) in Qr such that 0 < u(x,t) < v(z,t) in Qr.

Combining Lemma 2.2 and parabolic regularity theory, we have:

Lemma 2.3. Let p € M be such that sup u(B(z,1)) < co. Suppose
2€RN

(i) Fy is nonnegative and locally Lipschitz continuous in [0,00);

(ii) Fy is an increasing and continuous function in [0,00) such that Fi(1) < Fy(T) for all
7 € [0,00).

If there exists a supersolution v of (P) in Qr with F replaced by F» such that for all 7 € (0,T)

sup |[v(t)|| poe rvy < 00, (2.7)
Tt<T

then there exists a solution u of (P) in Qr with F replaced by Fy, with u satisfying 0 < u(z,t) <
v(z,t) in Qp.

Proof. For any m, n € N set
Fim(7) = min{Fi(7),m} forT>0,

tn(z) = / To(z —y,2n Y du(y) for z € RV,
RN

It follows from Lemma 2.1 that S(n=!)u € L®(RY). Also, since p, = S(n~1)S(n~1)u, we have
that pu, € BC(RY). For each m, n € N define the sequence {Umnr}ieo by

U ol 1) = / To(x — g t)an(y) dy,
RN
t
U kt1(2, 1) 1= / Lo(z —y,t)pun(y) dy + / / Lo(z —y,t — 8)Fim(Umnk(y,s)) dyds.
RN 0 RN
By (2.4) and Definition 2.1 (ii) we have
U 8) = / To(x —y,1) ( / To(y — z,2n1>du<z>) dy
RN RN

:/ Do(x — z,t +2n Y du(z)
RN

<wv(z,t+2n71)



for x € RN and t € [0, — 2n~1). Since F(7) < Fy(1) for 7 € [0,00), by induction we obtain
0 < umni(z,t) <ov(z,t+2n1) (2.8)

for all z € RN, ¢t € [0,7 —2n~!), and k > 0. Here we used the assumption that F} is
increasing. Since F1 ,, is globally Lipschitz in [0,00), we may apply the standard theory of
evolution equations to see that the pointwise limit

U (T, 1) = kli}n(r)lo U k(2 1)

exists in RY x [0, 00) and satisfies

t
wnalwt) = [ o=yt o+ [ [ Tolw =t =) Pyl s)) dyds (29

for all z € RY and ¢ > 0. Furthermore, by (2.8) we see that
0 < Umn(z,t) <v(z,t+2n"1) (2.10)
for all z € RN and t € [0,7 — 2n~!). Then, by (2.7), for any 7 € (0,7 — 2n~!) we have

sup  |[umn(t)| L@y < sup Jo(t)|| oo mry < 00
T<t<T—2n—1 T<t<T

Applying the standard parabolic regularity theory to integral equation (2.9), we find « € (0,1)
such that

SUD [|tm,n || case/2 () < 00 (2.11)
n

for any compact set K C Qr. By the Ascoli-Arzeld theorem and the diagonal argument we
obtain a subsequence {uy, '} of {tmn} and a function u,, € C(Qr) such that

Bm wy, (2, t) = up(z,t) in Qr. (2.12)

n’/—o00

Since F' p, is bounded and continuous in (0, 00), by (2.9) we have

t
wn(at) = [ Tolo =y Ou)dy+ [ [ Talw -yt = 9 Fumun(y o) dyds (213
RN 0o JRN
in Q7. Furthermore, by (2.10) and (2.12) we see that
0 < upm(z,t) <v(z,t) (2.14)

for all z € RY and ¢ € [0, 7).
Similarly to (2.11), using (2.14), instead of (2.10), we have

SUP [t || gasara gy < 00
m

for any compact set K C Qp. By the Ascoli-Arzeld theorem and the diagonal argument we
obtain a subsequence {u,,} of {u;} and a function u € C(Qr) such that

Im wuyy(z,t) =u(z,t) in Qr. (2.15)

m/—o0



Since Fy (1) < Fi(1) < F3(1) for 7 € (0,00), by (2.14) we see that

t
sup/ / Lo(x —y,t — 8) By (U (y, 8)) dy ds
0 RN

t
< / / To(z —y,t — s)Fa(v(y,s))dyds < v(x,t) < 0o
0 JRN

for a.a. (x,t) € Qp. Then, by (2.13) and (2.15) we apply Lebesgue’s dominated convergence
theorem to see that u is a solution of problem (P) in Q7 with F' replaced by F} and 0 < u(x,t) <
v(z,t) in Q7. Thus Lemma 2.3 follows. O

Next we provide two lemmas on the relationship between the initial measure and the initial
trace for problem (P).

Lemma 2.4. Let F' be a nonnegative continuous function in [0,00).

(i) Let u satisfy (2.5) in Qr for some T > 0. Then

ess sup / u(y,t)dy < oo
0<t<T—e JB(0,R)

for all R >0 and 0 < e <T. Furthermore, there exists a unique v € M as an initial trace
of the solution u; that is,

ess lim u(y,t)n(y)dyZ/ n(y) dv(y)
—+0 JpN RN

for alln € Co(RY).

(ii) Let u be a solution of problem (P) in Qr for some T > 0. Then assertion (i) holds with v
replaced by .

The proof of Lemma 2.4 is the same as in [19, Lemma 2.3]. Furthermore, by assertion (i)
we can apply the same argument as in the proof of [19, Theorem 1.2] to obtain the following
lemma.

Lemma 2.5. Let F' be a nonnegative continuous function in [0,00) and T > 0. Let u sat-
isfy (2.5) in Qp. Let p € M be the unique initial trace of u guaranteed by Lemma 2.4. If
sup,crny p(B(z,1)) < oo then u is a solution of problem (P) in Qr.

In the rest of this section we prepare preliminary lemmas.
Lemma 2.6. Let a > 0 and b, c € R. Set
o() :== 1%(log 7)’(loglog )¢, T € (e, 0).

Then there exists L € (e,o0) such that ¢ > 0 in (L,00) and the inverse function @1 :
(p(L),00) = (L,00) exists. Furthermore,

o1 (r) = re(logT) "4 (loglog )~ (2.16)

as T — O0.



Proof. Since a > 0, we can find L € (e, c0) such that
(1) = T“_l(log T)b(log log 7)°¢ [a + b(log 7')_1 + ¢(log T)_l(log log T)_l] >0

for all 7 € (L, ). Since ¢(7) — 0o as 7 — o0, it follows that ¢~ : (¢(L),00) — (L, ) exists
and satisfies ¢ ~!(7) — oo as 7 — co. Now,

logT = logy(p (1)) = alogpt(r) 4 bloglog ¢~ (7) + clogloglog Y (7) (2.17)
= alogy ' (1)(1+0(1))

as 7 — 00, so that
1
log o~ (1) = , (og)(1+0(1))

as 7 — 0o. Then, by (2.17) we have
alog (1) =logT — bloglog o1 (1) — clogloglog ¢~ (7)

=logT — blog (i(log 7)1+ 0(1))) — cloglog <i(1°g7)(1 + 0(1))>

as 7 — oo. Hence,

1

log o 1(7) = log [(T(log )" (log log T)*C> a} - glog (Clz(l + 0(1))> +o(1)

as 7 — 00, from which (2.16) follows and completes the proof of Lemma 2.6. O

Lemma 2.7. Let a >0, b > 0, and c € R.
(i) There ezists Cy > 0 such that

B
B
/ 797" Ylog 7)¢dr > C1A*B~b(log A)¢log 1
A

for all A, B € [2,00) with A < B.

(ii) There exists Ca € [1,00) such that

T

CQ_IT“[log(e +7)]° < / sa_l[log(e +s)]%ds < /OT sa_l[log(e + 5)]ds < Cor?[log(e + 7)]¢

T/2
for all 7 € [0, 00).

Proof. We first prove assertion (i). Thanks to a > 0, by Lemma 2.6 we find Ry € [2,00)
such that the function (Rj,00) 3 7 — 7%(log 7)€ is increasing. Then we have

7%(logT)¢ > A%(log A)° it R <AL,
7%(log7)¢ > R{(log R1)¢ > CA%(log A)¢ if A< R; <,
7%(log 7)¢ > C A%(log A)° it A<t <Ry,

for all A, B € [2,00) with A < B. We notice that

nf R{(log R1) . 7%(log 7)

—_— f ——— > 0.
Ac[2,R1] A%(log A)°¢ ’ A€[2,R11}I,IT€[A,R1] A(log A)¢

10



We observe that

B B
/ Ta_b_l(log T)¢dT > B_b/ T“_l(log T)¢dT
A A

B

> CB™’A%(log A)c/ 7 dr = CA*B~(log A)clogg

A

for all A, B € [2,00) with A < B. Then assertion (i) follows.
Next we prove assertion (ii). Let ¢ € (0,a). By Lemma 2.6 we find Ry > 0 such that the
function (Ra,00) 3 7 — (e + 7)%(log(e + 7))¢ is increasing. Then we have

/T 5" log(e + 5)|°ds < C + /T s +5) (e + s)*[log(e + 5)]° ds
0 Rz

< C+ (e+ 7)°[log(e + T)]C/ s 17¢ ds
R2
< C+CTt" (e +7)°[log(e + 7)]° < C1log(e + 7)]°

for all 7 € [R2,00). On the other hand,
T T
/ 5% Hlog(e + s)]°ds < C/ s tds < C1* < C1%log(e 4 7)]°
0 0
for all 7 € (0, R2). These imply that

/ 5% log(e + s)]ds < C°[log(e + T)]C/ s 1 ds < Ct%log(e + 7)]° (2.18)
0 0
for all 7 € [0,00). On the other hand, since

log(e + 7/2)

>0,
Tel(rOl,oo) log(e + 7')

we have

Cllog(e+7) <log(e+7/2) < inf logle+&) < sup log(e+¢&) <log(e+7)
ge(r/2,7) ce(r/2,7)

for 7 > 0. This yields

/ 5% Hlog(e + s)]°ds > C[log(e + T)]c/ st ds > C1log(e + 7)]° (2.19)
/2 /2
for all 7 € [0,00). By (2.18) and (2.19) we have assertion (ii). The proof is complete. O

Lemma 2.8. Let p > 1, d € [1,p), ¢ € R, and R > 0. Define a function f in [0,00) by
0 for T €[0,R],
f(r) = a [T _a P
T s & log(e+&)]9d¢ ) ds  for T € (R,00).

R R

Then

(i) the function (0,00) > 7+ T7-1f (1) is increasing;

11



(i) f is convex in [0,00);
(iii) f(r) < 7P(log7)? as T — oo.

Proof. By the definition of f we easily obtain property (i). Since

F =t [ < /R e 2[log(e + £)]° df) ds + /R e 2log(e + €)1 d

R

for 7 € (R, c0), we observe that f’ is increasing in [0, c0), so that property (ii) holds.
We prove property (iii). Since d € (1,p), by Lemma 2.7 (ii) we have

OEE e ( | e toste + o1 dg) ds

T (2.20)
< CTd/ P14 [log(e + 5)]?ds < C7P[log(e 4 7)]?
0
for all 7 > R and
T S
szt [t [ e Rloge+ e ) ds
’T/2T 8/2 (2.21)
> CTd/ P~ log(e + 5)]7ds > CrP[log(e + 7)]¢
T/2
for all 7 > 4R. By (2.20) and (2.21) we obtain assertion (iii). Thus Lemma 2.8 follows. O

3 Necessary Conditions for Solvability

In this section we establish necessary conditions for the solvability of problem (P). We begin in
Theorem 3.1 by imposing only weak constraints on the nonlinearity F', before specializing to the
case where F satisfies (F1) and (F2) in Corollary 3.1.

Theorem 3.1. Let F' be a continuous function in [0,00). Assume that there exists a convex
function f in [0,00) with the following properties:

(1) F(r) > f(r) 2 0 in [0, 00);
(f2) the function (0,00) 3 7+ 7-9f(7) is increasing for some d > 1.

Let u satisfy (2.5) in Qp for some T > 0 and let p be the initial trace of u. Then there exists
v =~5(N,0, f) > 1 such that

Y Lo Nme(2) 0
/1ng " sTP T f(s)ds < AP img (2) "N (3.1)
v Mo

for all z € RN and o € (O,T%), where my(2) :== u(B(z,0)).

Proof. It follows from Definition 2.1 (i) and property (f1) that, for a.a. 7 € (0,7),

00 > u(x,t) >/

t
Lo(x —y,t — T)uly, 7) dy + / / Lo(x —y,t —s)f(uly, s)) dyds
RN T RN

12



for a.a. x € RY and a.a. t € (7, T). This implies that

oo > u(x,2t) > /]RN To(x —y, )u(y, t) dy (3.2)

for a.a. x € RY and a.a. t € (0,7/2).
Let 0 < p < (T/2)% It follows from Definition 2.1 (i), property (f1), and (2.4) that

/ To(z — z, t)u(z, t) dx
RN

> / ) /R Ty — 2 t)Ta(x — y,) duly) do

t (3.3)
[ ] pete = 00 - et = 9)f(uly. ) dy dsda
0 RN JRN
t
— [ o= v 2 dut)+ [ [ Tole—y.2 - 9)f(uly. ) dyds
RN 0 RN
for all z € RY and a.a. t € (0,7). On the other hand, by (2.1) we have
/ Ly(z —y,2t) du(y) > / Loz —y,2t) du(y)
RN B(z,0) (34)
> min To(e, 20(B(z,0)) 2 O % p(B(z,0)
xe ,0

for all z € RY and ¢t > p?, where o := 25;) € (O,T%). Furthermore, by (2.2) and (2.3) we see
that

To(z —y, 2t —5) = (2t — s) "9 T ((2t—s)—%(z—y),1) .
N 3.5

> (;t)]ev s_%Fg <s_%(z —y), 1) = (%) Lo(z—y,s)

for all y, z € RY and 0 < s < t. Combining (3.2), (3.3), (3.4), and (3.5), we find C, > 1 such
that

oo > w(t) = /RN Lo(z — z, t)u(z,t) dx

0

> O ¥ (B2, o)) + O / / S5 To(z — y, ) f (uly, s)) dy ds
p? JRN

for a.a. z € RY and a.a. t € (p?,7/2). Thanks to the convexity of f, by (2.2) we may apply
Jensen’s inequality to obtain

oo > w(t) > C;lt*%u(B(z,a)) + C;ltf% /: S%f (/N Lo(z —y,s)u(y, s) dy> ds
P ® (3.6)

N

=C o u(B(z,0)) + C*_lt_% /t s%f(w(s))ds
0

for a.a. z € RY and a.a. t € (p?,T/2).

13



Since f is convex in [0, 00), it is Lipschitz continuous in any compact subinterval of [0, c0).
We may then let ¢ denote the unique local solution of the integral equation

t
() =Bz + [ s rerts H s, 1z (3.7
of
Hence, ( is the unique local solution of

() =t f(CTHTC), () = u(B(z,0)). (3.8)

By (3.6), applying the standard theory for ordinary differential equations to (3.7), we see that
the solution ¢ exists in [p?, T/2) and satisfies

C(t) < CutTw(t) < oo, tel[pl,T/2).

It follows from (3.8) and property (f2) that

%\2

Jt)=t

c: 1t—vc<t>u Sy (es o)
(CTF IO T (G C)
<<p9>—dt%c<t>df (e %)

v
m\z

t

Y

for all t € [p?,T/2). Then we have

1 Oy1—d T/2C/(5)d> 0\—d T/Q% 0717% MY d
oz | sz [ st (o) as

o ((s)? 0

Recalling (3.8) and setting n := C'*_l,u(B(z,a))sfg, we take large enough C if necessary so
that
T/2
HBGo) = -1 [ s (c,:ls*%qp@)) ds
P
T/2
—(d-1) / 77 (7 u(B(z0))s V) ds
0
d—1)0 ClpNu(B(zo)
- ooy [ T ety an
o (T/2)” 0 w(B(2,0))

I vy~ ro=Nu(B(z,0)) I
> (B, o) P / N P f () dn
YTV u(B(z0)

for all z € RN and o € (0, T%), where v = 2=% C,. Here we used the relation o = Z%p € (0, T%)
Thus inequality (3.1) holds, and the proof of Theorem 3.1 is complete. O

Corollary 3.1. Assume conditions (F1) and (F2). Let u satisfy
Oru + (—A)%u = F(u)
in Qr for someT > 0. Then there exists a unique v € M as the initial trace of u. Furthermore,

(i) u is a solution of problem (P) in Qp with = v;

14



(i) there exists C = C(N,0,F) > 0 such that

N2 og ol 75
Co” v=T|loga| »=T if p# py,
N(q+1)

sup u(B(z,0)) < q Cllogo|~ " @ if p=pe, q#—1,
z€RN

ol

Cllog|logol]™ if p=py, q¢=-1,
for all small enough o > 0.

Proof. The existence and uniqueness of the initial trace of u follows from Lemma 2.4.
Let d € (1,p), R > 0, and k > 0. Set

0 for 0<7 <R,
f(r) = d /T s </S gp—z[log(e +€))¢ df) ds for 7> R.
R R

By Lemma 2.8 (i) and (ii) we see that f is convex in (0,00) and (f2) in Theorem 3.1 holds.
Furthermore, thanks to Lemma 2.8 (iii), taking small enough x > 0 and large enough R > 0,
by (F2) we can ensure that F(7) > f(7) in [0,00) and consequently (f1) in Theorem 3.1 also
holds. In particular, we find L € (R, 00) such that

F(r) > f(r) > C7P(log1)!, 7€ (L,). (3.9)
By Theorem 3.1 we also find v > 1 such that
0 v o Nme (2)
APty ()" N > / N 5P f(s)ds (3.10)
YT 0 mo(z)

for all z € RN and o € (O,T%).
We show that

sup my(z) < oo forall o € (O,T%). (3.11)
2€RN

For then by Remark 2.1 (ii) we have

sup u(B(z,1)) < C sup ,u(B(z,T%/Q)) =Csup m_1, (z) < oo, (3.12)
z€RN 2€RN z€RN

and assertion (i) will follow from Lemma 2.5.
Suppose that o € (0, T%) but (3.11) does not hold. Then there exists a sequence {z,} ¢ RV
such that mg(z,) — 0o as n — oo. Consequently,

T 5 my (2,) > max{L, 2} (3.13)

for all n large enough. By (3.9), (3.10), (3.13), and Lemma 2.7 (i) (witha =p —1, b = 6/N,
and ¢ = ¢q), we obtain

~1_—-N

o™V mg(zn)
> C’W_p"_l/ sP7Po "1 (log s)? ds
v

_N
—1T7°0 me(2n)

=>C (V_IT_%ma(Zn))pil (7—10_ng(zn))*% (log (7_1T_%m(,(2n))>qlog (;_i)

0
N(p

7 log (U‘NT%) O (log <7_1T_%mo(zn))>q :

= Co'T~

15



Hence
N(p—1)

1> Co’T~ "7 log (U*NT%) M (2,)P 71 (log (fyflT*%mJ(zn)))q. (3.14)

Letting n — oo in (3.14) yields a contradiction and thus (3.11) holds.
We now prove assertion (ii). Consider first the case where p # pg. We show that there exist
C > 0 and o, > 0 such that

6 N _q
or—1 " |logo|r—Tme(z) < C (3.15)

for all z € RN and o € (0,0,). Suppose, for contradiction, that there exist sequences {z,} C RY
and {o,} C (0,00) such that

2 __N
on —0 and on b |log on|ﬁman (2n) = 00 as n — 00. (3.16)

Set M, := mg, (z,). It follows from (3.12) that

My < sup p(B(z,1)) <C (3.17)

2€RN

for all n large enough. By (3.16) we necessarily have
O'ENMn — 00 as n — 00,
so that for n large enough,
v 120,) VM, > max{L,2} and  (20,) N >T7. (3.18)
Similar to the proof of part (i), it follows from (3.9), (3.10), and (3.18) that

o v ton N M
APotlg 0> ¢ (o, N M)V / sP7Po L (log 5)7 ds.
vy~ 1(20n) "N M,

Applying Lemma 2.7 (i) (witha =p—1, b=60/N, and ¢ = ¢), we obtain (for n large enough)
Co,? > P71 (log(CTy))Y, (3.19)

where 7, := agNMn. For n large enough, and rescaling with s, = Cy, in (3.19), we can apply
Lemma 2.6 (witha =p—1>0, b= ¢, and ¢ = 0) to obtain (after rescaling back to 7,)

q

oM, = < € (Co?) T (g cor]) T

Consequently, for such n,
0

ﬁ*N 9
ok |log oy |P~T M, < C,

contradicting (3.16). Thus (3.15) holds, as required.
Now consider the case when p = py and ¢ # —1. We show that there exist C' > 0 and o, > 0
such that
N(q+1)
|[logo|™ ¢ me(z) <C (3.20)

for all z € R and o € (0, 04). Suppose, for contradiction, that there exist sequences {z,} C RN
and {o,} C (0,00) such that

N(g+1)
on —0 and |[logon|™ ¢ mg, (2,) = o0 as n — 00. (3.21)
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Set M, := myg, (2,). Since o~N/2

necessarily have
_N
on 2 M, — o0 as n — 00,
so that for n large enough,

N

_N _N
v ton 2 M, > max{L,2} and on 2 > %

Similar to the proof of part (i), it follows from (3.9), (3.10), and (3.22) that

1 0 7_10-;NM7L 1
APt > C MY / v s (logs)?ds.
v lon 2 My,

Now set ¢q :=1/2if ¢ > 0 and ¢, := 1 if ¢ < 0. Then, by (3.23) we have

so that

0
( —Neapy )N (10g( - NCan»q < C’a;c"6|logan|_1.
3.24)

0 _
7 (logm,)? < Coy, qu\ logan|_1.

Applying Lemma 2.6 to (3.25) (with a = /N, b = ¢, and ¢ = 0), then yields

Nch <C<0’n “|log oy, | 1)1(;] (log (C'Un |log o]~ 1))

Ng

<C07:Ncq|logan| ]g(Clog( )) 0

N(q
< CopN° “|log oy |~ pr

for all n large enough. Consequently for such n,

| log (Tn

contradicting (3.21). Thus (3.20) holds, as required.

> |log o—| > for all o > 0 small enough, by

Ng
0

(3.21) we

(3.22)

(3.23)

(3.24)

(3.25)

Finally, consider the case when p = py and ¢ = —1. We show that there exist C' > 0 and

s > 0 such that
N
(log |logo|)® my(z) < C

(3.26)

for all z € RN and o € (0,0,). Suppose, for contradiction, that there exist sequences {z,} C RY

and {o,} C (0,00) such that

N

on — 0 and (log|logon|) @ me, (2n) — 00 as n — oo.

17
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Set M,, := my, (2,). Since o=V > (log|10ga|)% for all ¢ > 0 small enough, by (3.27) we
necessarily have
J;NMH — 00 as n — 0.

Then, combining (3.17), we find L’ > 0 such that
max{y 1T~ % My, L,2} < L' <~y o,V M, (3.28)

for all n large enough. Once again, by (3.9), (3.10), and (3.28) we have

7 log N My,

0
0;9 > C'y_p"_l (U;NMn) N / T_l(log 7')_1 dr
o 1 0
= Cr} log 08 Tn > C7 loglog 7,
log L'

for all n large enough, where 7, ;= v 1o,V M,,. By (3.22) and Lemma 2.6 (with a = /N, b = 0,
and ¢ = 1), we have

<z

<z
<2

y o N M, =1, < (CJ;6> (loglog [CJ;GD < Co,; N (log|logan|)~

so that §
(log|logoy|)® M, < C,

contradicting (3.27). Hence (3.26) holds, as required. The proof of Corollary 3.1 is complete. O

4 Sufficient Conditions for Solvability

In this section we establish sufficient conditions for the existence of a supersolution, and con-
sequently of a local-in-time solution of problem (P), for three general classes of nonlinearity F'
(see Theorems 4.1, 4.2, and 4.3). As corollaries, we obtain the corresponding results when spe-
cializing to nonlinearities satisfying (F1) and (F2) (Corollaries 4.1, 4.2, and 4.3). Indeed, for F'
satisfying (F1) and (F2) the classification of initial data for which problem (P) is locally solvable,
separates naturally into the following three cases:

(A): either (i) 1<p<pgandgeR or (i) p=ppand ¢ < —1,;
(B): p=pp and ¢ > —1;

(C): p > po-

4.1 Sufficiency: Case (A)

We begin with nonlinearities F' which generalize case (A).

Theorem 4.1. Let F' be a nonnegative continuous function in [0,00) and assume the following
conditions:

(A1) there exists R > 0 such that the function (R,o0) 3 7+ 7~ 1F(7) is increasing;

(A2) /100 T PTIR(T) dr < o0.

18



If € M satisfies
sup pu(B(z,1)) < oo, (4.1)

z€RN

then problem (P) possesses a solution u in Qr for some T > 0, with u satisfying
0 < u(z,t) <2[St)pl(x) + R< Ct™ o

in Qr for some C' > 0.

Proof. Let T € (0,1) be chosen later. Set w(z,t) := R + 2[S(t)u|(x). It follows from
Lemma 2.1 and (4.1) that

R<w(a,t)<R+Ct s sup u(B(z,t9)) < R+ Mt~ 5 < 2Mt™ 5 (4.2)
2z€RN

for 0 < t < T and small enough T, where M := C sup u(B(z,1)) + 1 < co. Then, by (Al)

z€RN
and (4.2) we have

< (2M)"U4s FQMt™7), (z,t) € Qr. (4.3)

Noting that
St —s)w(s) =St —s)[R+2S(s)u] = R+ 25(t)u = w(t),

then by (A2) and (4.3) we obtain

/mSt—@F (s)) ds
1’UJZC ('UJ(S)) — S)wls S
= (,t)+/0 e IR GDEOL

t
S;w@J)+@ND1w@Jx/ng<MWsg)ds
0
1 9
<M%ﬂ[+CMN/
2 2

o0

=

T_p@_lF(T) dT] <w(x,t), (x,t) €Qr,
MT™ 0

for small enough 7. This means that w is a supersolution in ()7 and the desired result follows
from Lemma 2.2 and (4.2). O

Corollary 4.1. Assume conditions (F1) and (F2) with
either (i) 1<p<ppandq€R or (i) p=pp and g < —1.
If € M satisfies
sup ju(B(z,1)) < o0,

z€RN
then problem (P) possesses a solution u in Qr for some T > 0, with u satisfying
0 < u(z,t) <2[SW)pl(x) + R< Ct o

in Qr for some R > 0 and C > 0.

19



Proof. Set
g(7) == T/OT st (/OS §p_2[log(e +&)]? df) ds, T>0.

It follows from Lemma 2.8 (iii) (with d = 1 and R = 0) that g(7) < 7P[log 7]¢ as T — co. Hence,
since either 1 < p < pg, or p = pg and ¢ < —1, we have

/ T_p9_lg(7') dr < C'/ Tp_p9_1[log7]qd7 < 0. (4.4)
1 1
Let Kk >0 and L > 0. Set

f(r)=rg(r)+ L,  72>0. (4.5)

Clearly f(7) < g(7) < 7P[log 7]? as 7 — oo and so by (F1)—(F2) we may choose x and L large
enough such that

F(r) < f(r), 7=>0. (4.6)

(J%T)), . (/OT P 2[log(e + £)] d§> ds — L2 >0

T

Now,

for all 7 large enough (7 > R = R(k,L)). Hence f satisfies hypothesis (A1) of Theorem 4.1.
Furthermore, by (4.4) and (4.5), f also satisfies hypothesis (A2) of Theorem 4.1.

Hence, by Theorem 4.1, there exists 7' > 0 and a solution v in Qp of problem (P) with F
replaced by f, with v satisfying

0 < vle.t) < 2[S(ul(a) + R< O s

in Qp for some C' > 0. This together with Lemma 2.3 implies that problem (P) possesses a
solution u in Q7 such that

0 < u(w,t) < vlw,t) < 2ASW)() + R< L7

in Q7. Thus Corollary 4.1 follows. O

4.2 Sufficiency: Case (B)

We consider nonlinearities F' which generalize case (B).

Theorem 4.2. Let u € Ly and let F be an increasing, nonnegative continuous function in [0, 00).
Assume that there exist R > 0, a > 0, and positive functions G € C([R,00)) and H € C*([R, c0))
satisfying the following conditions (B1)-(B5):

(B1) 77PoF (1) < G(T) as T — oo;

(B2) (i) for anya > 1 andb >0, G(at®) < G(1) as T — co. Furthermore, (ii) lim 79G(1) =0
for all 6 > 0;

(B3) (i) H'(r) < 77'G(r) > 0 and (ii) G(rH(7)™Y) =< G(7) as 7 — oco. Furthermore,
(iii) li_>m H(1) =00 and (iv) li_>m TH(1) =0 for all § > 0;
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(B4) there exists a strictly increasing and convex function @, in [R,c0) such that

for all 7 € [®4(R), 00);

(B5) there exists n € (0,0/N) such that the function P : (R,00) > 7 — 7"H(1)"*G(1) is
increasing.

Then there exists € > 0 such that if u satisfies

|z

sup @1 f @alul) + Ray| < co V() (47)
B(z,0)

zCRN

for all small enough o > 0, then problem (P) possesses a solution u in Qp for some T > 0,
with u satisfying

0 < u(z,t) < G [S()Pau+C)) < CU™TH(E) T
in Qr for some C > 0.

We prepare a preliminary lemma.

Lemma 4.1. Let R > 0 and « > 0. Let G and H be positive functions in [R,o0) such that
G € C([R,0)) and H € C*([R,00)). Assume also that conditions (B2)-(i), (B3)-(i), (iii), (iv),
and (B4) in Theorem 4.2 hold. Then, for any a >0, b > 0, and ¢ € R,

H(at®) = H(7), (4.8)
H(r°H (1)) = H(7), (4.9)
o,(r) =< TH(T)Y, (4.10)

as T — O0.

Proof. We first prove (4.8). Consider the case where a > 1 and b > 1. By (B3)-(i) we
see that H is increasing for large enough 7. Then we take large enough R’ € (R, o0) so that
at® > 7> R for 7 € [R,0), (R'/a)'/® > R, and

(lTb a‘rb

H(r) < H(ar®) = . H'(s)ds+ H(R') < C . s1G(s)ds + H(R)

e ¢1G(at") de + H(R') < C / "G ag) de + H(r)
(R a1/ R

for all 7 € [R/, 00), where £ = (s/a)'/®. Then, by (B2)-(i) and (B3)-(i), (iii) we take large enough
R" € (R, >) so that

R T
Hr) <Ha) <0 [ ¢1'Gag?) de +C / £1G (ag®) de + H(r)
R R
<cve | ela@der ) <Cc+C [ H(€)de+ H(r) < CH(r) + C < CH(r)
R” R//

for large enough 7. Thus (4.8) holds for @ > 1 and b > 1. In particular, we have

H(r) =< H(ar) < H(7%) (4.11)
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as T — oo for a > 1 and b > 1. Then we see that
H(a 'r) =< H(a-a™'7) = H(r), H(r/") =< H((r'/") = H(r), (4.12)
as 7 — oo for a > 1 and b > 1. By (4.11) and (4.12), for any a > 0 and b > 0, we obtain
H(at®) < H(%) < H(7)

as T — 00, and (4.8) holds.
Next we prove (4.9). Let § > 0 be such that b — d|c| > 0. By (B3)-(iii), (iv) we see that
1 < H(r) < 79 for large enough 7. Since H is increasing for large enough 7, we have

H(be\c\é) < H(TbH(T)C) < H(Tb+|c|5)

as 7 — oo. This together with (4.8) implies that H(r°H(7)¢) < H(7) as 7 — oo, that is, (4.9)
holds.
Furthermore, we observe from (B4) and (4.9) (with b =1 and ¢ = «) that

O N rH(T)) =rH(T)*H(TH(1)*)™* < 1
as 7 — 0o0. Then we find C > 1 such that
Clr <o N(rH(r)*) < Cr
for large enough 7, which together with (B4) implies that
Do (C77) < TH (7)™ < ®o(CT)
for large enough 7. Then, by (4.8) we see that
O, (1) < CTH(CT)* < CTH(1)%, do (1) > ClrH(C™ 1) > CrH ()"

as 7 — 00, yielding (4.10). The proof of Lemma 4.1 is complete. a
Proof of Theorem 4.2. Let ¢ € (0,1) and L € (R, 00) be chosen later. Set

N
0

v(z,t) = [S(t)Pu(p + L))(z), w(z,t) =20 (v(z,t)), p(r):= TﬁNH(Tfl)f

It follows from (4.8) that

_N
0

(4.13)

for all t € (0,7T) and small enough T'. Furthermore, by (B3)-(iv) we see that p(t%) —ooast — 0.
We apply Lemmas 2.1 and 4.1 to obtain

D, (L) <v(zx,t) < Ct— o Sel]gz)v /B( 5 O, (u(y) + L) dy [by Lemma 2.1]
< O, (ep(th)) < Cep(th)H (g,o(té))“ by (4.7), (4.10)]

<Cet TH(E Y TH <C€t’%H(t’1)’%>a by (B3)-(i), (4.13)]  (4.14)
in Q7 for small enough T'. Since

CtOH(™ ) 0+ > Cet v H(t™) "0 0 > 4™ H(t™1) 0+ - o0 (4.15)
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as t — 0 (see (B3)-(iii), (iv)), by (B3)-(i), (4.8), (4.9), and (4.14) we have
Bo(L) < v(z,t) < Cet 5 HE™H) "0 H (Ct—%H(t—l)—%)a < Cet™FHE DY (4.16)
in Qp for small enough 7. By (B4) and (4.16) we have

2L < w(a,t) < 207" (Cet™ T H(E) 7T
Ca (4.17)

= Cet v H(t )" v +oH (Cst—%H(t—l)—%w)

in Qp for small enough 7. Since H~ is monotone decreasing for large enough 7, by (4.15) we

have
—

H (Cst*%H(fl)*%M) Y <H (t—%H(fl)ng)

for all t € (0,T) and small enough 7. This together with (4.9) implies that
H (cst—%H(t—l)—%a)*a < CH(t™ Y@ (4.18)

for all t € (0,T") and small enough 7. By (4.17) and (4.18) we obtain

o[z

oL < w(z,t) < Cet™ o H(t™Y)~ (4.19)

in Qp for small enough T'. Then, taking large enough L if necessary, by (B1) and (4.10) we have

F(w(z,t))  F(w(z,t)) w(z, )P Gw(z, b)) o STl
U(:C)S) B q)a(UJ(.I‘,t)/Q) = C’LU(ZL‘,t)H(’UJ(Qj,t))a =C ( ’t) P( ( ,t)) (420)

in Qr, where P is as in (B5). Furthermore, by (B5) and (4.19) we obtain

Pluw(r, 1) < P(Ct= 0B ) < P(CrvHE) )
(4.21)

N

- (Ct_FH(t_l)_%)nH (Ct—%H(t—l)—%)_a G (Ct_%H(t_l)_%)

in Qr for small enough 7. On the other hand, by (B3)-(iv) we see that t 'H(t~!)™! — o
as t — 0. Then, by (B2)-(i) and (B3)-(ii) we see that

G (Ct‘?H(t‘U‘*) <CG (' HEY) ) <o)
for all t € (0,7") and small enough T'. This together with (4.8), (4.9), and (4.21) implies that
P(w(z,1)) < C (t’%H(t’l)’%yH(t’l)’O‘G(t’l) (4.22)
in Q7. Since 0 <n < 0/N (see (B5)), by (4.19), (4.20), and (4.22) we obtain

Plu.?) (Cst‘JHVH(t_l)_g)fvn (t‘%H(t‘l)‘%)nH(t‘l)‘aG(fl)

v(z,s) (4.23)

< Cen Mg leGr)
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in Q7. Therefore, we deduce from (B3)-(i) and (4.23) that

t t
/ F(w(s)) H ds < Csﬁ,—n/ 8—1H(S—1)—1—QG(8—1)d8
0 v(s) e 0
< C’slé\}’_”/ Y H(r)" G () dr
t+—1 (4.24)
<Cen " | H(r)"'“H'(r)dr
+—1
< CennH@E)e
for all t € (0,7). Similarly, by (4.14) and Lemma 4.1, we have
[S(t)®a(p + L))(z) v(z,t) 1 -1
— e AN < CH(t ) 4.2
et e 2= 2

in Q7. Therefore, taking small enough ¢ € (0, 1), by (4.24) and (4.25) we obtain

S()ul(z) + /0 S(t — 5)F(w(s)) ds

L [ F(w(s)) () ds
<5 ( »t)+/0 o(s) HOOS(L‘ Ju(s)d
1 [St)®alp+ L)](z) [*]|F(w(s))
= gl )= o /0 v(s) Hoo s

< w(z,t) B + C'sl?’_"} < w(z,t)

in @7, where we have used the fact that
wla, 1) = 2071 (S(OPa() = 25(1)p

by Jensen’s inequality. Hence w is a supersolution in )7 and Theorem 4.2 now follows from
Lemma 2.2 and (4.19). O

Corollary 4.2. Let u € Ly and assume conditions (F1) and (F2) hold with p = pg and ¢ > —1.
Let a > 0 and set
(log(e + 7))o+ if ¢>-1,
h(r) = .
log(e +log(e + 7)) if q=—1,
VET) = Th(r)e,
for T € (0,00). Then there exists € > 0 such that if p satisfies

N
0

sup Yo [ f vt dy] < coNh(o™)" (4.26)
B(z,0)

z€RN

for small enough o > 0, then problem (P) possesses a solution u in Qp for some T > 0, with u
satisfying

N(q+1)

Ct_%llogt]_ g if > -1,
if ¢g=-1

0 <u(zx,t) < y

Ct_%[log |logt|]~
in Qr for some C' > 0.
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Proof. Let o > 1. Set

(log )4t if ¢> —1,

G(1):=(log7)?, H(T):= { log(logr) if q= 1 Uo(r):=7H(T)"*

Then, for any a > 1 and b > 0, we have
G(at®) = (loga + blog 7)? = b(log 7)4(1 + o(1))
= (log7)?=G(r) for any a > 1 and b > 0,
G(t) = o(r%) for any § > 0,
as 7 — 00. Thus condition (B2) holds. Let ®, be the inverse function of ¥,, and we show that
conditions (B3)—(B5) in Theorem 4.2 hold.
Consider the case of ¢ > —1. Then
H'(r) = (¢ +1)7 " (log 7)",
W (1) = (log 7)) — a(q + 1)(log 7) "W ™! = (log 7) "D (1 + 0(1)) > 0,
Wi (r) = —alg+ 1)7  (log ) @V 4 a(g + 1)(alg + 1) + )7} (log 7) ~*@+D =2
= —a(q+ )7 log )"t =1(1 4 o(1)) < 0,
as 7 — co. We see that
7 1G(r) =77 (logT)! < H'(1) as T — oo,
G(rH(r)™") = |log(r(log T)—<q+1>)}q = (log7)? = G(7) as T — o0,

lim H(7) = oo, H(t) =o(r°) as T — oo for any 6 > 0.

T—00

Thus condition (B3) holds. Furthermore, we observe that ¥, is strictly increasing and concave
for large enough 7, that is, the inverse function ®,, of U1 exists and it is strictly increasing and
convex for large enough 7. Then conditions (B4) holds. In addition, for any n > 0, setting

P(r) = 7"H(7)"*G(7) = "(log )7t +a,

by Lemma 2.6 we see that P’(7) > 0 for large enough 7. This implies that condition (B5) also
holds. Thus conditions (B3)—(B5) hold in the case of ¢ > —1.
Consider the case of ¢ = —1. It follows that
H'(t) =7"(log 7)™},
U, (1) = (log(log 7))~ — a(log 7)™ (log(log 7)) ~*~" = (log(log 7)) ~*(1 + o(1)) > 0,
U (1) = —ar 1 (log ) t(log(log 7))~ ! 4+ ar (log 7) %(log(log 7)) 1
+a(a+1)7 " (log7)*(log(log 7))~
= —ar (log7) "t (log(log 7))~ }(1 + 0(1)) < 0,

as 7 — oo. Similarly to the case of ¢ > —1, we have

1G(r) =7 logT) T = H'(1) as T — oo,
G(TH(T)_I) = [log( (log(log 7))~ 1)] = (log 7')_1 =G(r) as T — o0,
lim H(7) = oo, H(r) =o(r%) as T — oo for any § > 0.

T—00
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Thus condition (B3) holds. Furthermore, we see that ¥, is strictly increasing and concave for
large enough 7, that is, the inverse function W ! exists and it is strictly increasing and convex
for large enough 7. Then conditions (B4) holds. In addition, for any 1 > 0, setting

P(r) = 7"H(7)"*G(r) = 7"(log(log 7)) ~*(log 7) ",

by Lemma 2.6 we see that P’(7) > 0 for large enough 7. This implies that condition (B5) also
holds. Thus conditions (B3)—-(B5) hold in the case of ¢ = —1.
Assume (4.26). By Lemma 2.6 (with a =1, b = —a(q¢+ 1), and ¢ = 0 for ¢ > —1 and with

a=1,b=0,and c = —a for ¢ = —1) we have
r(log 7)) for ¢ > —1,
Ba(r) = w5 (r) = | "B !
7(log(log7))* for ¢ = —1,

as 7 — 00. Since

Ol (T) = Va(r) S OUg (1), @alr) = V' (r) < CPF(7),

«

for large enough 7, taking large enough R > 0 if necessary, we see that

! < Cyy, : (4.27)

][ Do(u(y) + R) dy ][ C (uly) + R) dy
B(z,0) B(z,0)

Furthermore, we see that
Ya (T+R) <OYL (1) +C, ¢5(CT+C) <Oy (1) +C
for 7 > 0. Then, by (4.26) and (4.27) we see that

o, < Oy

][ Bopuly) + R) dy
B(z,0)

][ CU (u(y)) dy + C
B(z,0)

< O,

][ () dy
B(z,0)

< Ceo Nh(o™H~

for all small enough o > 0.

Let f be as in (4.5). Since f(7) < 7P¢(log7)? as 7 — o0, condition (B1) holds with F
replaced by f. We deduce from Theorem 4.2 that problem (P) with F' replaced by f possesses
a solution v in Q7 for some 1" > 0 such that

N(g+1)

C’t_%llogt]_ 0 if ¢>—1,

0 <wv(z,t) < y

C’f%[log |logt|]= % if ¢=-—1,

for all (z,t) € Qr. This together with f(7) > F(7) (by (4.6)) and Lemma 2.3 implies that
problem (P) possesses a solution u in Q7 such that

N(q+1)

Ct=o|logt|~ "0~ if gq>—1,

0 <wu(z,t) <wv(x,t) < N

C't_%[log |logt|]|" e if ¢= -1,

for all (z,t) € Q7. Thus Corollary 4.2 follows. O
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4.3 Sufficiency: Case (C)

In this section we consider nonlinearities F' which generalize case (C).

Theorem 4.3. Let i € Ly and let F' be an increasing, nonnegative continuous function in [0, 00)
such that

(C1) there exist R > 0 and d > 1 such that the function (R,00) > 7 + 7 9F(1) € (0,00) is
increasing.

Furthermore, assume that there exists a continuous function G in [R,00) satisfying the following
conditions:

(C2) there exists p € [d,d + 1) such that G(T) = 7 PF(1) >0 as 7 — o0;
(C3) foranya>1,b>0, and c € R, G(at’G(7)¢) < G(7) as T — oo;
(C4) there exists 6 € (0,1) such that the function (R,00) 3 T+ 7 9G(7) is decreasing.

Let a > 1. Then there exists € > 0 such that if p satisfies

1

sup !][ ,u(y)ady] SeafﬁG(afl)fpfl (4.28)
B(z,0)

z€RN
for small enough o > 0, then problem (P) possesses a solution u in Qr for some T > 0, with u
satisfying
1 1
0 < ulz,t) < 2[SE)u](z)a + R < Ct 1G5t
mn Qr for some C > 0.

Proof. Let € € (0,1) be chosen later, and assume (4.28). Without loss of generality we may
assume that « € (1,d). Indeed, if @ > d and (4.28) holds, then for any o € (1,d) we can write

07

u = (ual)(% and apply Jensen’s inequality to give
1

sup ][ ,u(y)al dy < sup ][ w(y)®dy | < EafﬁG(Ufl)fp%l
zeRN | J B(z,0) 2€RN | J B(z,0)

for small enough o > 0. Consequently (4.28) also holds for o/ € (1,d).
Set

Q=

w(z,t) = 2[S(t)u®](z) + R. (4.29)
It follows from (C3), Lemma 2.1, and (4.28) that
N
0< SN < F s [ ) dy
2€RN J B(z,t8)
< CeTFIG(ET0) PT < Ot R IG (Y ThT
in Qp for small enough 7. On the other hand, by (C1) and (C2) we see that

lim 7G(7) > C lim Tl_pF(T) =(C lim 7‘d+1_p7'_dF(7') = 00,

T—00 T—00 T—00
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since p < d + 1. These imply that
R<w(z,t) <R+ Cet m1GEt ) 71 < Cet m1G(¢1) 71
<CotrQEY) e
in Qr. Since 1 < a < d, by (C1)—(C3), (4.30), and (4.31) we obtain

Fw(z,t)) F(w(z,t))

v e = U@ G

<clestmrae) ] Cerrrae }_dF(Ct*p%lG(fl)*

<C [C’gt TG ] [Ct Gt ridG(Ct_p%lG(t_l)_

< Ceto gyt
in Qp for small enough 7. Similarly, by (4.31) we have
1 _a—-1 1 _a—1
w(z, ) < Ct = 1G(t ) »-1
in Q7. On the other hand, by (C4) we see that
t _pa _q o=l X pma_, a=1
/ s G5 ds :/ 20005
0 t—1
= / 7'_1_(1_6)%11[7'_5@(7)]?%11 dr
t

—1

< OGO — o)

1
p—1
_1
p—1

(4.32)

(4.33)

(4.34)

for all t € (0,7") and small enough T'. Therefore, taking small enough €, by Jensen’s inequalities,

(4.32), (4.33), and (4.34) we obtain

—i—/o S(t—s)F(w(s))ds
t F(

1 wis a o
< (S0 (x) OISt s)istou + B ds
Lo (RN)
t —« a—
< Lo(a, ) + cet (st + R / s G(s ) ds
0
d— t _p—a -1 a—=1
< —w(z,t) + Ce aw(:c,t)a/ s P 1G(s " )r1ds
0
a—1 a—1
< —w(x,t) + Ced™ Hw(t)a*”Lm(RN) tr1 Gt 1) T w(x, t)
1
< w(x,t) [2 + Ced_o‘] < w(x,t)

in Q7. Hence w is a supersolution in Q7 and Theorem 4.3 now follows from Lemma 2.2, (4.29),

and (4.30).
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Corollary 4.3. Let p € Ly and assume conditions (F1) and (F2) hold. For any o > 1, there
exists € > 0 such that if p satisfies

sup [ ][ w(y)* dy
zeRN B(z,0)

for all small enough o > 0, then problem (P) possesses a solution u in Qp for some T > 0,
with w satisfying

<eo r-1|logo| o= (4.35)

0 < ule,t) < 2[SH)p)(x)s + R < Ot 71| logt| 71
i Qr for some R,C > 0.

Proof. Let d € (1,p) with d > p— 1. Let x, L > 0, and set

f@):uwdATsd([fg’ﬁmge+§ﬂ%%>ds+L (4.36)

for 7 € (0,00). It follows from Lemma 2.8 (iii) that

o[ < / "er2log(e + ©)]" df) ds = 7[log 7]’ (4:37)

as T — oo. We take large enough x and L so that F'(7) < f(7) in [0,00). On the other hand,

since <fT(Z)>/ _ {R (/OT P *log(e + &)]? d5> ds — LdTl] =0

for large enough 7, condition (C1) in Theorem 4.3 holds in (R, o0) with F' replaced by f for
some R > 0.

Taking large enough R if necessary and setting G(7) := (log 7)? for 7 € (R, 00), we see that
the function (R,00) 3 7 +— T_%G(T) is decreasing (i.e. 6 = 1/2 in (C4)). By (4.36) and (4.37)
we find C' > 0 such that

T Pf(r) < CG(7)

for all 7 € (R,00). Then conditions (C2)—(C4) in Theorem 4.3 hold with F' replaced by f.
Therefore, by Theorem 4.3 there exists € > 0 such that if u satisfies (4.35), then problem (P)
with F' replaced by f possesses a solution v in Q7 for some T" > 0 such that

0 < v(z,t) < 2[S()u%](x)* + R < Ot 71 |logt| 71

in Qr, for some C' > 0. This together with Lemma 2.3 implies that problem (P) possesses a
solution u in @7 such that

0 < u(z,t) < v(z,t) < 2[SEp(z)* + R < Ct 71| logt| 7T

in Q7. Thus Corollary 4.3 follows. o
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4.4 A special case: Dirac measure as initial data

Here we provide a necessary and sufficient condition on the nonlinearity F' for the solvability
of problem (P) in the special case when p = ¢,, the Dirac measure in RY based at point y.
This problem was considered in [7] for the opposite sign pure power law case F(u) = —uP, i.e.
dissipative F.

Corollary 4.4. Suppose F' satisfies
(D1) F is nonnegative and locally Lipschitz continuous in [0,00);
(D2) there exist R > 0 and d > 1 such that
(i) the function (R,00) > 7 — 7 4F(1) € (0,00) is increasing;
(ii) F is convez in (R, 00).

Let y € RN, Then problem (P) possesses a local-in-time solution with p = 0y if and only if
(o9}
/ TP P (1) dr < oo (4.38)
1

Proof. Assume that problem (P) possesses a solution with p = §, in Q7 for some 7" > 0.
Set
f(r):=0 for 0<T<R, f(r):=F()-7RYF(R) for 7>R. (4.39)

Then, by (D2)-(i) we see that f is increasing and F' > f in [0, 00). Applying Theorem 3.1 with
z =y, so that ms(2) = 0,(B(y,0)) =1, we find v > 1 such that

,.yflo.fN

1

/ v SR f(s)ds < AP0t 0<o<To.
VT

Letting ¢ — 0, we have
o0
/ Ty s_pf’_lf(s) ds < 7pe+1‘
YT 0

This together with (4.39) implies (4.38).
Conversely, under condition (4.38), we apply Theorem 4.1 to obtain a local-in-time solution
of problem (P) with p = é,. Thus Corollary 4.4 follows. a

We mention that the integral condition (4.38) also appears in [30, Theorem 5.1] as a necessary
and sufficient conditions for existence with L! initial data. See also the informal argument
preceding the proof of Theorem 4.1 of that work, where a Dirac delta function is considered as
initial data.

5 Proof of the Main Theorem

Proof of Theorem 1.1. Assertion (i) is proved by Corollary 3.1 (ii), Remark 2.1, and Corol-
lary 4.1.

We now prove the non-existence parts of statements (1) and (2) in assertion (ii). Suppose
first that (1.3) holds and there exists a local solution of problem (P). Then

N N
sup p(B(z,0)) > 71/ ||~V |log ||| ' log | log |2|[] "~ da > Cim[log |log o]~ @
2€RN B(0,0)
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for small enough o > 0. For large enough +; we then obtain a contradiction to Corollary 3.1.
Hence no local solution can exist for such v;. Now suppose that (1.5) holds. Then there exists
C5 > 0 such that

(g+1) (a+1)
sup (B(z,0)) = 72/ 2|~V log |z|| =% dz > Cyyo|logo|~ "5
z€RN B(0,0)

for small enough o > 0. Again we can obtain a contradiction to Corollary 3.1 for large enough
72 and deduce that problem (P) possesses no local-in-time solution for such ;.

Next we prove the existence parts of statements (1) and (2) in assertion (ii). Assume therefore
that either (1.4) with e; € (0,1) or (1.6) with 5 € (0,1) hold. Let o > 0 and set

hr) i { log(e + log(e + 7)) if (1.4) holds,
(log(e + 7))+t if (1.6) holds,
If (1.4) holds, then
Y (u(x)) < Cu(x)log(e + log(e + u(x)))”
< Cele[ ™ |log|a]| " log | log [2]]7% " xpo.m (@) +C. w € R,
This implies that

sup ¥, [][B( )1/J;F(M) dy] <9, (Cero™Nlog | log U‘]_%-i‘a)

N _N
0 0

< Cero Nlog|logo|]™ % < Ceio Nh(o™1)

for small enough o > 0.
Similarly, if (1.6) holds, then

Ui (u(z)) < Cp()[log(e + p(z))]*@+h

N(g+1)
< Cegla] M loglal|~ 5@y b oy (@) +C, xRV,

This implies that

sup ¥y [ ]{3 ) dy] < 7 (CeyoN|log o~ T Falat))

N(g+1)
< CeyoN|logo|™ o < Ceyo Nh(o™h)

_N
0

for small enough o > 0. Therefore, by Corollary 4.2 we see that, if €1 > 0 (respectively 9 > 0) is
small enough, then problem (P) possesses a local-in-time solution. Thus statements (1) and (2)
in assertion (ii) follow.

Finally, we prove statement (3) in assertion (ii). Assume that (1.7) holds. Then

__0_ __4a_ N—__ __a_

sup u(B(z,0)) = 73 [ 7=t [log ||| »=T dz = Cryzo #~T[logo| »71
ZERN B(0,0’)

for small enough o > 0. This together with Corollary 3.1 implies that problem (P) possesses no

local-in-time solution for large enough 73. Conversely, suppose that (1.8) holds. Since p > py,

we find a > 1 such that af/(p — 1) < N. Then we have

1

« ab [e] é __0_ — 9 _
sup ][ wy)®dy| < [ng‘a_lojHog o*|_1°7j1 +CKS$| < Ceso »-1|logo| P
zeRVN | JB(z,0)
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for small enough o > 0. By Corollary 4.3 we see that, if €3 > 0 is small enough, then problem (P)
possesses a local-in-time solution. Thus statement (3) in assertion (ii) follows. The proof is
complete. O

Remark 5.1. The arguments in the proof of Theorem 1.1 are readily adapted to further log-
refinements. For example, suppose that (F2) is replaced by

(F2’) F(7) < 7P[log 7]?log(log T)]" as T — oo for some p > 1 and q, r € R.
Then we can show that problem (P) possesses a local-in-time solution if and only if

sup p(B(z,1)) < oo

2eRN
in the cases when (i) p < pg, (i) p = pg and g < —1, and (iii) p =pg, ¢ = —1, and r < —1. In
the other cases, we divide condition (F2’) into 4 cases:

1) p=pg and qg=r = —1.

2) p=pg, q=—1, and r > —1.

(1)
(2)
(3) p=wps, ¢>—1, and r € R.
(4) p>pg and q, r € R,

and we can identify the optimal singularities of the initial data for solvability of problem (P).
Since inclusion of the proofs here would make the paper unduly long, we leave the details to the
interested reader.
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