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Abstract 

 

The worm and wheel type gear arrangement is the usual choice for heavy duty 

applications requiring large operating torques. However, it is dominated by the sliding 

action of gear teeth which causes high frictional losses that significantly impact efficiency. 

The use of vibration is investigated as a method of reducing the frictional losses in worm 

gearing.  

Pre-existing mathematical models that describe the mechanism of friction 

reduction due to in-plane vibration are further developed and executed analytically. 

Comparable results of friction reduction are obtained when the models are implemented 

into 3D finite element simulations of a sliding mass driven across a vibrating surface. The 

3D numerical simulations are extended to evaluate the effect of vibration on friction in a 

worm gearset operating under load. Axial sinusoidal vibration applied to the worm 

enables an 80% reduction of input torque to generate the same output torque. This 

constitutes a five-fold increase in gearset mechanical advantage but a drop in overall 

system efficiency due to electrical power consumed to generate the vibration. The extent 

of input torque reduction is governed by the ratio of vibration velocity amplitude to the 

contact sliding velocity of the gearset.  

Vibration experiments are conducted using a custom disc-on-disc friction test rig 

representing a contact similar to that of worm gearing. Test variables include lubricant 

type, vibration mode, vibration waveform, vibration frequency and sliding speed. In 

extension to previous studies that have investigated vibration-friction interactions only 

under dry pure-sliding conditions, disc-on-disc vibration experiments demonstrate 

presence of the friction reduction effect also under lubricated sliding-rolling conditions. 

Sinusoidal wave vibration produces greater friction reduction than triangular, and 

contrary to previous studies, transverse vibration experiments produce greater friction 

reduction than longitudinal.  

As friction is intrinsic to the mechanics of everyday life, this research has 

relevance to any application seeking to reduce this dissipative contact force. In particular, 

this research shows that friction in lubricated sliding-rolling contact can be reduced by 

imposing vibration. In worm gearing this improves the mechanical advantage but impacts 

the overall system efficiency. This is not considered a problem if vibration can be 

temporarily activated for a momentary boost in mechanical advantage when it is most 

needed.   
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Notations 

 

Vector notations are signified by bold symbols. Units listed in the table below apply 

unless otherwise specified. 

 

Symbol Description Unit 

𝑎 Peak acceleration of vibration of object  mm/s2 

𝐴 Point attached to the sliding body   

𝐴𝑟 Contact area m2 

𝑏 Hertzian contact area half-width mm 

𝐵 Point at which constant drive velocity is applied  

𝑐 Centre distance of gear pair  mm 

𝑑 Diameter of worm shaft mm 

𝑑𝑎 Diameter of aluminium-bronze disc test specimen mm 

𝑑𝑠 Diameter of steel disc test specimen mm 

𝐷 Thickness of disc test specimen mm 

𝐸𝑎  Modulus of elasticity of aluminium-bronze N/mm2 

𝐸𝑠 Modulus of elasticity of steel N/mm2 

𝑓 Vibration frequency applied to object in contact Hz 

𝑭 Dahl friction force N 

𝑭𝒂 Driving force on aluminium-bronze disc caused by the steel disc N 

𝑭𝑪 Coulomb friction force N 

𝑭𝒅 General term for applied drive force. Could be either 𝑭𝒅𝒗 or 𝑭𝒅𝒔 N 

𝑭𝒅𝒔 Signifies 𝑭𝒅 in the absence of vibration N 

𝑭𝒅𝒗 Signifies 𝑭𝒅 in the presence of vibration N 

𝑭𝒈 Gravitational force due to mass of sliding body N 

𝑭𝑵 Normal force N 

𝑭𝒙 Component of Dahl friction force 𝑭 acting parallel to axis 𝑋 N 

𝑭𝒚 Component of Dahl friction force 𝑭 acting parallel to axis 𝑌 N 

𝑭𝒛 Downward force due to pressure 𝑝  N 

𝐺𝑠  Modulus of rigidity of steel  N/mm2 

ℎ𝑑 Structural damping coefficient of mechanical drive system Ns/m 

𝑖 Shape parameter  
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Symbol Description Unit 

𝑖𝑚𝑎 Current drawn by motor driving the aluminium-bronze disc amps 

𝑖𝑚𝑠 Current drawn by motor driving the steel disc amps 

𝑖𝑝 Current drawn by sonotrode amps 

𝑘𝑑 Structural linear stiffness of mechanical drive system N/m 

𝑘𝐷 Torsional stiffness of worm shaft Nm/rad 

𝑘𝑡 Tangential contact stiffness N/m 

𝒌𝒗 Dimensionless coefficient equal to 𝑣𝑎 𝒗𝒅⁄   

𝒌𝒘 Dimensionless coefficient equal to 𝑣𝑎 𝒗𝒈⁄   

𝑙 Length of worm shaft mm 

𝑚 Mass of sliding object kg 

𝑚𝑚𝑖𝑛 Minimum axial module mm 

𝑚𝑚𝑎𝑥 Maximum axial module mm 

𝑚𝑟 Mass of rig platform subassembly acting on disc-disc contact kg 

𝑚𝑤 Dead mass kg 

𝑚𝑥1 Axial module mm 

𝑀 Endpoint of elastic asperity that freely interfaces with the base  

𝑀𝑎 Mechanical advantage of gearing  

𝑀𝑠 Permissible application-based wheel torque for strength, BS 721 Nm 

𝑀𝑤 Permissible application-based wheel torque for wear, BS 721 Nm 

𝑀1 Calculated position of 𝑀 at end of time increment   

𝑀26𝑘  Permissible wheel torque for 26,000 hours life, per BS 721 Nm 

𝑛 Number of time intervals in a single vibration cycle   

𝑛1 Worm speed RPM 

𝑛2 Wheel speed RPM 

𝑁 Endpoint of elastic asperity that is attached to the sliding body   

𝑁′ Projection of endpoint 𝑁 onto the 𝑋𝑌 plane  

𝑁′′ Calculated intermediated position of 𝑁′ during time increment  

𝑁1
′ Calculated final position of 𝑁′ at end of time increment  

𝑝 Pressure normal to contact N/m2 

𝑝𝑚𝑎𝑥 Maximum Hertzian contact pressure N/mm2 

𝑃𝑙𝑜𝑠𝑠_𝑠 Power loss due to frictional losses in steel disc drive W 

𝑞1 Diameter factor   



NOTATIONS 

xxi 

Symbol Description Unit 

𝑅 Slide-roll ratio of two discs  

𝑅𝑎1 Arithmetic mean surface roughness μm 

𝒔 Contact’s elastic deformation parallel to the sliding direction  m 

𝒔′ Calculated intermediate value of 𝒔 during time increment m 

𝒔𝟏 Calculated value of 𝒔 at end of time increment m 

𝑠𝑚𝑎𝑥 Maximum elastic contact deformation m 

�̇� Velocity of contact’s elastic deformation in the sliding direction m/s 

𝑆𝑎 Speed of rotation of aluminium-bronze disc RPM 

𝑆𝑠 Speed of rotation of steel disc RPM 

𝑆𝑚𝑎  Speed of rotation of motor driving the aluminium-bronze disc RPM 

𝑆𝑚𝑠 Speed of rotation of motor driving the steel disc RPM 

𝑡 Time s 

𝑡𝑣 Time at which vibration is activated s 

𝑻𝟐 Wheel through-travel output torque Nm 

𝑻𝒂 Torque measured by torque sensor for aluminium-bronze disc Nm 

𝑻𝒃𝒂 Torque losses from bearings in the aluminium-bronze disc drive Nm 

𝑻𝒃𝒔 Torque losses from bearings in the steel disc drive Nm 

𝑻𝑩 General term for torque simulated at point B to drive worm shaft Nm 

𝑻𝑩𝒔 Signifies 𝑻𝑩 in the absence of vibration Nm 

𝑻𝑩𝒗 Signifies 𝑻𝑩 in the presence of vibration Nm 

𝑇𝐺,𝑎𝑙𝑙  Allowable application-based wheel torque, AGMA 6034-B92 Nm 

𝑇𝑅 Rated torque of valve actuator Nm 

𝑻𝒔 Torque measured by torque sensor for steel disc Nm 

𝑻𝒔𝒔 Signifies 𝑻𝒔 in the absence of vibration Nm 

𝑻𝒔𝒗 Signifies 𝑻𝒔 in the presence of vibration Nm 

𝒖 Instantaneous displacement of vibration m 

𝑢𝑎 Amplitude of the displacement of vibration m 

𝑈 Gear ratio   

𝒗 Instantaneous velocity of vibration m/s 

𝑣40 Kinematic viscosity at 40°C mm2/s 

𝑣100 Kinematic viscosity at 100°C mm2/s 

𝑣𝑎 Amplitude of the velocity of vibration  m/s 
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Symbol Description Unit 

𝒗𝒅 Drive velocity  m/s 

𝒗𝒈 Sliding velocity between worm and wheel m/s 

𝒗𝒑𝒂 Peripheral linear velocity of aluminium-bronze disc  mm/s 

𝒗𝒑𝒔 Peripheral linear velocity of steel disc mm/s 

𝒗𝒓 Relative velocity of sliding during vibration m/s 

𝒗𝒓𝟏 Relative velocity 𝒗𝒓 associated with 1st phase of vibrating motion m/s 

𝒗𝒓𝟐 Relative velocity 𝒗𝒓 associated with 2nd phase of vibrating motion m/s 

𝒗𝒓𝒐 Roll velocity between two discs mm/s 

𝒗𝒔𝒍 Slide velocity between two discs mm/s 

𝑉𝑙 Voltage output from load cell in sonotrode mV 

𝑉𝑚𝑎  Voltage supplied to the motor driving the aluminium-bronze disc V 

𝑉𝑚𝑠  Voltage supplied to the motor driving the steel disc V 

𝑉𝑝 Voltage supplied to piezo actuator V 

𝑉𝑤  Voltage wave output from vibration control box  V 

𝒙 Instantaneous displacement of sliding body parallel to axis 𝑋 m 

�̇� Instantaneous velocity of sliding body parallel to axis 𝑋 m/s 

�̈� Instantaneous acceleration of sliding body parallel to axis 𝑋 m/s
2
 

𝒙𝒃 Instantaneous displacement of vibrating base parallel to axis 𝑋 m 

�̇�𝒃 Instantaneous velocity of vibrating base parallel to axis 𝑋 m/s 

𝒙𝑨 Instantaneous displacement of point A m 

𝒙𝑩 Instantaneous displacement of point B m 

𝒚 Instantaneous displacement of sliding body parallel to axis 𝑌 m 

�̈� Instantaneous acceleration of sliding body parallel to axis 𝑌 m/s
2
 

𝒚𝒃 Instantaneous displacement of vibrating base parallel to axis 𝑌 m 

�̇�𝒃 Instantaneous velocity of vibrating base parallel to axis 𝑌 m/s 

𝑌𝑊 Material factor  

𝑧1 Number of starts on worm  

𝑧2 Number of teeth on wheel  

𝜶 Angle defining direction of 𝒗𝒓𝟏 in relation to axis 𝑋 degree 

𝛼𝑛 Normal pressure angle degree 

𝜷 Angle defining direction of 𝒗𝒓𝟐 in relation to axis 𝑋 degree 

𝛾𝑚1 Worm lead angle degree 
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Symbol Description Unit 

𝜖𝑎 Poisson’s ratio of aluminium-bronze  

𝜖𝑠 Poisson’s ratio of steel  

𝜀 Energy J 

𝜂𝐴𝐺𝑀𝐴  Worm gearset efficiency per AGMA 6034-B92 % 

𝜂𝑧1−2 Worm gearset efficiency per PD ISO/TR 14521  % 

𝜂𝑔𝑒𝑠1−2 Worm gearbox system efficiency per PD ISO/TR 14521 % 

𝜂𝑠 Efficiency of the steel disc drive % 

𝜂𝑠𝑦𝑠  Overall efficiency of worm gearset and vibration system % 

𝜂𝑦  Coefficient of transverse vibration when base is vibrating  

𝜂𝑦
∗  Coefficient of transverse vibration when body is vibrating  

𝜽 Angle describing the mode of in-plane vibration degree 

𝜇 Coefficient of friction  

𝜇𝐴𝐺𝑀𝐴  Coefficient of friction reported by AGMA 6034-B92  

𝜇𝑧𝑚 Mean tooth coefficient of friction  

𝜋 The numeric constant Pi  

𝜎𝑎 Wheel bending stress at rated torque 𝑇𝑅 N/mm2 

𝜎𝑐 Wheel contact stress N/mm2 

𝜏𝑐𝑟𝑖𝑡 Critical friction stress  N/m2 

𝜏𝑒𝑞𝑣 Equivalent friction stress caused by 𝝉𝒙 and 𝝉𝒚 N/m2 

𝝉𝒙 Component of friction stress acting parallel to axis 𝑋 N/m2 

𝝉𝒚 Component of friction stress acting parallel to axis 𝑌 N/m2 

𝜔 Angular frequency rad/s 

 ⃖   Leftward arrow over symbol; value before activating vibration  

     Rightward arrow over symbol; value after activating vibration  

̅  Bar over symbol; vector between two points  

̃  Tilde over symbol; average value  

 Boxed symbol; state-dependant variable  
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1.1. Motivation for Research 

The global market for industrial gearboxes is projected to reach US$43.6 billion 

by 2025 (Global Industry Analysts Inc., 2020). By the same year the market size for worm 

gears has a forecast increase to US$610.5 million, from US$578.8 million in 2019 (Global 

Info Research, 2020). This demand is driven by increasing adoption of automation across 

varied industries and applications to make processes more reliable, improve safety and 

increase productivity.  

Gearboxes are vital for powering automation equipment as they deliver 

mechanical power in various combinations of speed and torque. Popular gearbox designs 

range from using spur, helical and bevel gears to planetary and worm gears. Present day 

gearboxes are capable of interfacing with digitised controls, enabling amalgamation of 

mechanical, electrical and information technologies. An example of this are valve 

actuators (Figure 1.1), which typically feature a motor driven worm gear shaft meshed 

with a wheel gear. This constitutes the worm gearset, which operates submerged in an oil 

bath within a sealed enclosure. The wheel gear produces output torque used to operate 

many types of valves while sensors in the actuator measure torque and valve position 

which is displayed on the actuator’s user interface. 

 

 

Figure 1.1: Worm gearing inside an actuator designed for operating valves (Rotork 

PLC, 2020). 

 

Due to their many advantages, worm gearsets are chosen for many other 

applications, such as elevators, conveyors, rudders, and heavy machinery such as presses 

Worm gear 

Wheel gear 

Input drive from 

motor at this end  
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and rolling mills. However, by nature of their design worm gearsets are inefficient 

(Designatronics Inc., 2020). A fundamental consideration for the design of a gearbox is 

its operating efficiency. Given that worm gearing demand is on the rise, research on 

improving its efficiency would make a significant contribution to industry.  

Increased efficiency of a worm gearset means less input torque to the worm is 

necessary to achieve the same output torque from the wheel. For example, a 15:1 ratio 

worm gearset that produces 150 Nm of wheel output torque and is 50% efficient would 

require 150 (15 ∙ 0.5)⁄ = 20  Nm of worm input torque. The same gearset at 80% 

efficiency would require only 150 (15 ∙ 0.8)⁄ = 12.5  Nm of worm input torque to 

generate the same output torque. Assuming the rotational speed remains unchanged, this 

is equivalent to 37% reduction in power. 

Reduced torque load on the motor would reduce heat and could also lead to 

downsizing of components in the drivetrain to subsequently reduce weight and material 

cost.  

 

1.2. Aim and Objectives 

The aim of this research is to investigate a novel method of improving worm 

gearing efficiency and to quantify the potential benefits through experimental testing, 

mathematical modelling, and simulations. To achieve this research aim, the specific 

research objectives are: 

i. Identify existing and emerging methods of reducing friction between loaded 

contacts. 

ii. Use worm gearing design standards to calculate the theoretical efficiency 

improvement gained by imposing vibration compared to other methods of 

reducing friction. 

iii. Develop mathematical models to describe the contact mechanics associated with 

friction force reduction in the presence of in-plane vibration and validate the 

analytical models against pre-existing simulation results. 

iv. Develop numerical simulations of friction force reduction by in-plane vibration 

using finite element method and compare results with analytical method.  

v. Produce a custom friction test rig to conduct vibration experiments of a contact 

representative of worm gearing and evaluate empirical results.  

vi. Perform 3D finite element simulations of vibration applied to a worm gearset, 

evaluate efficiency results, and quantify the benefits. 
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1.3. Research Questions 

Driven by the research objectives, the key research questions that this study seeks 

to answer are:  

i. How does theoretical efficiency improvement due to imposed vibration compare 

to that of other friction reduction methods, such as lubricants and surface coatings?  

ii. What are the limitations of existing analytical models for computing friction force 

reduction in presence of in-plane vibration? 

iii. Are finite element simulations to numerically compute friction force reduction by 

vibration a viable alternative to overcome the limitations of analytical method?  

iv. Can the friction reduction effect due to vibration be produced in sliding-rolling 

type contact that is typical of gearing? 

v. Can the friction reduction effect due to vibration be produced when the contact is 

lubricated? 

vi. How does friction reduction due to triangular waveform of vibration compare to 

sinusoidal waveform that is used as the norm? 

vii. What is the effect of vibration on efficiency of a worm gearset simulated using 

finite element analysis? 

 

1.4. Research Methodology 

The purpose of research methodology is to identify the philosophical 

underpinnings of the research and to outline the specific research methods, tools and data 

analysis methods employed.  

The objectives in 1.2 and research questions in 1.3 establish the focus, 

highlighting what is to be achieved. The research methods and tools (1.4.3) identify the 

methods by which research data is collected to address the objectives and research 

questions. Methods of analysing the collected data are then identified (1.4.4). 

 

 Research Philosophy 

This research is based on the philosophy of positivism, which adheres to the view 

that reality is objective and only factual knowledge gained through measurement is 

trustworthy (Eriksson and Kovalainen, 2016). Experimental results are not influenced by 

feelings or opinions of the researcher but are based on measured and recorded test data. 

This is the underlying ideology in scientific studies and drives the need for quantitative 
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research data. Like experiments, simulations produce also quantitative data, however, 

results of simulations depend on assumptions made when establishing the simulation 

domain and its boundary conditions, see 7.4.7.  

 

 Research Type 

This research is of the deductive type, meaning that existing theories from which 

phenomena can be explained are developed to expand existing knowledge base ((Eriksson 

and Kovalainen, 2016). Mathematical models and experiments that are already 

established for evaluating the influence of vibration on friction force are further 

developed. This is because pre-existing work only applies to dry contacts that exhibited 

pure sliding while subjected to sinusoidal vibration. This research expands current 

knowledge of friction to lubricated contacts that exhibit sliding-rolling action while 

subjected to sinusoidal or triangular wave vibration. It also demonstrates transition from 

pre-existing analytical procedures to numerical simulations for evaluation of the complex 

contact conditions posed by meshing gear teeth that are subjected to vibration.  

 

 Research Methods and Tools 

Listed in Table 1.1 are the research methods and tools employed for this work. 

Research methods and tools describe how the research data is collected to address the 

research objectives (1.2) and research questions (1.3).   

 

 Data Analysis Methods 

Table 1.1 also lists the data analysis methods employed for this work. Data 

analysis involves visualisation and interpretation of the collected research data to make 

comparisons and draw conclusions. 
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Research 

objective 

Research 

question 

Research method  Tools used  Data analysis method Thesis 

chapter 

i i Review of literature on methods of 

reducing friction  

World Wide Web. Critical commentary on findings 

of prior research. 

Chapter 2 

ii i Examination of cause-and-effect 

relationships using standardised 

worm gear formulae, detailed gear 

drawings, and published 

coefficients of friction as secondary 

data.  

Microsoft® Excel. Collation of cause-and-effect 

data in Microsoft® Excel, plotted 

as bar graphs or line graphs, to 

show the effect of a multitude of 

variables on worm gearing 

efficiency and torque capacity.  

Chapter 3 

iii ii Analytical execution of existing 

mathematical procedures and of the 

developed analytical model. 

Matlab Simulink®. Extraction of Simulink® 

simulation data to Microsoft® 

Excel to plot the analytically 

simulated effect of vibration on 

friction force.  

Chapter 4 
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Research 

objective 

Research 

question 

Research method  Tools used  Data analysis method Thesis 

chapter 

iv iii Finite element simulations for 

numerical implementation of the 

developed analytical model. 

Intel® Visual Fortran Composer 

XE 2013, Microsoft® Visual 

Studio 2012, Abaqus® 6.14. 

Extraction of Abaqus® 

simulation data to Microsoft® 

Excel to plot the numerically 

simulated effect of vibration on 

friction force. Comparison with 

analytical results by 

superimposition of graphical 

data.  

Chapter 5 



 

8 

 C
H

A
P

T
E

R
 1

: IN
T

R
O

D
U

C
T

IO
N

 

 

Research 

objective 

Research 

question 

Research method  Tools used  Data analysis method Thesis 

chapter 

v iv, v, vi Experimentation to fill knowledge 

gap regarding the influence of 

sinusoidal and triangular wave 

vibration on friction force in 

lubricated sliding-rolling contact. 

Perform each test run twice to 

check consistency of empirical 

data. Test matrix, data capture and 

test procedure as detailed in 6.4.10-

6.4.12. 

Siemens® Solid Edge, Picoscope® 

Oscilloscope, Arduino®, PuTTY, 

preliminary test rig (6.3.1), final 

test rig and ancillary devices 

(6.4.1), Taylor Hobson Surtronic 

3+ surface roughness measurer, G-

clamps (Figure 6.26), clock dial 

displacement transducer and 

magnetic stand (Figure 6.28), noise 

isolation box (Figure 6.30), 

accelerometer model A/127 by 

DJB Instruments (Figure 6.35, 

Figure 6.44) into a National 

Instruments® NI9234 data 

acquisition module and cDAQ9174 

chassis, National Instruments® 

Signal Express. 

Processing of data logged by 

Picoscope® Oscilloscope and 

transfer into Microsoft® Excel 

for evaluation of changes in 

torque, speed and motor current 

due to the application of 

vibration. Graphical 

visualisation of the effect of 

vibration frequency on torque, 

power loss and efficiency. 

Processing of accelerometer data 

logged by National 

Instruments® Signal Express 

and transfer into Microsoft® 

Excel for evaluation of the effect 

of vibration frequency on 

vibration velocity amplitude.  

Chapter 6 
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Research 

objective 

Research 

question 

Research method  Tools used  Data analysis method Thesis 

chapter 

vi  vii  Finite element simulations to 

evaluate the effect of vibration on 

efficiency of a worm gearset.  

Intel® Visual Fortran Composer 

XE 2013, Microsoft® Visual 

Studio 2012, Abaqus® 6.14. 

Extraction of Abaqus® 

simulation data to Microsoft® 

Excel to plot the numerically 

simulated effect of vibration on 

torque required to drive a worm 

gearset, and the consequential 

effect on gearset mechanical 

advantage and efficiency.  

Chapter 7 

Table 1.1: Research methods, tools and data analysis methods employed to address the research objectives and research questions, and their 

alignment with thesis chapters. 
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1.5. Overview of Chapters 

Chapter 2 provides a literature review of worm gearing, friction, and conventional 

methods employed for friction reduction. Control of friction using vibration is discussed 

as a developing field of research and a knowledge gap is identified in terms of its viability 

with gearing.  

Building on knowledge from chapter 2, sensitivity studies in chapter 3 

theoretically assess the potential benefit of inducing vibration to improve worm gearing 

efficiency, compared to other conventional friction reduction methods. Comprehensive 

design calculations are also employed to assess opportunities for optimising the design of 

worm gearsets. The research hypothesis is established by vibration highlighted as having 

the most potential to reduce friction and thus improve gear efficiency.  

Chapter 4 develops deeper understanding of contact mechanics via mathematical 

modelling. A new analytical friction model for vibration based on two separate pre-

existing models is developed to describe how friction force is influenced by vibration 

induced in the plane of contact. The new model applies to dry sliding contact between 

two 3D planar surfaces, where the normal contact pressure is constant.  

To evaluate more complex contacts such as those of multiple concurrent gear teeth, 

where normal contact pressures change as teeth enter and exit the gear mesh, one must 

turn from analytical to numerical methods such as FEA. By implementing the new friction 

model into a FEA software tool, Chapter 5 demonstrates the ability to achieve numerical 

results matching analytical results of dry sliding between 3D planar surfaces. This sets 

the foundation for use of numerical method to simulate the influence of vibration on worm 

gearing in chapter 7. 

Chapter 6 details the features of a custom disc-on-disc test system followed by its 

use to conduct friction experiments. Experiments investigate the effect of vibration on 

lubricated sliding-rolling contact friction, building upon theoretical analyses from 

previous chapters by advancing towards a worm gearset-like contact. Test variables 

include vibration mode, vibration waveform, vibration frequency, lubricant type, and 

sliding speed.  

Chapter 7 describes the conduct of 3D finite element vibration simulations 

performed on a worm gearset. It builds upon previous chapters 4 and 5 to further modify 

the mathematical friction model and simulate the influence of vibration on worm gearset 

mechanical advantage and system efficiency.  



CHAPTER 1: INTRODUCTION 

11 

Chapter 8 contains overall conclusions drawn from this thesis and 

recommendations are made to further develop this research. 

Abbreviations and notations used throughout, together with their descriptions, are 

included for clarity within the front matter of this thesis.  



 

12 

 

 

2.  

Chapter 2  

 

Literature Review 

2.  

 

 

  



CHAPTER 2: LITERATURE REVIEW 

13 

2.1. Chapter Introduction  

As this research is associated with worm gearing and friction, a basic 

understanding of these two fields is necessary. Therefore, this chapter begins with an 

introduction to gears with a focus on the characteristics on worm gearing that differentiate 

it from other gear types.  

Friction in gears, like in most other mechanical systems, is undesired. One of the 

main aims in gear system design is to reduce friction as it causes wear, generates heat, 

and thereby reduces the efficiency of the system. A basic introduction to friction is given 

in this chapter since a comprehensive review requires a deep dive into friction modelling, 

which is better fitting in chapter 4. Recent advances in friction modelling with vibration 

(Gutowski and Leus, 2011; 2012; 2015; 2020) chiefly incorporate the Dahl (1968; 1976) 

friction model, hence other friction models are not considered.  

Literature regarding conventional methods employed to reduce friction is 

reviewed to identify a gap in knowledge that is later evaluated further to establish the 

focus for research.  

 

 Types of Gears 

Gears are machine elements that transmit rotary motion and power by the 

successive engagements of teeth on their periphery. Gears have been in use for more than 

three thousand years and in current times are used in a diverse range of applications 

spanning industries including automotive, industrial, marine, aerospace and medical. 

Gears range by size as large as 30 metres in diameter and vary in materials from plastics 

to high-strength steels (Davis, 2005). 

A wide variety of gear types are in existence, each serving a range of different 

functions. They can be classified by the arrangement of shafts on which they are mounted, 

as per Figure 2.1. Geometric arrangement of the apparatus being actuated, the space 

available, the desired gear ratio and efficiency are all factors that influence selection of 

the appropriate gear type for an application. 
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Shaft axes 

arrangement 

Gear type Illustration of axes 

arrangement  

Parallel axes Spur gear external (right) 

Spur gear internal 

Helical gear external 

Helical gear internal 

Herringbone gear 
 

(a) 

Intersecting axes Straight bevel gear (right) 

Spiral bevel gear 

Face gear 

 

(b) 

Non-parallel and  

non-intersecting  

axes 

 

Worm gear (right) 

Crossed helical gear 

Hypoid gear 

 

 

 

(c) 

Figure 2.1: Illustrations of common gear types classified by their shaft axes arrangement 

(a) parallel axis, spur gear external (b) intersecting axes, straight bevel gear (c) non-

parallel and non-intersecting axes, worm gear. 

 

 Gear Terminology 

Key gear terms used in this thesis are described in Table 2.1 with supporting 

schematics Figure 2.2, Figure 2.3 and Figure 2.4.  
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Terminology  Description 

Addendum Distance between the pitch circle and tip of gear teeth (Figure 2.2, 

Figure 2.3). 

Arithmetic mean 

roughness 𝑅𝑎1 

Surface roughness of the machined gear teeth.  

Axial module 

𝑚𝑥1 

Ratio of the wheel’s pitch circle diameter to the total number of 

wheel gear teeth.  

Axial pitch Distance between two corresponding points of adjacent threads 

parallel to the worm gear axis (Figure 2.3). 

Centre distance 

𝑐 

Distance between the centres of the meshed gear pair (Figure 2.4). 

Contact ratio The mean number of teeth that are in contact to share the load 

during transmission. As one pair of teeth exits the gear mesh, a 

succeeding pair of teeth must have already started action. 

Crowning A type of modification that applies thinning of teeth at the ends of 

the face width such that the tooth thickness gradually reduces from 

the centre (Figure 2.2). This helps to concentrate the contact zone 

near the centre of the face width. 

Dedendum Distance between the pitch circle and root of gear teeth (Figure 

2.2, Figure 2.3).  

Diameter factor 

𝑞1 

Ratio of pitch diameter of worm to its axial module 

Efficiency  A measure of useful work performed by the gearset, calculated by 

dividing the mechanical advantage by the gear ratio.   

Face width Width of gear teeth measured parallel to the gear axis (Figure 2.2). 

Flank Curved surface on the side of gear teeth (Figure 2.2). 

Gear mesh 

stiffness 

The ability of gear teeth to resist deformation under load when 

meshed.  

Gear ratio 𝑈 Ratio of the angular speed or number of revolutions of the input 

gear to the angular speed or revolutions of the output gear. Also 

equivalent to the number of wheel teeth divided by the number of 

starts on the worm.  

Lead angle 𝛾𝑚1 Angle of the helix of gear teeth as shown in Figure 2.4. 
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Material factor 

𝑌𝑊 

Enables inclusion of the influence of the wheel material of 

coefficient of friction.  

Mechanical 

advantage 

An increase in torque that a gearset produces. It is the ratio of the 

real output torque produced from the input torque applied into the 

gearset. Due to losses in the gear mesh the mechanical advantage 

is always lower than the gear ratio.  

Normal pressure 

angle 𝛼𝑛 

As shown in Figure 2.3.  

Number of starts 

on worm 𝑧1 

The number of helical threads on the worm. The worm may have a 

single start or multiple starts. For a single start worm, each 360° 

rotation of the worm advances the wheel by one tooth. For a 

double start worm, each 360° rotation of the worm advances the 

wheel by two teeth, and so forth.  

Pitch circle Imaginary circle (Figure 2.2) between the tip and root of gear teeth 

that is concentric to the gear along its axis. If the gear pair are 

designed correctly, their pitch circles are tangent to one another. 

The pitch circle of the wheel gear is tangent to the pitch line of the 

worm gear (Figure 2.4). 

Pitch diameter Diameter of the pitch circle. 

Tip relief A type of modification that applies thinning of teeth at their tip to 

prevent excessive dynamic contact loads as gear teeth enter the 

mesh (Figure 2.2). 

Tooth root The innermost part of the gear tooth profile where the dedendum 

is measured (Figure 2.2, Figure 2.3). 

Tooth thickness Thickness of tooth measured on the pitch circle (Figure 2.2).  

Tooth tip The outermost part of the gear tooth profile where the addendum 

is measured (Figure 2.2, Figure 2.3). 

Transmission 

error 

Deviation of the actual angular position of the driven gear 

compared to its theoretical angular position when the driving gear 

is running at constant speed. The higher the transmission error, the 

greater the risk of dynamic variation in operating speed and 

torque, implying operational inconsistency and higher noise levels.  

Table 2.1: Gear terms and their descriptions. 
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Figure 2.2: Schematic of spur gear teeth with key terminology that applies also to wheel 

gear teeth (Budynas and Nisbett, 2011). 

 

 

Figure 2.3: Schematic of worm gear teeth with key terminology (Radzevich, 2012). 

 

Tip relief 

Crowning 
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Figure 2.4: Schematic of worm and wheel gear pair with key terminology (Budynas and 

Nisbett, 2011). 

 

 Gear Ratio and Efficiency 

A general guide on gear ratios and efficiency ranges of common gear types is 

presented in Table 2.2. Gear efficiency is largely affected by the way in which gear teeth 

mesh. Spur, helical and bevel gears have a predominantly rolling tooth contact, which 

makes very efficient meshing action. However, their normal ratio range consists of 

relatively low gear ratios. It is possible to obtain higher ratios through multiple-stage 

configurations, but this reduces efficiency while increasing backlash, space consumption 

and weight (Davis, 2005). 

In contrary, worm gearing allows for significantly higher ratios, enabling radical 

increase of output torque with just a single gear stage. The worm and wheel teeth mesh 

in a predominantly sliding contact action, which causes greater frictional loss. Worm 

gearing efficiency varies significantly with gear ratio, hence the wide efficiency range for 

this type. 
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Gear type Normal ratio range Efficiency range 

Spur 1:1 to 6:1 98 to 99.5% 

Helical 3:2 to 10:1 98 to 99% 

Straight bevel 3:2 to 5:1 98 to 99% 

Hypoid 10:1 to 200:1 96 to 98% 

Worm gear 5:1 to 300:1 30 to 90% 

Table 2.2: Gear ratio and efficiency ranges of common gear types (Gonzalez, 2015; 

Designatronics Inc., 2020). 

 

 History of Worm Gearing 

In the early 19th century worm gearing efficiency was not seriously considered. 

Grinding of worm teeth was unheard of as a manufacturing process, and little was known 

of correct tooth geometries and their relation to efficiency. Use of worm gears in England 

began around 1908 for commercial motor vehicles. Meanwhile, in USA slow vehicular 

speed and large loads of the motor truck necessitated designers to turn towards worm 

gearing for a considerable speed reduction in the final drive. Prior to 1912, this reduction 

was obtained in two stages using bevel gears and chain drive. 

Early efforts in gear improvement were devoted to heat treatment and material 

improvements. Passenger carrying brought new requirements in the way of higher speeds, 

greater acceleration, and quietness. It was recognised that the worm should be made from 

heat treated steel for a hardened surface, and the wheel from a bronze-based material 

which would burnish down and increase its hardness at the point of highest contact 

pressure.  

Very few brass foundries could produce a gear bronze meeting the requirements 

of the developing worm gearing. Testing of a well-advertised and highly recommended 

grade of bronze showed that the gear could run for several days under light load but was 

destroyed in 30 minutes when the load and speed were doubled to levels of a motor truck 

(Calkins, 1926). Since these times significant advances have been made in the 

development of worm gearing, and gearing in general, as detailed in subsequent sections 

of this literature review.   

 

 Self-Locking Capability of Worm Gearing 

An important characteristic of worm gearing is that the worm drives the wheel, 

but the wheel cannot always back-drive the worm. This self-locking capability is 
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dependent on the value of the friction angle arctan(𝜇), in relation to the worm lead angle 

𝛾𝑚1, and is explained by the following relationship (Radzevich, 2012):  

 

If {
𝛾𝑚1 < arctan(𝜇) worm gearing is self-locking

𝛾𝑚1 ≥ arctan(𝜇) worm gearing is reversible (not self-locking)
 (1) 

 

If the lead angle is smaller than the friction angle, then theoretically the gearing is 

self-locking. This provides an important function in actuation as it means the gearset will 

act as a secondary brake, maintaining position when the motor that drives the worm is 

switched off or removed for maintenance. Smaller lead angles enable higher gear ratios 

but cause more sliding of gear teeth, resulting in increased friction and consequently 

reduced efficiency. Self-locking worm gearsets are thus associated with low efficiency 

and result in considerable power loss if used continuously. Efficiency improvement can 

make worm gearing reversible, depending on the gear ratio. A highly efficient worm 

gearset may require an anti-back-drive mechanism to maintain system non-reversibility. 

  

 Losses in a Worm Gearbox 

A worm gearbox is compact. It comprises worm and wheel gears on two non-

parallel and non-intersecting shafts, with bearings and oil seals in an enclosed oil bath. 

These machine elements attribute to four mechanical transmission power losses; tooth 

friction losses, bearing losses, sealing losses and oil churning losses (Childs, 2019). 

 Bearing losses are a result of friction between bearing rollers and bearing races 

that support shafting within the unit. Seals retain lubricating oil within the gearbox while 

preventing dirt and water ingress into it. Since the lip of an oil seal rides against a rotating 

shaft, friction is developed at this interface. As the gears rotate, their teeth continuously 

strike and displace oil. Mechanical power is absorbed by this action of oil churning.  

While bearings, seals and oil influence the overall efficiency of the system, the 

greatest loss in efficiency is associated with the predominantly sliding contact friction 

between the worm and wheel teeth (Bobak, 2009). Since tooth friction losses are the 

largest contributor to low efficiency, an improvement of this has potential to yield the 

most benefit for worm gearing applications. Review of literature is thus aimed at the 

subject of reducing friction between gear teeth.  
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2.2. Friction 

 Introduction to Friction 

Friction forces are present when two surfaces in contact enter relative motion; an 

event so intrinsic to mechanics of everyday life and important in a multitude of 

applications that it has been acknowledged since ancient times, when friction associated 

with moving large stone blocks had to be overcome to build the pyramids (Wriggers, 

2006).  

The dissipative character of friction and its significance to all contact problems 

has impelled experimental research since the 15th century when Leonardo Da Vinci made 

the first known quantitative studies in this subject, as reviewed by Hutchings (2016). His 

immense contribution to the field of tribology did not fully surface until the late 1960s 

when several caches of his notebook pages were discovered, uncovering his notable 

observations that precede the development of the laws of friction adopted today (Pitenis, 

Dowson and Sawyer, 2014).  

Dowson (1998) refers to the studies of Guillaume Amontons who in 1699 

enunciated these observations, thus the contribution of Da Vinci is often neglected. 

Amontons believed that friction is the result of work done to lift one surface over the 

roughness of another. The proposition that friction is due to the roughness on surfaces 

was further elaborated by Bernard Forest Bélidor in 1737 by representation of rough 

surfaces with spherical asperities, followed by Leonhard Euler in 1750, who first 

distinguished between static and kinetic friction.  

Popova and Popov (2015) indicate that by the late 1780s, Charles Augustin 

Coulomb had investigated friction as a function of many factors including the nature of 

the materials in contact, their surface area, normal load, time of repose, temperature and 

humidity. Coulomb was the first to formulate friction force as an equation: 

 

𝑭𝑪 = 𝜇𝑭𝑵  (2) 

 

Figure 2.5 schematises a body being driven at constant drive velocity 𝒗𝒅 over a 

base. Drive velocity 𝒗𝒅  creates a drive force 𝑭𝒅  on the body, opposite to which acts 

friction force 𝑭𝑪 of equal magnitude. The velocity of the body is equal to the externally 

applied drive velocity, �̇� = 𝒗𝒅.  Downward external pressure in addition to the body’s 

mass generates a reaction force 𝑭𝑵. The total displacement of the body is 𝒙. The base can 
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be static in which case 𝒙𝒃 = �̇�𝒃 = 0, or it can be vibrated with oscillatory displacement 

𝒙𝒃 and velocity �̇�𝒃. 

 

 

Figure 2.5: Coulomb friction schematic of body driven at constant velocity 𝒗𝒅 over base 

surface. 

 

Coefficient of friction 𝜇 in (2) ranges typically between 0.1 for polished oiled 

metal surfaces to 1 for rough dry surfaces (Bird, 2001). A comprehensive review by Oden 

and Martins (1985) highlights that friction theories of the eighteenth and early nineteenth 

centuries explain frictional behaviour in terms of rigid interlocking surface asperities. 

Coulomb friction thus only considers an object as either static when 𝑭𝒅 < |𝑭𝑪|, or under 

macroscopic relative motion when 𝑭𝒅 > |𝑭𝑪|.  

 

 Contact Compliance 

Friction models can be divided into two groups, namely static and dynamic. Static 

models derived from the Coulomb model assume that relative motion between rubbing 

surfaces does not occur at rest. Dynamic models derived from the Dahl (1968) friction 

model assume that small pre-sliding displacements occur, and the friction force is a 

function of these displacements. This property has been confirmed by detailed 

experimental studies (Dahl, 1968; Dahl, 1976; Liang, Fillmore and Ma, 2012).  

As discovered by Dahl (1968; 1976), when an external drive force is applied on a 

static body in contact with another, an intermediate motion of one surface over the other 

occurs before the bodies enter macroscopic relative motion. This intermediate pre-sliding 

displacement, also known as elastic slip, is a result of surface asperities that are 

considered to deflect. These deformable contacting asperities between the sliding body 

and base can be modelled as a single lumped elastic asperity 𝑀𝑁 (Figure 2.6). Endpoint 

𝑁  of the lumped asperity is attached to the sliding body, while the free endpoint 𝑀 

interfaces with the base. 

, ẋb 

, vd 
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In development to Figure 2.5, Figure 2.6 shows the external drive force 𝑭𝒅 

creating an elastic deformation 𝒔  of the lumped elastic asperity 𝑀𝑁 . As asperities 

undergo increased strain, yielding occurs and the two surfaces start to break free of each 

other. During this time, plastic deformation of asperities takes place. Finally, asperity 

rupture occurs leading to formation of further surface irregularities which will 

continuously undergo strain and rupture as sliding takes place. Thus, in Dahl’s friction 

model it is assumed that friction force 𝑭 is associated with the tangential contact stiffness 

𝑘𝑡 (Figure 2.6), and elastic deformation 𝒔 of the contact: 

 

𝑭 = 𝑘𝑡𝒔 (3) 

 

The value of 𝑘𝑡 in real contacts is dependent on surface roughness of the contact 

pair, the type of material, lubrication and normal contact pressure 𝑝.  

 

 

Figure 2.6: Dahl (1968; 1976) friction schematic of body driven at constant velocity 𝒗𝒅 

over base surface. Elastic contact deformation 𝒔 and contact stiffness 𝑘𝑡 of lumped 

elastic asperity 𝑀𝑁. 

 

The force-displacement relationship is modelled by the following differential 

equation (Dahl, 1976): 

 

𝑑𝑭

𝑑𝒙
= 𝑘𝑡 [1 −

𝑭

𝑭𝑪
sgn(�̇�)]

𝑖

 

= 𝑘𝑡 [1 −
𝑘𝑡𝒔

𝜇𝑭𝑵
sgn(�̇�)]

𝑖

 

 

 

(4) 

, ẋb 

, vd 
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𝑑𝑭  and 𝑑𝒙  are the incremental friction force and incremental displacement 

respectively, and �̇� the instantaneous velocity of the body in the direction of sliding. 

Parameter 𝑖 determines the shape of the relationship between 𝒙 and 𝑭 during elastic slip 

(Figure 2.7). 𝑖 = 0 describes brittle material behaviour, where 𝑭 linearly increases with 

𝒙 at a gradient 𝑘𝑡, until the maximum friction force 𝑭𝑪 is reached and the surfaces break 

away. As the value of 𝑖 approaches 2 the material behaviour becomes ductile producing 

a non-linear response of 𝑭 which is asymptotic to the value of 𝑭𝑪 (Dahl, 1976).  

 

 

Figure 2.7: Influence of 𝑖 on relationship between 𝑭 and 𝒙 during elastic slip phase, 

from 𝑖 = 0 brittle material behaviour to 𝑖 = 2 ductile material behaviour. 

 

2.3. Lubrication 

A lubricant is any substance that reduces friction and wear when present between 

interacting surfaces. High operating torques and sliding speeds in worm gearing generate 

high levels of frictional heat. Wear debris is also produced, particularly from the 

sacrificial wheel material. It is thus common practice in worm gearboxes that the gears 

remain submerged in an oil bath. The oil dissipates the heat and carries wear debris away 

from the contact. 

 

 Lubrication Regimes 

Oil lubrication regimes can be divided into three fundamental types: full-film, 

boundary, and mixed lubrication. The regime in which a gearset operates depends on 

rotational speed, load, surface roughness and lubricant viscosity (Budynas and Nisbett, 
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2011). It is entirely possible for the same gearset to operate in different regimes as these 

conditions change.  

Full-film regime requires an adequate lubricant supply. The moving gear surfaces 

pull the lubricant into the contact zone at a sufficiently high speed, creating a high-

pressure film that separates the load carrying surfaces such that no asperity contact occurs. 

Full-film separation of sliding surfaces is called hydrodynamic lubrication, and that of 

rolling surfaces is called elastohydrodynamic lubrication (EHL). 

Full-film lubrication in gearboxes is not always possible, particularly when 

starting and reversing. A reduction in speed of the interacting surfaces, an increase in 

contact load, or an increase in lubricant temperature leading to reduced viscosity, are all 

factors that can reduce lubricant film thickness. Gear lubricants with extreme pressure 

(EP) or anti-wear (AW) additives help protect the surfaces when this happens. The 

additives cohere to the surfaces, forming a sacrificial layer.  

Boundary lubrication is when surface asperities are only separated by the 

additives, or by lubricant films only several molecular dimensions in thickness. Thus, in 

boundary lubrication the additives become determinant, whereas in full-film condition 

the chemical composition of the lubricant is most important (Brandão et al., 2012). 

Asperity interaction is high in boundary lubrication, and this causes high friction, heat 

and wear.  

The transition from full-film to boundary lubrication is not sudden. It is probable 

that a mixed regime occurs first, and as the surfaces move closer together, boundary 

lubrication becomes predominant (Budynas and Nisbett, 2011).  

 

 Mineral vs. Synthetic Oils 

Industrial gear oils consist of a base oil and chemical substances called additives. 

The performance classification of a gear oil depends on the quality and type of base oil, 

and the combination of additives used. 85-95% of the composition typically constitutes 

the base oil, and additives account for 5-15% (Bartels and Bock, 2017).  

Gear oils fall into two categories: mineral and synthetic. Mineral oils are refined 

from crude oil whereas synthetic oils are man-made, with scientifically designed 

molecules produced from chemical synthesis (Daniel and Paulus, 2019). Both types have 

been extensively researched.  

A test rig developed by the Institute of Machine Elements - Gear Research Centre 

(FZG) is commonly used to evaluate fluid lubrication and wear protection properties at 
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the interface of a gear pair subjected to known load stages. The gears are spur type, but 

different profiles can be used to achieve varying slide-roll ratios. Experiments by 

Hargreaves and Planitz (2009) evaluate the energy efficiency of six EP industrial mineral 

oils, comparing power consumption with each in an FZG test rig. The lubricants are of 

industrial equivalence from various manufacturers, having the same viscosity grade and 

FZG load capacity. However, the difference in power consumption between the worst 

and best performing oils is 3.24 and 2.77 kW, equating to a difference of 14.6%. This is 

significant considering their use in high-powered industrial machines. The study shows 

that differences in chemical composition between different manufacturers has a 

significant influence on lubricant performance.  

Synthetic lubricants adopted in gear applications include ester, polyalphaolefin 

and polyglycol based oils. Although developed decades ago, their considerably higher 

cost means their use on a large technical scale has only slowly increased. Environmental 

awareness has led to a growing interest in biodegradable synthetic oils. FZG tests by 

Martins et al. (2005) show that biodegradable ester oil enables 𝜇 reduction exceeding 20% 

compared to mineral oil. Moreover, according to Brandão et al. (2012) biodegradable 

ester only reduces 𝜇 in full-film regime, not under boundary lubrication. This highlights 

the important role of oil additives under boundary lubrication, the choice of which is 

constrained by biodegradability.   

The consumption of polyalphaolefin, the most common type of synthetic oil, has 

increased enormously in the last two decades according to Dresel (2017). Höhn, 

Michaelis and Hinterstoißer (2009) refer to FZG test results by Doleschel (2003) which 

indicate that compared with mineral oil, gear friction can be reduced by 10 to 20% with 

polyalphaolefin, and an immense 20 to 30% with polyglycol oil. The results align with 

helical gearbox tests by Marques et al. (2014) which also show improved efficiency when 

substituting mineral oil with polyalphaolefin, but even more so by using polyglycol which 

reduced power loss by 30%.  

For worm gearing also, the best results have been obtained when switching over 

to polyglycol oil (Siebert, 2011; Mautner et al., 2015). However, when the wheel gear is 

made of aluminium alloy, such as aluminium-bronze, reaction in the load zone may 

increase wear (Kajdas, Karpińska and Kulczycki, 2010). Polyglycol compatibility tests 

should consider wear life as well as efficiency improvement of worm gearing.  
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 Nanoparticles in Oil Lubricants  

With the development of nanotechnology, research of nanoparticles has been 

driven into the field of lubrication. Xu, Zhao and Xu (1996) show that diamond 

nanoparticles immersed in oil possess excellent load carrying capacity and friction 

reduction properties. In agreement with findings of Dwyer-Joyce, Sayles, Ioannides 

(1994), nanoparticles penetrate the rubbing surfaces, and a ball bearing type effect is 

created where nanoparticles tumble through the contact. Much like the effect of EP or 

AW additives described in 2.3.1, the nanoparticles form a boundary lubrication film that 

prevents the rubbing faces from coming into direct contact. Shen, Luo and Wen (2001) 

further add that diamond nanoparticles form a thicker lubricant film than that with just 

the base oil. Chu, Hsu and Lin (2010) have experimented with different concentrations of 

immersion. Their highest test concentration of 3% is most favourable in terms of both 

friction reduction and wear loss. 

Within the past decade, metallic nanoparticles such as Iron Oxide Fe3O4 (Zhou et 

al., 2013) and Titanium Dioxide TiO2 (Ingole et al., 2013; Wu et al., 2018) have also 

been shown to reduce friction and wear. The outstanding advantage of using such 

additives is that by magnetic decantation they can easily be isolated from the used 

lubricant for disposal. 

 

2.4. Worm Gearing Materials 

It is accepted practice to adopt a hard-soft material pair to prevent scuffing from 

the high degree of sliding in the worm gearing mesh. The historically most common 

selection for worm gearing is a bronze wheel with a hardened steel worm (Calkins, 1926). 

This coupling is characterised by a low 𝜇 between 0.05 and 0.10 for the most common 

sliding speeds (British Standards Institution, 1983; Fontanari et al., 2013).  

An inevitable consequence of this arrangement is that wheel gear teeth are 

subjected to a much higher wear rate than the worm. This is largely tolerated in view of 

worm gearing advantages presented in 2.1.3 and 2.1.5. Moreover, the use of sacrificial 

wheel material is beneficial to the running-in of new gears as it prevents the problems 

related to improper surface finishing, inaccurate tooth profiles and minor misalignments 

in assembly. 

Fontanari et al. (2013) have investigated wear damage mechanisms occurring in 

the steel-bronze tribological pair by performing lubricated sliding-rolling tests in a disc-

on-disc configuration. In Figure 2.8 the steel 42CrMo4V and bronze CuSn12 disc 
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specimens of outer diameters 54 mm and 26 mm, thickness 8 mm, are dip lubricated in a 

polyglycol oil tank, the temperature of which is maintained at 80°C to reproduce severely 

loaded working conditions. At 4.14 m/s the peripheral velocity of the steel disc is faster 

than the bronze.   

Tests show that depending on contact pressure different wear mechanisms such 

as scuffing, pitting and spalling can take place at different sliding distances. At high 

contact pressure, pitting already occurs after the running-in phase, linked to a progressive 

decrease in 𝜇 . The surface craters formed from pitting act as small lubricant tanks 

enabling better lubrication of disc contact. It is believed that local pressure applied on the 

lubricant entrapped inside the craters is responsible for the coalescence of pits into large 

craters, producing the crushing of a surface layer and consequently material removal 

(Budynas and Nisbett, 2011). 

 

 

Figure 2.8: Schematic of the disc-on-disc test configuration of Fontanari et al. (2013). 

Steel 42CrMo4V disc loaded against dip lubricated bronze CuSn12 disc.   

 

Use of a bronze wheel severely limits the allowable gear contact pressure (Sharif, 

Evans and Snidle, 2006), therefore metallurgists have developed specific alloys to 

minimise wear of the bronze constituent while maintaining its benefits and increasing its 

load capacity. Alloys such as aluminium-bronze, manganese-bronze and tin-bronze 

provide higher strength and hardness, reduced wear and better corrosion resistance 

without detrimental effect on 𝜇 (Russo, 2013).  

Austempered Ductile Iron (ADI) gears have been used since the mid-1970s by 

large automobile manufacturers such as General Motors, BMW, Renault, and FIAT 

among others. Under commercial interests the results of extensive test programs 

undertaken with different ADI gears remain unpublished (Magalhães and Seabra, 1998). 
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Several studies consider ADI for use as gear material (Tsukamoto et al., 1990; Magalhães, 

Seabra and Sá, 2000; Martins, Seabra and Magalhães, 2008; Magalhães, Martins and 

Seabra, 2012). An investigation using the same setup as in Figure 2.8 tests the ductile 

iron-bronze tribological pair (Fontanari et al., 2016), however, as with most ADI studies 

the focus is on wear performance with limited consideration of the impact on 𝜇 and thus 

efficiency. Nonetheless, research shows ADI can improve wear resistance of a sliding-

rolling contact if the appropriate lubricant is used.  

 

2.5. Surface Coatings 

Surface coating technology has significantly improved in the current century, 

providing higher load capacity from greater protection against surface failures, and lower 

𝜇 where high sliding velocities and gear contact stresses are coupled with inadequate 

lubricant film thickness (Martins, Amaro and Seabra, 2008). Of the many surface coatings 

reported in literature, those based on molybdenum disulphide (MoS2), titanium nitride 

(TiN), boron carbide (B4C), tungsten carbide carbon (WCC) and diamond-like-carbon 

(DLC) are widely used in gearing.  

The crystal structure of MoS2 has tendency to deteriorate when exposed to 

moisture (Li et al., 2020). Its tribological properties, as with other coatings, are improved 

with the co-deposition of other elements or compounds, for example, titanium. The 

performance benefits of MoS2/Ti coating are demonstrated through disc-on-disc, pin-on-

disc, FZG and transfer gearbox tests by Amaro et al. (2005). A low value of 𝜇 in the range 

0.04-0.045 is reported with 0.5% efficiency improvement of the gearbox, and a significant 

increase in load capacity attributing to an increase of up to 77% power transmission 

capability. Similar tests by Martins, Amaro and Seabra (2008) have shown MoS2/Ti to 

outperform carbon chromium (CCr), and when deposited on top of titanium aluminium 

nitride (TiAlN) it can decrease the value of 𝜇  by a significant 48% (Yongliang and 

Sunkyu, 2006). The low friction benefit of MoS2/Ti is further backed up by the work of 

He, Lyu and Her (2010) as well as Singh et al. (2015). Recently undertaken research 

reduces the impact of moisture on performance of MoS2 based coatings (Cao et al., 2019; 

Li et al., 2020) 

Mao, Sun and Bell (2006) have conducted gear tests with TiN coating, compared 

with an uncoated but case-hardened specimen, as well as duplex treated (TiN coated over 

case-hardened) specimen. The three variants respectively have 2 times, 10 times, and 55 

times better wear performance compared to untreated gears. An important note from this 
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is that surface coatings are of high hardness and thus work best when the substrate is also 

hardened. Otherwise, there is a sharp transition from the hard coating to the soft base 

metal which can deform under load and cause the coating to break away. 

Joachim, Kurz and Glatthaar (2004) have shown exceptional tribological benefits 

of B4C and WCC coated gears, where 𝜇 < 0.04 with WCC. This equates to 𝜇 reduction 

of up to 30% compared to uncoated gears. However, the results are highly application 

dependent, so the coating-lubricant interaction is questionable as well as compatibility 

with additives.  

Xiao et al. (2014) conclude that WCC and DLC coatings are more suitable than 

TiN for high-speed heavy-duty gears. DLC coatings are receiving increased interest in 

recent years due to their extreme hardness, excellent wear resistance and low friction 

characteristics, together with high thermal and chemical stability making them strong 

contenders against other coating types (Tamura et al., 2016; Zahid et al., 2017; Aboua et 

al., 2018; Espejo et al., 2018; Laderou et al., 2020). 

Considerable effort has been, and still is, devoted to assessing the performance 

and compatibility of coatings with different lubricants (Weck et al., 2002; Feng and Xia, 

2012; Moorthy and Shaw, 2012; Kondo et al., 2013; Yazawa, Minami and Prakash, 2014). 

The method by which coatings are deposited onto surfaces also influences their 

characteristics (Hulka et al., 2015).  

Evidently, coatings provide a degree of lubricity to the contact to increase gearing 

load capacity and improve efficiency. However, for coatings to work effectively the 

substrate surface must not only be very hard, but also have a smooth finish to optimise its 

bond with the coated layer. A surface finishing process followed by a hardening process 

adds component cost. Moreover, the coatings themselves can be expensive as they require 

dedicated deposition processes and tight control of conditions. Tribological properties are 

affected by variables such as the coating deposition processes, coating material properties 

and thickness, presence of lubricant and additives, surface roughness and temperature.   

Sliding-rolling contacts are considered in research of coatings, however, for 

material combinations discussed in 2.4 for worm gearing, the research is sparse. There is 

no benefit in coating the bronze-based wheel gear since this is sacrificial by design. Disc-

on-disc tests by Benedetti et al. (2017) show promising wear improvement when coating 

the steel counterpart with WCC and DLC, but further work is necessary to realise the 

impact on efficiency.    
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2.6. Gear Design Optimisation 

Assembly misalignment and shaft deflection at high load and speed cause changes 

in stress levels and location of the contact zone between interacting gear teeth. It is 

possible to optimise loaded contact behaviour of helical gears by making small 

adjustments to the lead angle and tip relief using FEA (Mao, 2007). Lead angle correction 

(Figure 2.9a) improves contact stress distribution so that the high local stresses are better 

distributed across the face width of gear teeth. Tip relief correction (Figure 2.9b) of the 

original over-relieved design enables contact at the tip of gear teeth to start earlier, 

improving contact ratio and dynamic load sharing while reducing noise (Mao, 2007; 

Abdullah and Jameel, 2015; Cirelli et al., 2020). 

 

(a) Original design (b) Original design 

  

Effect of lead angle correction Effect of tip relief correction 

  

Figure 2.9: Comparison of stress distribution of original design against optimised 

geometry, (a) lead angle correction, (b) tip relief correction (Mao, 2007). 

 

Worm gearing contact characteristics can be improved likewise, hence 

considerable modelling and simulation effort has gone into design optimisation and its 

effect on mesh stiffness, tooth interference, transmission errors and loaded contact 

behaviour (Yang, Su and Gentle, 2001; Su and Qin, 2003; Xu, Qin and Shi, 2006; Deng, 
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Wang and Horstemeyer, 2013). Manufacturing the wheel with a cutting hob identical to 

the worm creates line contact between gear teeth, and high contact stresses occur on the 

edge of the thread surfaces (Figure 2.10a). Assembly misalignment and load deflection 

change line contact to edge contact (Figure 2.10b). Oversizing the cutting hob generates 

a crowned wheel tooth contact surface (Fang and Tsay, 2000; Litvin et al., 2007), creating 

an elliptical contact zone under load (Figure 2.10c). Consequently, the contact becomes 

centralised, reducing sensitivity to misalignment. Centre contact also encourages reduced 

contact pressure and better lubricant entry, thus improving gear efficiency.  

 

(a) (b) (c) 

 
  

Figure 2.10: Formation of contact on worm (top) and wheel (bottom), (a) no 

misalignment, (b) with misalignment, (c) modified geometry (Litvin et al., 2007). 

 

Despite of tooth crowning by an oversized hob, a study of geometric interference 

of worm and wheel gear teeth by Sohn and Park (2016) shows that edge contact can still 

occur at higher lead angles since the crowned profile becomes increasingly asymmetric. 

To make crowning symmetric a modified hobbing method of applying a tilt angle to the 

cutting hob is proposed by Sohn and Park (2017). This method does not require special 

machinery or hob geometry.  

To comprehend and demonstrate the benefit of applying a tilt angle to the cutting 

hob, mesh checks performed at a gear manufacturer are shown in Figure 2.11. Figure 

2.11a shows mesh checking of a worm gearset that has been manufactured to BS 721 

(British Standards Institution, 1983), where the wheel teeth have been cut with a 12% 

oversized hob. The worm gear with blue dye applied is driven against the wheel gear. In 

Line contact 
Edge contact 

Edge contact Centre contact 
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Figure 2.11b blue dye transfer from worm to wheel demonstrates edge contact. Centre 

contact, Figure 2.11c, is achieved when titling the cutting hob by an angle of 2° which is 

maintained during machining of the wheel teeth. The extent of hob oversize and tilt angle 

required to achieve centre contact depends on size and geometry of teeth. 

 

(a) 

 

(b) (c) 

  

Figure 2.11: Mesh checking of a worm gearset manufactured to BS 721 (British 

Standards Institution, 1983). (a) worm with blue dye driven against wheel, (b) blue dye 

transfer from worm to wheel demonstrates edge contact, (c) centre contact achieved by 

modified hobbing method of applying 2° tilt angle to cutting hob. 

 

Worm gearing in an automotive electronic power steering (EPS) system has been 

enhanced to address higher torque requirements while reducing the space envelope 

(Watanabe, Shimizu and Terada, 2006). It is considered that an efficient gear profile is 

one that works near the addendum of the wheel, as per Figure 2.12. The worm in this case 

is made from steel and the wheel from polymer, so as torque increases the wheel teeth 

elastically deflect and the number of contact points increase (Figure 2.12). For the contact 

points to remain at the wheel addendum at high torque, the worm profile between its pitch 

line and outer diameter must be modified per Figure 2.13. 
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Metal-on-polymer combinations are commonly found only in light load 

applications such as automotive components and robotics (Linquip, 2021). Industrial 

machinery demands the strength of metallic wheels which, compared to polymer wheels, 

would reduce elastic deflection of teeth.   

 

 

Figure 2.12: Contact points near the wheel addendum at low torque (left) and high 

torque (right) in EPS worm gearing (Watanabe, Shimizu and Terada, 2006). 

 

 

Figure 2.13: EPS worm profile modification between its pitch line and outer diameter 

(Watanabe, Shimizu and Terada, 2006). 

 

2.7. Imposed Vibration  

A practically utilised method of friction reduction and one that has been the 

subject of theoretical analyses for several decades is the phenomenon of reduced friction 

force between surfaces subjected to vibration. On one hand, frictional forces may cause 

undesired vibrations due to stick-slip motion at the contact. Conversely, literature 

presented in this part of the review suggests that imposed vibration can significantly 

reduce the friction force between contacting surfaces.  

Vibration is applied to the contact by exciting one of the contact bodies in either 

the normal, longitudinal, or transverse mode. Normal vibration is perpendicular to the 

plane of contact, transverse is in the plane of contact but perpendicular to the sliding 

direction, and longitudinal is in the plane of contact and collinear with the sliding 

direction. Each mode of vibration has a different mechanism by which friction is reduced.  
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 Normal Vibration 

The first work investigating the influence of vibration on friction dates to a study 

by Baker, Claypoole and Fuller (1952) in which they determined that static 𝜇  under 

influence of imposed normal vibration can been minimised to almost zero. Experiments 

by Fridman and Levesque (1959) in the frequency range 6000-42000 Hz, and by Godfrey 

(1967) in the range 20-1000 Hz also showed rapid decrease in 𝜇. While pulling a known 

mass over a surface under normal vibration, periodic changes in contact electrical 

resistance indicated reduced metal-to-metal contact. Lenkiewicz (1969) also concluded 

that normal vibration causes changes in the real contact area, creating a floating effect of 

the sliding object. Hess and Soom (1991) further found that up to 10% reduction of 

friction force occurs when there is no loss of contact. In this century, custom built pin-

on-disc tribometers have shown a decrease in 𝜇 with increasing vibration frequency in 

the range 120-600 Hz, and amplitude 0.015-0.225 mm. This effect was observed between 

combinations of metallic (Abdo and Tahat, 2008) and non-metallic surfaces (Chowdhury 

and Helali, 2008). Interestingly, the wear rate of steel-steel contact has also been shown 

to reduce with normal vibration (Chowdhury and Helali, 2007).  

 

 Longitudinal Vibration 

Many studies prove that friction can also be reduced by imposing in-plane 

vibration, either longitudinal or transverse (Mitskevich, 1968; Skåre and Ståhl, 1992; 

Mutuonga and Onoda, 1995; Littmann, Storck and Wallaschek, 2001; Kumar and 

Hutchings, 2004). Consider a body of material (Figure 2.5) sliding at constant driven 

velocity �̇� = 𝒗𝒅 over a base that is vibrating longitudinally i.e., along the same axis at 

sinusoidal velocity �̇�𝒃 . The amplitude of this sinusoidal velocity is denoted 𝑣𝑎 . The 

relative velocity at any instance in time is: 

𝒗𝒓 = 𝒗𝒅 − �̇�𝒃 (5) 

 

As shown in Figure 2.14, during a single vibration cycle when �̇�𝒃 > 𝒗𝒅, then 𝒗𝒓 

in accordance with relationship (5) becomes negative. Therefore, if the amplitude 𝑣𝑎 of 

sinusoidal velocity exceeds drive velocity 𝒗𝒅 then the relative velocity 𝒗𝒓 periodically 

changes sign. Change in sign constitutes change in direction of 𝒗𝒓. Since friction force 

𝑭𝑪 always opposes the direction of relative velocity 𝒗𝒓, its periodic change in direction 

also causes a periodic change in the direction of 𝑭𝑪. This results in a reduced average 

friction force during the vibration cycle. Therefore, the reduction of average friction force 
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occurs as a result of cyclic instantaneous changes in the direction of the friction force 

vector 𝑭𝑪, only possible when the condition 𝑣𝑎 > 𝒗𝒅 is satisfied.  

 

    

Figure 2.14: Time characteristics of Coulomb friction force during longitudinal 

vibration. Recreated from Kumar and Hutchings (2004). 

 

This is true where Coulomb friction is assumed, however, as described in 2.2.2 

real contact surfaces exhibit an elastic pre-sliding displacement resulting from the elastic 

deformation of surface asperities. Therefore, the Dahl friction model provides more 

realistic contact behaviour. Consider the same body of material (Figure 2.6) sliding at 

constant velocity 𝒗𝒅 over the longitudinally vibrating base. The friction force 𝑭 is now a 

function of the elastic contact deformation 𝒔 . In this case, the continually changing 

magnitude and direction of relative velocity 𝒗𝒓 causes the magnitude and direction of 

elastic deformation 𝒔 to change. As a result, in accordance with (3), the friction force 𝑭 

also changes in a continuous periodic fashion (Figure 2.15).  

The condition 𝑣𝑎 > 𝒗𝒅 must still be satisfied for friction force reduction to occur, 

however, Gutowski and Leus (2011; 2012) have shown that at small differences between 

𝑣𝑎 and 𝒗𝒅, the average friction force can reduce without the change in sign of the friction 

vector, as shown in Figure 2.15, where 𝑭 periodically reduces in magnitude but does not 

change sign. However, as the ratio 𝑣𝑎 𝒗𝒅⁄  increases, the periodic troughs in the 𝑭 plot 

reduce in magnitude and eventually change sign.  
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In friction reduction estimations, use of simplified models based on the static 

Coulomb model of friction in which the contact elastic slip is not included creates 

inconsistency with experimental results. Gutowski and Leus (2011; 2012) showed that 

significantly better agreement with experiments is achieved by conducting analyses using 

dynamic friction models, such as the Dahl (1976) model. Dynamic friction models 

produce a continuous change of the friction force profile (Figure 2.15) as opposed to static 

friction models which predict stepwise change (Figure 2.14) in the presence of vibration.  

 

 

Figure 2.15: Time characteristics of Dahl friction force during longitudinal vibration. 

𝑓 = 4000 Hz, 𝑣𝑎 = 0.75 mm/s > 𝒗𝒅 = 0.5 mm/s. Gutowski and Leus (2012). 

 

 Transverse vibration 

In the case of transverse vibration (Figure 2.16a), vibration velocity �̇�𝒃 occurs 

along an axis perpendicular to the sliding velocity �̇� = 𝒗𝒅. This causes changes in the 

magnitude and direction of relative velocity 𝒗𝒓 of vibration (Figure 2.16b). This variable 

vector of relative velocity of sliding oscillates around the sliding direction causing 

oscillations of the friction force vector 𝑭, resulting in a sub-division of this force into two 

components, one parallel (𝑭𝒙) and one perpendicular (𝑭𝒚) to the direction of motion.  

Magnitude of 𝑭𝒙  which opposes sliding velocity 𝒗𝒅  is smaller than 𝑭  hence 

friction in the direction of sliding is reduced. This mechanism is based on Coulomb 

�̇�𝒃 
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𝒃
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friction, therefore, analytical models based on this mechanism (Mutuonga and Onoda, 

1995; Littmann, Storck and Wallaschek, 2001; Kumar and Hutchings, 2004) have shown 

large discrepancy with experimental results.  

 

 

 

Figure 2.16: Friction force during transverse vibration (a) vibration velocity �̇�𝒃 is 

perpendicular to drive direction 𝒗𝒅 (b) top-down view of instantaneous forces acting on 

sliding body. 𝑭𝑪 opposes direction of relative velocity 𝒗𝒓 which deviates from direction 

of 𝒗𝒅. 

As with longitudinal vibration (2.7.2), Gutowski and Leus (2015) again 

demonstrated that much better agreement with transverse vibration experiments is 

achieved by utilising an analytical model which incorporates Dahl friction. The principle 

is the same with Dahl friction in that the friction force vector is sub-divided into 

components 𝑭𝒙 and 𝑭𝒚. However, it is the magnitude and direction of elastic deformation 

𝒔, as a result of relative velocity 𝒗𝒓, that governs the magnitude and direction of the 

friction force vector. Chapter 4 describes this in more depth as part of analytical model 

development. 
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 Practical applications of vibration  

One patent filed by Seibu Electric & Machinery Co., Ltd. (Mori, Kukita and 

Shimada, 2014) indicates it is feasible to reduce friction in worm gearing by applying 

vibration, and thereby improve efficiency. The patent claims that while the worm is 

rotationally driven, its angular velocity via a motor control system can be repeatedly 

fluctuated at a frequency of 2500 Hz such that the worm is oscillated in the rotational 

direction. Such motion creates longitudinal vibration; vibration that is in the plane of 

contact and in the direction of sliding. Vibration control is performed by the electronics 

and existing motor so there is no need for an additional vibration generating device. 

Furthermore, the patent claims that the system can be programmed such that vibration is 

active only when the higher torque output from the actuator is most necessary; this is 

typically during the initial opening stage or final shutting stage of the valve. This control 

makes it possible to achieve higher mechanical advantage while still maintaining the self-

locking feature of worm gearing. 

Considerable research in wider domains has been devoted to exploiting the 

phenomenon of reduced friction due to vibration. In the sheet metal deep drawing process 

Jimma et al. (1998) have shown that vibrating the drawing die at ultrasonic (above the 

human audibility limit of 20 kHz) frequency of 28 kHz enables deeper steel cups to be 

formed. This is due to reduced friction between the sheet metal surface and the drawing 

die caused by vibration. Siegert and Ulmer (2001) have shown it is possible to further 

reduce friction by having the drawing dies vibrate parallel to the drawing direction. Wu 

et al. (2021) have investigated the effect of 20 kHz ultrasonic vibration, compared to low 

frequency vibration in the range 50-200 Hz, concluding that ultrasonic vibration obtains 

greater friction reduction but also causes more wear and adhesion. 

In the emerging field of micro electro-mechanical systems (MEMS) glass is a 

highly desired material due to its excellent optical properties, chemical stability, and 

ability to bond to silicon, however, its hardness and brittleness makes micromachining of 

glass a challenge (Hof and Abou Ziki, 2017). To tackle this, Egashira, Mizutani and 

Nagao (2002) have used an ultrasonically vibrated glass workpiece to drill microholes of 

diameter 10 μm. Imposing vibration has been shown to decrease cutting force, extended 

tool life, increase tool penetration, and produce smoother machined surfaces with no 

cracks around the rim of the hole. 

In the food industry, vibrating cutting blades have become increasingly popular 

to reduce cutting force, improve the quality of cut and reduce deformation of soft foods 
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due to the reduction of friction (Liu et al., 2014). The reduction of cutting force is a 

function of the vibration velocity amplitude and vertical cutting velocity of the blade 

(Zahn et al., 2006). Arnold et al. (2009) conclude that due to reduced friction force the 

material does not stick to the blade, making vibration particularly effective for cutting 

viscoelastic and viscoplastic foods. It is also good for fragile and heterogeneous products 

such as cakes and pastry that would deform under a pressing force. Schneider et al. (2009) 

further add that the texture of the food being cut has a big influence on the extent of 

friction force reduction. Open porous structures such as short pastry, bread and cake 

benefit less in terms of friction reduction compared to foods like cheese and sausage that 

form closed plane surfaces with the blade whilst being cut. In the latter, vibration normal 

and parallel to the blade’s sliding motion also significantly reduce friction force.  

Vibration has also been applied to friction stir welding. Friction stir welding is a 

method by which a rotary tool under pressure produces frictional heat and plastic 

deformation to permanently join two metallic workpieces together. Large torque and 

downward force on the rotary tool are needed to generate the necessary heat and plastic 

material flow. Applying ultrasonic vibration to this process reduces welding loads, 

increases the fluidity of plastic material, and enhances microstructural properties to 

improve the weld quality (Xiaochao et al., 2013; Amini and Amiri, 2014; Gao, Wu and 

Padhy, 2017). Determination of the friction reduction due to vibration between the tool 

and workpiece is a prerequisite for determining the heat generated during friction stir 

welding. Numerical simulations by Yang, Wu and Shi (2018) map the friction coefficient 

on the tool surface, clearly indicating that longitudinal, transverse and normal directions 

of vibration produce very different friction coefficient distributions.  

Interest in the relationship between vibration and friction is further promoted by 

advanced applications that do not specifically aim to reduce macroscale friction by 

imposing vibration, however, they do exploit the interdependency of the two entities. 

Examples are harvesting of vibration energy generated by friction (Wang et al., 2018), 

travelling wave ultrasonic motors used for focus adjustment in camera lenses (Storck et 

al., 2002; Liu et al., 2019), vibrating structures in space (Tong et al., 2019) and marine 

(Jin, Liu and Zhou, 2019) applications, and the rapid development of nanotribology 

(Socoliuc et al., 2006; Wang et al., 2020).  
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2.8. Chapter Discussion and Conclusions 

Review of literature affirms that a wide variety of gears can be classified by their 

shaft arrangement. Worm gearing, which operates on parallel and non-intersecting shaft 

axes, allows for significantly higher gear ratios compared to other gear types, enabling 

radical increase of output torque in a compact arrangement. An important characteristic 

of worm gearing is the self-locking capability. However, high frictional losses occur 

owing to the predominantly sliding contact interactions. As a result, tooth friction losses 

in worm gearboxes are more significant than bearing, sealing and oil churning losses. 

Reducing tooth friction would thus yield most benefit from an efficiency standpoint.  

Friction is a collection of many complex mechanical and chemical phenomena. 

Friction forces couple macroscopic mechanical degrees of freedom of contacting objects 

to the microscopic degrees of freedom which occur, for instance, as heat or plastic 

deformation of a multitude of small contacts between shearing surfaces, called asperities. 

Friction can be reduced by many means, Figure 2.17. A hardened steel worm with an 

alloyed bronze wheel have long been established as the best tribological pair for worm 

gears. Improvement in surface finish is known to have a further efficiency benefit. 

Extensive literature is also available comparing different lubricants and coatings, as well 

as optimising the design of gear teeth.  

The type of oil, its viscosity and additives that constitute the lubricant play an 

important role in the overall efficiency of a gearbox. The purpose of gear oil is to avert 

boundary lubrication regime such that friction and wear are reduced, and to provide a 

median by which frictional heat and wear debris are transferred away from the contact. A 

changeover from mineral to synthetic oils is an effective way of improving efficiency. 

Fundamental studies such as chemistry, thermodynamics and fluid mechanics must be 

utilised in developing a lubricant.  

Coatings are primarily used to reduce surface damage at high loads with friction 

reduction being a secondary benefit. A good tribological system must have a compatible 

selection of materials, lubricant, and coating. 
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Figure 2.17: Friction force influencers. 

 

Control of friction using vibration is still a developing field of research. Friction 

is substantially reduced by imposing vibration to the system. The mode of applied 

vibration also has an influence whereby each mode has differing contact mechanics. 

When two planar surfaces are in contact, longitudinal vibration has greater friction 

reduction effect than transverse. Although the phenomenon is exploited in many 

applications, limited literature studying its relevance to gearing is available. One patent 

filed by Seibu Electric & Machinery Co., Ltd. (Mori, Kukita and Shimada, 2014) 

indicates it is feasible to reduce worm gearing friction by applying vibration, and thereby 

improve efficiency. Furthermore, the patent claims the system can be programmed such 

that vibration is active only when elevated torque output from the gearset is most 

necessary. This control makes it possible to achieve a temporarily increase in mechanical 

advantage while still maintaining the self-locking feature of worm gearing when vibration 

is deactivated. 

Lack of literature regarding the use of vibration to improve gearing efficiency 

indicates there is a knowledge gap. Learning from literature review is carried forward into 

chapter 3, in which the different means of friction reduction are compared in terms of 

their influence on theoretical gear efficiency. This is then used to establish the research 

focus. 

 

 

 

Surface  

finish 

Lubricant 

characteristics 

Material 

compatibility 

Surface 

coatings 

and 

treatments  

Vibration 

Friction force influencers 

Tooth 

geometry  



 

43 

 

 

3.  

Chapter 3  

 

Worm Gearing and Efficiency  

3.  

 

 

 

  



CHAPTER 3: WORM GEARING AND EFFICIENCY 

44 

3.1. Chapter Introduction 

Building upon knowledge from review of literature, this chapter explores the 

identified knowledge gap by theoretically assessing the influence of vibration on worm 

gearing efficiency. A sensitivity analysis calculates theoretical efficiency when vibration 

is applied compared to when lubricants or coatings are utilised. The purpose of this is to 

compare the potential efficiency benefit of vibration with other friction reduction means.  

The analysis is then extended for a detailed worm gearset design study to optimise 

gear parameters for maximum theoretical efficiency, while paying attention to not 

compromise the load capacity of the gearset. 

Results of the sensitivity analysis and design optimisation study are reviewed to 

confirm the route forward for research. 

 

3.2. Efficiency Sensitivity Analysis 

Appendix C has efficiency and load capacity calculation spreadsheets for four 

different worm gearsets. This selection is made to span a range of physical gearset sizes, 

increasing in centre distance and torque capacity from gearset 1 to 4. This is so that the 

study of the influence of design optimisation on efficiency in 3.3 is not based solely on 

one gearset. The calculation spreadsheets are generated using formulae from multiple 

standards, listed in Table 3.1. For completeness, formulae utilised from these standards 

are also included in Appendix C. Gearset 2 has been selected for the efficiency sensitivity 

analysis as this is the most popular size from the four gearsets.   
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Spreadsheet 

column range 

Description 

A-E Theory from PD ISO/TR 14521 (British Standards Institution, 2011) 

to calculate gearset efficiency. This standard specifies formulae for 

calculating the values of gear design parameters and factors relating 

to the gear size, tooth geometry, material, and surface roughness, 

which all feed into the calculation of gearset efficiency. 

G-K Theory from BS 721 (British Standards Institution, 1983) to calculate 

permissible torque, explained in 3.3.1. These columns are not used 

for sensitivity analysis but to assess load capacity in 3.3.4 and 3.3.5. 

In addition to worm gearing design formulae that are echoed by PD 

ISO/TR 14521, standard BS 721 enables determination of factors 

associated with the speed and torque at which the worm gearsets are 

expected to operate. Based on these factors the standard provides 

formulae to calculate the maximum torque that a gearset can output 

based on its wear life requirement and load bearing capacity.   

M-Q Calculation of efficiency, wheel bending stress and permissible 

torque based on AGMA theory (American Gear Manufacturers 

Association, 1992; Budynas and Nisbett, 2011). Bending stress is 

explained in 3.3.2. These columns are not used for sensitivity analysis 

but to assess load capacity in 3.3.4 and 3.3.5. AGMA theory provides 

an alternative set of formulae for worm gearing design compared to 

British standards PD ISO/TR 14521 and BS 721. It features factors 

associated with loading and load distribution, as well as accuracy 

requirements to enable calculation of gearset efficiency, wheel 

bending and contact stresses, and maximum allowable torque to 

satisfy the wear life requirement. 

Table 3.1: Explanation of Appendix C efficiency and load capacity calculation 

spreadsheet. 

 

Only columns A-E are of interest initially, to calculate worm gearing efficiency 

𝜂𝑧1−2, and total gearbox system efficiency 𝜂𝑔𝑒𝑠1−2. Green spreadsheet cells in Appendix 

C identify manual data entry cells. Grey cells contain formulae from the relevant 

standards (Table 3.1) thus their values are automatically computed based on manual data 
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entered. For consistency, the notations used herein are taken from PD ISO/TR 14521 

(British Standards Institution, 2011), which has a comprehensive set of efficiency 

formulae considering: 

i. Worm gearing design parameters such as centre distance 𝑐, gear ratio 𝑈 and axial 

module 𝑚𝑥1 to name a few. 

ii. Type of base oil such as mineral, polyalphaolefin, polyglycol. 

iii. The four factors required to calculate mean tooth coefficient of friction: size factor, 

geometry factor, material factor and roughness factor. 

iv. Four power losses; meshing, idle running, bearing loss and sealing loss.  

v. Output torque from the wheel gear 

 

 Worm Gearing Design Considerations 

Standard BS 721 (British Standards Institution, 1983) recommends normal 

pressure angle of 20° as a guideline to avoid undercutting at the wheel tooth root during 

manufacture. When designing worm gearing from first principles, the centre distance 𝑐 

and gear ratio 𝑈 can be selected based on the size and speed requirements. The number 

of starts 𝑧1  on the worm and the number of wheel teeth 𝑧2  depend on 𝑐  and 𝑈. The 

diameter factor 𝑞1 of value between 6 and 12 is advised by BS 721. Worms that have 

identical values of 𝑞1 and 𝑧1 are regarded as being geometrically similar since these two 

parameters alone determine the worm lead angle 𝛾𝑚1. Knowing the values of 𝑐, 𝑈, 𝑧1, 𝑧2, 

𝑞1  and 𝛾𝑚1 , the minimum and maximum axial module 𝑚𝑚𝑖𝑛  and 𝑚𝑚𝑎𝑥  are then 

calculated. The selected axial module 𝑚𝑥1 is a value between 𝑚𝑚𝑖𝑛 and 𝑚𝑚𝑎𝑥. 

If self-locking is desired, it is recommended that 𝑞1 be as low as possible. This 

method of selecting 𝑞1 permits an initial calculation that is checked for acceptability, and 

if necessary, iterative changes can be made to maintain the gear design within acceptable 

limits. Values of 𝑞1 from 12 upwards are seldom required except when the worm is bored.  

In the case of a valve actuator (Figure 1.1) the worm gearset is submerged in a 

bath of mineral oil. The wheel completes a set number of turns to complete a full stroke 

of opening or closing a valve. At the end of stroke, the output torque from the wheel 

quickly peaks to a maximum value as the valve is driven into its seat by the actuator. The 

maximum torque that can be delivered is known as the rated torque 𝑇𝑅. During a stroke 

the wheel is subjected to lower torque, usually 1 3⁄  of 𝑇𝑅. This is known as through-travel 

output torque 𝑻𝟐. Since the gearing experiences 𝑇𝑅 at end of stroke and 𝑻𝟐 through stroke, 
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gear load capacity for strength is based on 𝑇𝑅 whereas load capacity for a desired wear 

life is based on 𝑻𝟐. 

All factors and losses in columns A-E of the Appendix C calculation spreadsheet 

can be determined from the parameters listed in Table 3.2. Values of 𝜇, 𝑣40 and 𝑣100 

assume mineral oil Fuchs Titan Gear MP SAE 80 as gear lubricant, the properties of 

which are listed in Table 6.9. Worm gearset 2 in Table 3.2 has calculated efficiency 

𝜂𝑧1−2 = 38%. The gearbox system efficiency 𝜂𝑔𝑒𝑠1−2 is reduced to 31% due to other 

estimated power losses such as those caused by bearings and seals. As tooth friction 

reduction has been established in 2.1.6 as most beneficial for worm gearing efficiency, 

the gear efficiency 𝜂𝑧1−2 is of more relevance for sensitivity analysis than the overall 

gearbox efficiency 𝜂𝑔𝑒𝑠1−2.  

 

Parameter Symbol Value Unit 

Normal pressure angle 𝛼𝑛 20 degree 

Centre distance 𝑐 60 mm 

Gear ratio 𝑈 60  

Number of starts on worm 𝑧1 1  

Diameter factor 𝑞1 10.800  

Worm lead angle 𝛾𝑚1 5.29 degree 

Axial module 𝑚𝑥1 1.700 mm 

Worm speed 𝑛1 1440 RPM 

Sliding velocity 𝒗𝒈 1.39 m/s 

Kinematic viscosity at 40°C 𝑣40 92 mm2/s 

Kinematic viscosity at 100°C 𝑣100 10 mm2/s 

Material factor 𝑌𝑊 1.10  

Arithmetic mean roughness 𝑅𝑎1 1.6 μm 

Coefficient of friction 𝜇 0.0715  

Rated torque of valve actuator 𝑇𝑅 203 Nm 

Wheel through-travel output torque 𝑻𝟐 67.67 Nm 

Calculated gear efficiency  𝜂𝑧1−2 38 % 

Calculated gearbox efficiency 𝜂𝑔𝑒𝑠1−2 31 % 

Table 3.2: Input variables (green) and formulated values (grey) for efficiency 

calculation of worm gearset 2.  
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 Influence of Friction Reduction Method on Efficiency  

The influence of different lubricants, coatings and vibration on calculated worm 

gearing efficiency 𝜂𝑧1−2 are compared, based on their estimated effect on 𝜇 as suggested 

by the reviewed literature. Estimated values of 𝜇 and corresponding sources of data for 

this analysis are listed in Table 3.3. Mineral oil Fuchs Titan Gear MP SAE 80 is used as 

the baseline against which other friction reduction means are compared. 𝜇 = 0.0715 is 

based on theory from PD ISO/TR 14521 (British Standards Institution, 2011). Tests by 

Marques et al. (2014) with a polyalphaolefin oil suggest 𝜇 = 0.0550. Polyglycol oil 

Klübersynth UH1 6-640 further reduces 𝜇 to 0.0170 (Siebert, 2011). Kinematic viscosity 

values 𝑣40 and 𝑣100 also change with lubricant.   

Zhou et al. (2013) report 30% 𝜇  reduction by adding Fe3O4 nanoparticles to 

mineral oil, whereas Chu, Hsu and Lin (2010) report approximately 50% reduction with 

diamond nanoparticles. MoS2/Ti coating in mineral oil shows up to 42% 𝜇 reduction 

compared to uncoated gears, which is further improved to 49% reduction when applied 

to superfinished gears (Martins, Amaro and Seabra, 2008). DLC coating reduces 𝜇 by up 

to 30% in mineral oil (Tamura et al., 2016).  

Since the aforementioned 𝜇  reductions are associated with tests conducted in 

mineral oil, it is assumed for simplicity that the same percentage reductions apply to the 

baseline mineral oil in Table 3.3.  

In the application of vibration, the larger the magnitude of ratio 𝑣𝑎 𝒗𝒅⁄ , the greater 

the reduction of 𝜇 (Gutowski and Leus, 2015). Transverse and longitudinal sinusoidal 

vibration applied to dry sliding contact respectively reduce 𝜇 by 90% and 95% when the 

velocity ratio is high, 𝑣𝑎 𝒗𝒅⁄ = 20. The experimental setup for vibration constitutes a 

body of known mass driven at constant velocity over a vibrating base. It is assumed the 

same reduction applies for lubricated contact. These assumptions are made because tests 

with a wide range of mineral oils have been reported in previous studies and it is not 

possible to correlate their chemical composition with the published results. In addition to 

oil composition, the tribological test type and conditions such as normal load, sliding 

speed, surface finish and coating thickness all vary from one study to another. The 

assumptions thus enable an approximation of how efficiency is influenced by the different 

methods of friction reduction.  
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Means of friction 

reduction 

𝝁 𝒗𝟒𝟎 𝒗𝟏𝟎𝟎 

Mineral oil, Fuchs 

Titan Gear MP SAE 80 

0.0715 92 10 

PD ISO/TR 14521 (British 

Standards Institution, 2011) 

(Fuchs, 2011) 

Polyalphaolefin oil 0.0550 324.38 35.27 

(Marques et al., 2014) 

 

(Marques et al., 2014) 

 

Polyglycol oil, 

Klübersynth UH1 6-

640 

0.0170 460 80 

(Siebert, 2011) (Klüber Lubrication, 2018)  

Fe3O4 nanoparticles 

added to mineral oil 

0.0500 92 10 

(Zhou et al., 2013) 

 

(Fuchs, 2011) 

Diamond nanoparticles 

added to mineral oil 

0.0357 92 10 

(Chu, Hsu and Lin, 2010) 

 

(Fuchs, 2011) 

MoS2/Ti coating in 

mineral oil 

0.0415 92 10 

(Martins, Amaro and Seabra, 

2008) 

(Fuchs, 2011) 

MoS2/Ti coating on 

superfinished gears in 

mineral oil 

0.0365 92 10 

(Martins, Amaro and Seabra, 

2008) 

(Fuchs, 2011) 

DLC coating in mineral 

oil 

0.0500 92 10 

(Tamura et al., 2016) 

 

(Fuchs, 2011) 

Vibration  0.0036 92 10 

(Gutowski and Leus, 2015) 

 

(Fuchs, 2011) 

Table 3.3: Values of 𝜇, 𝑣40 and 𝑣100 for efficiency comparison of different friction 

reduction methods. Input variables (green) and formulated values (grey). 

 

Altering 𝜇 , 𝑣40  and 𝑣100  per Table 3.3 results in changes in efficiency 𝜂𝑧1−2 

presented by Figure 3.1. Change from mineral to polyalphaolefin oil increases 𝜂𝑧1−2 by 
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6%. Improved efficiency can be obtained by adding nanoparticles or using coatings 

without change of oil. Change to polyglycol oil gives better efficiency over all oils, 

coatings and nanoparticles considered. Figure 3.1 suggests the best efficiency 𝜂𝑧1−2 can 

be achieved by imposing vibration. This supports the research knowledge gap concluded 

in 2.7.4 and further strengthens the need for research focus on gear efficiency 

improvement via vibration induced friction reduction.  

 

 

Figure 3.1: Influence of friction reduction method on calculated worm gearing 

efficiency 𝜂𝑧1−2. 

 

 Influence of Worm Gearing Parameters on Efficiency  

This part of the sensitivity analysis studies the influence of adjusting worm 

gearing parameters on 𝜂𝑧1−2. Input gear variables in Table 3.2 (green) are individually 

increased in 5% intervals up to 40%. Excluded from this analysis are 𝑧1 since a 40% 

increase rounded to the nearest whole number still equates to 1 start, 𝑣40 and 𝑣100 as these 

are oil parameters, 𝑌𝑊 which only changes with wheel material, and 𝑇𝑅 which according 

to PD ISO/TR 14521 (British Standards Institution, 2011) influences overall gearbox 

efficiency 𝜂𝑔𝑒𝑠1−2 but not worm gearing efficiency 𝜂𝑧1−2.  

The effect on 𝜂𝑧1−2  is displayed in Figure 3.2 and summarised in Table 3.4. 

Increasing the value of 𝛼𝑛, 𝑐 or 𝑛1 has positive influence on 𝜂𝑧1−2, whereas 𝑈, 𝑞1, 𝑚𝑥1 

and 𝑅𝑎1 have negative influence. 𝛼𝑛 and 𝑅𝑎1 have a small influence on 𝜂𝑧1−2 compared 
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to 𝑐 and 𝑈. For this gearset an increase of 𝑈 by over 27%, or an increase of 𝑚𝑥1 by over 

37%, generates a mathematical error due to negative numbers in the calculation of 𝜂𝑧1−2. 

 

 

Figure 3.2: Graph showing influence of worm gearing parameters on calculated 

efficiency 𝜂𝑧1−2. 

 

Parameter Symbol Effect on 𝜼𝒛𝟏−𝟐 

Normal pressure angle 𝛼𝑛 40% increase changes 𝜂𝑧1−2 by +2% 

Centre distance 𝑐 40% increase changes 𝜂𝑧1−2  by +15% 

Gear ratio 𝑈 25% increase changes 𝜂𝑧1−2 by -23% 

Diameter factor 𝑞1 40% increase changes 𝜂𝑧1−2  by -5% 

Axial module 𝑚𝑥1 35% increase changes 𝜂𝑧1−2  by -25% 

Worm speed 𝑛1 40% increase changes 𝜂𝑧1−2 by +5% 

Arithmetic mean roughness 𝑅𝑎1 40% increase changes 𝜂𝑧1−2 by -2% 

Table 3.4: Summary of influence of worm gearing parameters on calculated efficiency 

𝜂𝑧1−2. 

 

Ideally, improving gear efficiency should not require redesign of other system 

components. Figure 3.2 shows that centre distance 𝑐  has the most positive impact on 
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efficiency, however, the enclosure containing the worm gearset would also then have to 

be enlarged, which would increase the product weight and space envelope.  

𝑈 is selected at design stage to achieve the required 𝑇𝑅, and 𝑛1 is a characteristic 

of the drive motor powering the worm gear. Changing nominal worm speed requires a 

change to the motor’s physical makeup.  

Since the values of 𝑐, 𝑈 and 𝑛1 must be maintained, efficiency improvement can 

only be achieved by adjusting 𝛼𝑛 , 𝑞1 , 𝑚𝑥1  and 𝑅𝑎1 . Further analysis in 3.3 aims to 

maximise efficiency by concurrently optimising these four parameters.  

 

3.3. Design Optimisation  

In 3.2.3, it is identified that 𝛼𝑛 , 𝑞1 , 𝑚𝑥1  and 𝑅𝑎1  are the only worm gearing 

parameters that can be adjusted to influence efficiency without instigating redesign of 

other system components. In the previous analysis each parameter is individually adjusted 

on a single gearset. In this section the four parameters are concurrently optimised to 

achieve maximum efficiency of worm gearsets. While doing so, gearset load capacity is 

also given attention since this is also an important consideration in gear design.  

The design optimisation study is an extension of the efficiency sensitivity analysis 

in 3.2, in which only Gearset 2 (Appendix C) is analysed. Gearset 1, 3 and 4 (Table 3.5) 

are also evaluated in this extended study. The selection not only covers a range of gear 

sizes but also different gear ratios and operating speeds. A prior understanding of the 

terms permissible torque, bending stress and contact stress is necessary for this analysis, 

see 3.3.1-3.3.3. 

 

 Permissible Torque 

As per Table 3.1, columns G-K of the Appendix C efficiency and load capacity 

calculation spreadsheets are set up to calculate the permissible torque of worm gearsets 

using theory from BS 721 (British Standards Institution, 1983). Likewise, columns M-Q 

are based on AGMA theory (American Gear Manufacturers Association, 1992; Budynas 

and Nisbett, 2011). The permissible torque of a worm gearset is limited by consideration 

of contact stress and bending stress, which respectively affect wear and strength. 

Consequently, the capacity of a worm gearset to deliver torque is determined using 

calculations concerned with wear and strength.  
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As explained in 3.2.1, gear load capacity for strength is based on 𝑇𝑅 whereas load 

capacity for a desired wear life is based on 𝑻𝟐. Therefore, when designed to BS 721 

(British Standards Institution, 1983) worm gearsets must meet the following permissible 

torque criteria; 𝑀𝑤 > 𝑻𝟐 and 𝑀𝑠 > 𝑇𝑅 . The lower of the two values 𝑀𝑤 and 𝑀𝑠 should 

be selected as the wheel permissible torque limit.  

BS 721 (British Standards Institution, 1983) permissible torque calculations are 

based on worm gearing operating life of 26,000 hours. For any other life requirement, a 

method of conversion is suggested by the standard. In this case, the application requires 

wear life of 500,000 wheel revolutions. 𝑀𝑤  for each gearset is thus based on the 

equivalent running time for this number of revolutions. The permissible wheel torque for 

strength 𝑀𝑠 is based on 1 10⁄  of the equivalent running time.  

The diction in AGMA 6034-B92 (American Gear Manufacturers Association, 

1992) is allowable wheel torque 𝑇𝐺,𝑎𝑙𝑙  for which the calculation is based on a nominal 

service life of 25,000 hours. 

 

 Bending Stress 

Most load resisting components are designed to withstand a particular level of 

stress in the main body of the component. When this stress becomes exorbitant, excessive 

deflection, yielding and even fracture can occur. Stress associated with excessive 

deflection is termed bending stress. AGMA 6034-B92 (American Gear Manufacturers 

Association, 1992; Budynas and Nisbett, 2011) only considers bending stress in wheel 

teeth since worm teeth are inherently much stronger.  

 

 Contact Stress 

When two curved surfaces roll, or roll and slide against one another with sufficient 

force, there is shear stress in the contact zone which is largest just below the contact 

surface. This contact stress can be more significant than bending stress in certain cases. 

Examples of this, other than gear teeth, are the contact stress between a locomotive wheel 

and rail, and between a ball bearing and bearing race. The contact stresses are cyclic in 

nature.  

It is postulated that a surface fatigue failure is initiated by this maximum shear 

stress and then propagated rapidly to the surface. The lubricant then enters the crack that 

is formed and under pressure eventually expels material from the contact region (Budynas 

and Nisbett, 2011). The fact that contact stresses frequently lead to fatigue failure explains 
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why these stresses limit the load carrying capacity of gears. For this very reason, standards 

BS 721 (British Standards Institution, 1983) and AGMA 6034-B92 (American Gear 

Manufacturers Association, 1992) encourage consideration of contact stress as well as 

bending stress during gear design.  

 

 Benchmark Worm Gearset Efficiency and Load Capacity 

Benchmark calculations of efficiency and load capacity of four worm gearsets are 

performed. Key parameters for the calculations are listed in Table 3.5, extracted from 

Appendix C. Results in red are of most interest for comparing the different gearsets, and 

for comparison with optimised gearsets in 3.3.5.  

Gearsets 1 to 4 increase in physical size; value of 𝑐 gets larger (Table 3.5). 𝒗𝒈 

coincidentally increases despite the variation in 𝑈. Since the lubricant, worm and wheel 

materials, and method of manufacture are consistent regardless of size, the values of 𝑣40, 

𝑣100, 𝑌𝑊 and 𝑅𝑎1 do not change.  

𝜂𝑔𝑒𝑠1−2 < 𝜂𝑧1−2 in all cases due to other system losses. In comparison to 𝜂𝑧1−2, 

the AGMA 6034-B92 (American Gear Manufacturers Association, 1992) calculated 

gearing efficiency 𝜂𝐴𝐺𝑀𝐴  is much higher. This is due to differences in the coefficient of 

friction 𝜇 and 𝜇𝐴𝐺𝑀𝐴  reported by the two standards (Figure 3.3), as well as differences in 

the efficiency equations (6) and (7).  

 

𝜂𝑧1−2 = (
tan 𝛾𝑚1

tan(𝛾𝑚1 + tan−1 𝜇𝑧𝑚)
) 100 (6) 

𝜂𝐴𝐺𝑀𝐴 = (
cos 𝛼𝑛 − 𝜇𝐴𝐺𝑀𝐴 tan 𝛾𝑚1

cos 𝛼𝑛 + 𝜇𝐴𝐺𝑀𝐴 cot 𝛾𝑚1
) 100 (7) 

 

There is also difference between 𝑀26𝑘  and 𝑇𝐺,𝑎𝑙𝑙  as equations from the two 

standards differ. Equations are based on empirical data, and it is likely that British and 

American standard tests were not like-for-like. 𝑇𝐺,𝑎𝑙𝑙 > 𝑀26𝑘  for gearsets 1-3 and vice 

versa for gearset 4. 

The application requires operating life below 26,000 hours, therefore, permissible 

torques 𝑀𝑤 and 𝑀𝑠 exceed 𝑀26𝑘 . The gearsets comply with BS 721 (British Standards 

Institution, 1983) criteria stated in 3.3.1; 𝑀𝑤 > 𝑻𝟐 and 𝑀𝑠 > 𝑇𝑅. 

Owing to differing gear parameters, the wheel tooth bending stress 𝜎𝑎 does not 

increase with 𝑇𝑅.  
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Parameter Symbol Worm and wheel gearset 

1 2 3 4 

PD ISO/TR 14521  

Normal pressure angle  𝛼𝑛 20 20 20 20 

Centre distance 𝑐 41 60 75 108 

Gear ratio 𝑈 30 60 15 40 

No. of starts on worm 𝑧1 2 1 4 1 

Diameter factor 𝑞1 12.000 10.800 8.182 6.830 

Worm lead angle 𝛾𝑚1 9.46 5.29 26.05 8.33 

Axial module 𝑚𝑥1 1.143 1.700 2.200 4.610 

Worm speed 𝑛1 1440 1440 1440 1440 

Sliding velocity 𝒗𝒈 1.05 1.39 1.51 2.40 

Kinematic viscosity, 40°C 𝑣40 92 92 92 92 

Kinematic viscosity, 100°C 𝑣100 10 10 10 10 

Material factor 𝑌𝑊 1.10 1.10 1.10 1.10 

Arithmetic mean roughness 𝑅𝑎1 1.6 1.6 1.6 1.6 

Coefficient of friction 𝜇 0.0890 0.0715 0.0674 0.0510 

Mean tooth coefficient of friction 𝜇𝑧𝑚 0.2234 0.1491 0.1344 0.0744 

Rated torque of actuator 𝑇𝑅 34 203 366 847 

Through-travel output torque 𝑻𝟐 11.33 67.67 122.00 282.33 

Calculated gear efficiency 𝜂𝑧1−2 41 38 73 66 

Calculated gearbox efficiency 𝜂𝑔𝑒𝑠1−2 28 31 68 58 

BS 721 

Permissible torque, 26,000 hrs 𝑀26𝑘  29 88 151 556 

Permissible torque for wear 𝑀𝑤 83 238 440 1557 

Permissible torque for strength 𝑀𝑠 75 262 385 2743 

AGMA 6034-B92  

Calculated gearing efficiency 𝜂𝐴𝐺𝑀𝐴  78 69 91 82 

Wheel bending stress at 𝑇𝑅 𝜎𝑎 256 480 402 356 

Allowable torque, 25,000 hrs 𝑇𝐺,𝑎𝑙𝑙  51 119 194 517 

Table 3.5: Comparison of calculated benchmark efficiency and load capacity of four 

gearsets. 
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Figure 3.3: Coefficient of friction comparison between two different worm gearing 

standards. 

 

 Optimised Worm Gearset Efficiency and Load Capacity 

The outcome from 3.2.3 is that 𝛼𝑛, 𝑞1, 𝑚𝑥1 and 𝑅𝑎1 are the only worm gearing 

parameters that can be adjusted to influence efficiency. Microsoft® Solver, an add-in for 

Microsoft® Excel, can find the maximum possible value of 𝜂𝑧1−2 based on limits on the 

values of other cells. The objective is to maximise 𝜂𝑧1−2 without reducing the BS 721 

permissible torques 𝑀𝑤 and 𝑀𝑠. To achieve this, the parametric constraints listed in Table 

3.6 are applied.  

The resultant optimised gearsets are detailed in Table 3.7. Comparison with Table 

3.5 shows that 𝛼𝑛 increases to 30° for all gearsets, 𝑞1 and 𝜎𝑎 increase for gearset 3 only, 

changes in 𝑚𝑥1 are small, and 𝑅𝑎1 is reduced to 0.8 µm. The calculated efficiencies of 

benchmark and optimised gearsets are compared by Figure 3.4. There is increase of 𝜂𝑧1−2 

in all cases, but the same is not true for 𝜂𝐴𝐺𝑀𝐴 .  

The permissible wheel torques of benchmark and optimised gearsets are compared 

by Figure 3.5. Values of 𝑀26𝑘  are close to those of 𝑇𝐺,𝑎𝑙𝑙  despite being calculated from 

two different standards. Efficiency improvement in Figure 3.4 causes a slight increase of 

𝑀𝑤 in the optimised gearsets, but no change to 𝑀𝑠. To restate from 3.3.1, the lower of the 

two values 𝑀𝑤 and 𝑀𝑠 should be selected as the wheel permissible torque limit. Taking 

this into consideration, Figure 3.5 shows that design optimisation makes very little 

improvement on the maximum torque that can be delivered by these gearsets.  
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Parameter 

symbol 

Applied constraint Justification  

𝛼𝑛 20 ≤ 𝛼𝑛 ≤ 30 BS 721 (British Standards Institution, 1983) 

recommends 𝛼𝑛 = 20°  but up to 30° is 

possible according to Budynas and Nisbett 

(2011) 

𝑞1 6 ≤ 𝑞1 ≤ 12 Recommended by BS 721 

𝑚𝑥1 𝑚𝑚𝑖𝑛 ≤ 𝑚𝑥1 ≤ 𝑚𝑚𝑎𝑥 Recommended by BS 721 

𝑅𝑎1 0.8 ≤ 𝑅𝑎1 ≤ 1.6 It is assumed that modern manufacturing 

processes can achieve an improved surface 

finish of hobbed wheel teeth 

𝜂𝑧1−2 Maximum value Objective is to maximise 𝜂𝑧1−2 

𝑀𝑤 ≥ 𝑀𝑤 pre-optimisation Objective is to not reduce 𝑀𝑤 

𝑀𝑠 ≥ 𝑀𝑠 pre-optimisation Objective is to not reduce 𝑀𝑠 

Table 3.6: Parametric constraints applied for worm gearset design optimisation. 
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Parameter Symbol Worm and wheel gearset 

1 2 3 4 

PD ISO/TR 14521  

Normal pressure angle  𝛼𝑛 30 30 30 30 

Centre distance 𝑐 41 60 75 108 

Gear ratio 𝑈 30 60 15 40 

No. of starts on worm 𝑧1 2 1 4 1 

Diameter factor 𝑞1 8.677 6.891 9.369 6.000 

Worm lead angle 𝛾𝑚1 12.98 8.26 23.12 9.46 

Axial module 𝑚𝑥1 1.199 1.814 2.132 4.691 

Worm speed 𝑛1 1440 1440 1440 1440 

Sliding velocity 𝒗𝒈 0.81 0.95 1.64 2.15 

Kinematic viscosity, 40°C 𝑣40 92 92 92 92 

Kinematic viscosity, 100°C 𝑣100 10 10 10 10 

Material factor 𝑌𝑊 1.10 1.10 1.10 1.10 

Arithmetic mean roughness 𝑅𝑎1 0.8 0.8 0.8 0.8 

Coefficient of friction 𝜇 0.1114 0.0964 0.0638 0.0540 

Mean tooth coefficient of friction 𝜇𝑧𝑚 0.2239 0.1676 0.0924 0.0624 

Rated torque of actuator 𝑇𝑅 34 203 366 847 

Through-travel output torque 𝑻𝟐 11.33 67.67 122.00 282.33 

Calculated gear efficiency 𝜂𝑧1−2 48 45 79 72 

Calculated gearbox efficiency 𝜂𝑔𝑒𝑠1−2 31 36 73 63 

BS 721 

Permissible torque, 26,000 hrs 𝑀26𝑘  34 100 162 599 

Permissible torque for wear 𝑀𝑤 95 273 473 1677 

Permissible torque for strength 𝑀𝑠 75 262 385 2743 

AGMA 6034-B92  

Calculated gearing efficiency 𝜂𝐴𝐺𝑀𝐴  80 73 90 82 

Wheel bending stress at 𝑇𝑅 𝜎𝑎 230 400 424 346 

Allowable torque, 25,000 hrs 𝑇𝐺,𝑎𝑙𝑙  45 100 198 503 

Table 3.7: Comparison of optimised efficiency and load capacity of four gearsets. 



CHAPTER 3: WORM GEARING AND EFFICIENCY 

59 

 

Figure 3.4: Graphical comparison of benchmark vs. optimised 𝜂𝑧1−2 and 𝜂𝐴𝐺𝑀𝐴  of four 

gearsets. 

 

 

Figure 3.5: Graphical comparison of benchmark vs. optimised 𝑀26𝑘 , 𝑀𝑤, 𝑀𝑠 and 𝑇𝐺,𝑎𝑙𝑙  

of four gearsets. 
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(Table 3.5) 
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𝑀26𝑘   benchmark (Table 3.5) 

𝑀26𝑘   optimised   (Table 3.7) 

𝑀𝑤  benchmark  

𝑀𝑤  optimised 

𝑀𝑠  benchmark 

𝑀𝑠  optimised  

𝑇𝐺,𝑎𝑙𝑙  benchmark 

𝑇𝐺,𝑎𝑙𝑙   optimised 
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3.4. Chapter Discussion and Conclusions 

A worm gearing calculation spreadsheet has been created comprising efficiency 

and load capacity equations from three different standards. Initially, the calculation sheet 

has been utilised for an efficiency sensitivity analysis. The first part of this analysis has 

investigated the sensitivity of efficiency to the different means of friction reduction 

identified by literature review. Using estimated values of 𝜇 based on data from various 

previous studies, the analysis indicates that imposed vibration results in the best worm 

gearing efficiency improvement, outperforming use of synthetic oils, the addition of oil 

nanoparticles and use of coatings. This further supports the conclusion in section 2.7.4 

wherein research of friction reduction via imposed vibration is identified as a favourable 

research path.  

The second part of the sensitivity analysis has investigated the sensitivity of 

efficiency to changes in worm gearing parameters. The desire to maintain product space 

envelope and avoid major redesign of other system components narrows the number of 

optimisable gear design parameters to just four.   

Calculated benchmark efficiency and load capacity of four different gearsets have 

been compared with improved variants where the four adjustable gear design parameters 

have been concurrently optimised. While design optimisation adds 7% onto the efficiency 

𝜂𝑧1−2 benchmark (Figure 3.4), there is relatively small improvement to the load capacity 

of the gearsets (Figure 3.5). In Figure 3.1, an additional 7% to the efficiency 𝜂𝑧1−2 with 

mineral oil would put design optimisation at 𝜂𝑧1−2 = 45%, a relatively small efficiency 

improvement compared to the other friction reduction methods.  

Imposing vibration to reduce friction still stands as the most promising method of 

improving gear efficiency. Chapters 2 and 3 both indicate the need to delve deeper into 

this field of research, so in the next chapter deeper understanding of contact mechanics is 

developed via mathematical modelling. 
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4.1. Chapter Introduction 

Previous chapters have highlighted control of friction using vibration as a 

developing field. Each mode of vibration has different contact mechanics, and while this 

phenomenon is exploited in many applications, there is a knowledge gap for its viability 

in gears. The theoretical evaluation of the influence of vibration on worm gearing 

efficiency in chapter 3 indicates positive results. For deeper understanding of the 

mechanisms of friction reduction due to vibration an appreciation of recent mathematical 

models is necessary.  

To date the most comprehensive research into mathematically explaining friction 

reduction in presence of vibration has been conducted by Gutowski and Leus (2011; 2012; 

2015; 2020) for in-plane vibration. Models describing normal vibration have not 

developed to the same extent, however, finite element method where impact of surfaces 

can be simulated are potentially a way of achieving this. It is therefore necessary to first 

understand existing in-plane vibration models. Gutowski and Leus (2011; 2012; 2015) 

have developed two different mathematical models in Matlab Simulink® to calculate the 

friction force between contact surfaces subjected to vibration, one model for longitudinal 

mode and the other for transverse. A brief account of these models is given in this chapter, 

based on which a new single combined analytical model is developed to evaluate friction 

force reduction during any in-plane mode of vibration, beyond just longitudinal or 

transverse. The work in this chapter is thus an extension of sections 2.7.2 and 2.7.3. 

 

4.2. Friction Model for Longitudinal Vibration 

Longitudinal vibration can be modelled in a basic two-dimensional domain, 

depicted by Figure 2.5 and Figure 2.6; vibration 𝒙𝒃 of the base occurs parallel to the 

direction of sliding velocity �̇� of the body. Transverse vibration requires modelling in a 

three-dimensional domain. Longitudinal mode is thus the simplest place to start for 

comprehending current friction models for vibration. For further simplicity, Coulomb 

friction (Figure 2.5) is assumed initially, before progressing onto analytical modelling 

with Dahl friction (Figure 2.6).  
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 Analytical Model Comprising Coulomb Friction 

In Figure 2.5 a body slides at constant velocity �̇� over a base vibrating with 

sinusoidal displacement 𝒙𝒃. Uniformly distributed pressure 𝑝 is applied to the body. The 

values for �̇�, 𝑭𝑵, 𝜇 and 𝑓 are selected per Table 4.1, where 𝑭𝑵 is determined from:  

 

𝑝 = 42333 N/m2 

𝐴𝑟 = 1.2 ∙ 10
-3

 m2 

𝑭𝑵 = 𝑝𝐴𝑟 = 50.8 N. The body is assumed zero mass, thus has no contribution to 𝑭𝑵. 

 

The relative velocity is: 

𝒗𝒓 = �̇� − �̇�𝒃 = {
�̇� if �̇�𝒃 = 0, i.e. stationary base

𝒗𝒓 if �̇�𝒃 ≠ 0, i.e. vibrating base
 (8) 

 

Sinusoidal displacement 𝒙𝒃 of vibration is given by: 

𝒙𝒃 = {
𝑢𝑎 sin(𝜔𝑡) if 𝑡 ≥ 𝑡𝑣

0 if 𝑡 < 𝑡𝑣
 (9) 

 

where 𝑢𝑎 is the amplitude of the displacement of vibration, 𝜔 the angular frequency, and 

𝑡𝑣  the time at which vibration is activated. Equation (9) acts as a switch, activating 

vibration when 𝑡 ≥ 𝑡𝑣. The velocity �̇�𝒃 of sinusoidal motion is given by differentiating 

𝒙𝒃: 

�̇�𝒃 =
𝑑𝒙𝒃

𝑑𝑡
= {

𝑢𝑎𝜔 cos(𝜔𝑡) if 𝑡 ≥ 𝑡𝑣

0 if 𝑡 < 𝑡𝑣
 (10) 

 

The direction and thus the sign of 𝑭𝑪 is always opposite to the direction of 𝒗𝒓. 

If �̇�𝒃 > �̇�, then 𝒗𝒓 is negative, therefore 𝑭𝑪 is positive. 

If 0 ≤ �̇�𝒃 < �̇�, then 𝒗𝒓 is positive, therefore 𝑭𝑪 is negative. 

If �̇�𝒃 < 0, then 𝒗𝒓 is positive, therefore 𝑭𝑪 is negative. 

 

The following equation for Coulomb friction is the vector form of (2) which satisfies all 

the above three conditions: 

𝑭𝑪 = −𝜇𝑭𝑵sgn(𝒗𝒓)  (11) 
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The product 𝑢𝑎𝜔 is the amplitude 𝑣𝑎 of vibration velocity, hence: 

𝑣𝑎 = 𝑢𝑎𝜔 = 𝑢𝑎2𝜋𝑓 (12) 

 

If 𝑣𝑎 > �̇� then 𝑭𝑪 will repeatedly change sign during vibration. The drive force 𝑭𝒅  is 

equal and opposite to 𝑭𝑪, therefore: 

𝑭𝒅 = −𝑭𝑪 = 𝜇𝑭𝑵sgn(𝒗𝒓) (13) 

 

Since �̇�𝒃  and hence 𝒗𝒓  in accordance with (8) change during vibration, (13) 

determines 𝑭𝒅  at every time increment ∆𝑡 = 10
-6

 s . The Simulink® model for 

determining 𝑭𝒅 during longitudinal vibration using Coulomb friction per equations (8)-

(13) is shown in Figure 4.1. Green blocks indicate configurable input values for 

computation. The computation starts at 𝑡 = 0 s. The ‘Vibration Switch’ performs the ‘if’ 

function in (9), activating 𝒙𝒃 when 𝑡 ≥ 𝑡𝑣.  

 

 
Figure 4.1: Simulink® longitudinal vibration model using Coulomb friction. 

 

 Analytical Model Comprising Dahl Friction 

As described in 2.2.2, a more realistic approach is to use Dahl (1968; 1976) 

friction which includes contact compliance. Incremental friction force 𝑑𝑭 based on (3), 

and incremental displacement 𝑑𝒙 are described as follows: 

𝑑𝑭 = 𝑘𝑡𝑑𝒔 (14) 

𝑑𝒙 = �̇�𝑑𝑡 (15) 
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Substituting (14) and (15) into (4) gives: 

𝑘𝑡𝑑𝒔

�̇�𝑑𝑡
= 𝑘𝑡 [1 −

𝑘𝑡𝒔

𝜇𝑭𝑵
sgn(�̇�)]

𝑖

 

𝑑𝒔

𝑑𝑡
= �̇� [1 −

𝑘𝑡𝒔

𝜇𝑭𝑵
sgn(�̇�)]

𝑖

 

 

 

(16) 

  

(16) describes the relationship between the velocity of elastic deformation and the 

instantaneous velocity �̇� of the sliding body. �̇� can be treated as the relative velocity 𝒗𝒓. 

Therefore (16) can be written in a generalised form which considers both the non-

vibrating and vibrating cases: 

𝑑𝒔

𝑑𝑡
= �̇� = 𝒗𝒓 [1 −

𝑘𝑡𝒔

𝜇𝑭𝑵
sgn(𝒗𝒓)]

𝑖

 (17) 

  

 Gutowski and Leus (2011; 2012; 2015; 2020) have shown good agreement of 

analytical models with experimental results, as stated in 2.7.2 and 2.7.3. To maintain 

consistency with their work the value 𝑖 = 1 is used for all computations. The significance 

of this parameter is explained by Figure 2.7. At the point of breakaway, 𝑭𝑪 = 𝑭 and 

elastic deformation 𝒔 is at its maximum value 𝑠𝑚𝑎𝑥. 𝑘𝑡 can thus be calculated based on 

𝑠𝑚𝑎𝑥: 

𝑭𝑪 = 𝑭 

−𝜇𝑭𝑵sgn(𝒗𝒓) = −𝑘𝑡𝑠𝑚𝑎𝑥sgn(𝒗𝒓) 

𝑘𝑡 =
 𝜇𝑭𝑵

𝑠𝑚𝑎𝑥
 

 

 

(18) 

 

Longitudinal vibration is a one-dimensional problem in a two-dimensional 

domain; Figure 2.6, vibration 𝒙𝒃  acts parallel to the direction of 𝒗𝒅 , therefore, 

deformation 𝒔 of elastic asperity 𝑀𝑁 occurs in one dimension. In this case (17) can be 

readily used and its integration determines 𝒔 during each time increment ∆𝑡 = 10
-6

 s. The 

computed value of 𝒔 then solves (3). The Simulink® model for computing 𝑭𝒅  during 

longitudinal vibration using Dahl friction per equations (3), (8)-(10), (17) and (18) is 

shown in Figure 4.2. 
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Figure 4.2: Simulink® longitudinal vibration model using Dahl friction. 

 

 Analytical Simulations & Results 

Six longitudinal vibration Simulink® simulations are performed, listed in Table 

4.1. Simulations L1-Sim  and L2-Sim  are performed with the Coulomb friction-vibration 

model (Figure 4.1), with 𝑣𝑎 < �̇� and 𝑣𝑎 > �̇� respectively. 𝑠𝑚𝑎𝑥  is not applicable here 

since Coulomb friction has no contact compliance.  

The remaining simulations are performed with the Dahl friction-vibration model 

(Figure 4.2). 𝑣𝑎 < �̇�  applies for L3-Sim , and vice versa for L4-Sim  to L6-Sim . 𝑠𝑚𝑎𝑥  is 

increased from 10
-7

 to 10
-5

 m. 

 

Ref. �̇�  

(m/s) 

𝑭𝑵  

(N) 

𝝁 𝒇  

(Hz) 

𝒗𝒂 

(m/s) 

𝒔𝒎𝒂𝒙 

(m) 

Friction 

Model 

L1-Sim 

0.5 ∙ 10
-3

 50.8 0.1 200 

0.2 ∙ 10
-3

 - Coulomb 

(Figure 4.1) L2-Sim 1 ∙ 10
-3

 - 

L3-Sim 0.2 ∙ 10
-3

 10
-7

 Dahl  

(Figure 4.2) L4-Sim 1 ∙ 10
-3

 10
-7

 

L5-Sim 1 ∙ 10
-3

 10
-6

 

L6-Sim 1 ∙ 10
-3

 10
-5

 

Table 4.1: List of Simulink® basic longitudinal vibration simulations and input values. 
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In each simulation, the respective model is used to plot 𝑭𝒅 against time 𝑡. For 

condition 𝑣𝑎 < �̇�, results are presented in Figure 4.3. Under this condition vibration does 

not reduce 𝑭𝒅, regardless of whether Coulomb or Dahl friction is used. 

Periodic 𝑭𝒅  reduction due to longitudinal vibration only occurs when 𝑣𝑎 > �̇�, 

Figure 4.4. Under this condition Coulomb friction generates a square-wave of 𝑭𝒅; when 

𝒗𝒓 > 0, 𝑭𝒅 is positive and its magnitude equal to 𝑭𝑪, but when 𝒗𝒓 < 0 the sign of 𝑭𝒅 is 

reversed. By introducing Dahl friction, periodic changes in 𝑭𝒅 are described by a smooth 

wave since relative motion at the contact affects the instantaneous magnitude of 𝒔, and 

consequently 𝑭𝒅. Increasing 𝑠𝑚𝑎𝑥 from 10
-7

 to 10
-5

 decreases the extent of periodic 𝑭𝒅 

reduction until eventually a change in sign of the force vector does not occur. The results 

agree with the work of Gutowski and Leus (2011), who also concluded that under 

longitudinal vibration the condition 𝑣𝑎 > �̇� must be satisfied for friction reduction to 

occur. 

 

 

 

Figure 4.3: Simulink® longitudinal vibration results, 𝑣𝑎 < �̇�. 
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Figure 4.4: Simulink® longitudinal vibration results, 𝑣𝑎 > �̇�. 

 

4.3. Friction Model for Longitudinal Vibration with Drive 

Compliance 

Figure 4.5 shows the test rig developed by Gutowski and Leus (2012) to 

investigate the influence of longitudinal vibration on friction force. It comprises a body 

pulled over a base by a driver travelling at constant velocity. During body sliding motion, 

activation of the exciter makes the base vibrate, while changes in drive force are registered 

by a ring dynamometer.   

To achieve agreement with experimental results Gutowski and Leus (2012) have 

established that friction models for vibration, while considering compliance of the contact 

zone (4.2.2), must also include compliance of the mechanical drive system. The driver 

and dynamometer (Figure 4.5) are elements of the drive system that introduce structural 

stiffness and damping. Exclusion of these system characteristics, as is the case in Figure 

2.6, causes inaccuracy of simulation results. Therefore, development of Figure 2.6 to 

Figure 4.6 more accurately represents the experimental setup of Gutowski and Leus 

(2012).  
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Figure 4.5: Photo of experimental rig developed by Gutowski and Leus (2012) for 

longitudinal vibration investigation. 1: body, 2: base, 3: vibration exciter, 4: ring 

dynamometer, 5: fixed foundation, 6: constant velocity driver, 7-9: accelerometers. 

 

Structural stiffness 𝑘𝑑  (Figure 4.6) is known and zero structural damping is 

assumed, hence ℎ𝑑 = 0. Movement of body mass 𝑚 over the vibrating base is imposed 

by constant drive velocity 𝒗𝒅  applied at point 𝐵 , while a proportion of sinusoidal 

vibration applied to the base is also transferred to the body, corresponding to an 

instantaneous external drive force 𝑭𝒅 . �̇�  is thus no longer a constant velocity. 𝑭𝒅  is 

transferred to point 𝐴 of the sliding body via the drive system. 

 

 

Figure 4.6: Extension of Figure 2.6 to represent the longitudinal vibration experimental 

setup of Gutowski and Leus (2012). Structural stiffness 𝑘𝑑 and damping ℎ𝑑 due to the 

drive system are also now included.  
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The derivation and experimental verification of the longitudinal vibration model 

which includes drive compliance is detailed by Gutowski and Leus (2012). The key 

equations are included here for reference later in this thesis. The equation describing the 

body’s motion along the 𝑋 axis is: 

𝑚�̈� = 𝑭𝒅 − 𝑭 (19) 

 

Since the sliding body also receives a proportion of vibration from the base, the 

distance between points 𝐴 and 𝐵 continually changes. Therefore, 𝑭𝒅 is a function of the 

variable elastic deformation of the mechanical drive’s components. Assuming the drive 

system has linear elastic characteristic, 𝑭𝒅 is calculated by: 

𝑭𝒅 = 𝑘𝑑[𝒙𝑩 − 𝒙𝑨] 

= 𝑘𝑑[𝒗𝒅𝑡 − 𝒙] 

 

(20) 

 

Substituting (20) and (3) into (19) gives: 

𝑚�̈� = 𝑘𝑑[𝒗𝒅𝑡 − 𝒙] − 𝑘𝑡𝒔 (21) 

 

The Simulink® model proposed by Gutowski and Leus (2012) which incorporates 

(3), (8)-(10), (17), (18) and (21) to include compliance of the drive system is shown in 

Figure 4.7.  

 

 

Figure 4.7: Simulink® longitudinal vibration model incorporating Dahl friction and 

drive compliance, based on Gutowski and Leus (2012). 
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 Determination of Mechanical Drive Stiffness 

Stiffness 𝑘𝑑  of the mechanical drive system is not explicitly specified by 

Gutowski and Leus (2012), however, it can be calculated from the graphical information 

provided by the authors (Figure 4.8). The right-hand side of Figure 4.8 brings the 

notations in line with those used in this thesis.  

 

 

 

Alignment of 

Notations 

Graphs 

(left) 

This 

thesis 

𝒙𝑨 𝒙 

𝒗𝒅 𝒗𝒅 

𝒗𝒓 𝒗𝒓 

𝒗𝑨 �̇� 

𝒗𝒗 �̇�𝒃 

𝑭𝑭 𝑭 
 

Figure 4.8: Simulink® longitudinal vibration results by Gutowski and Leus (2012) at 

𝑓 = 4000 Hz, 𝑣𝑎 = 3 ∙ 10
-3

 m/s > 𝒗𝒅 = 0.5 ∙ 10
-3

 m/s. 

 

Data acquired from Figure 4.8 using a graph digitiser: 

At 𝑡 = 1.500001386 s, �̇� = 0.1833 ∙ 10
-3

 m/s   

At 𝑡 = 1.500006410 s, �̇� = 0.2234 ∙ 10
-3

 m/s, 𝒙 = 0.749175 ∙ 10
-3

 m, 𝑭 = −3.91128 N
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Data given by Gutowski and Leus (2012): 

𝑚 = 0.5 kg 

𝒗𝒅 = 0.5 ∙ 10
-3

 m/s 

 

Substituting into (21) gives: 

0.5 (
∆�̇�

∆𝑡
) = 𝑘𝑑[(0.5 ∙ 10

-3 ∙ 1.500006410) − 0.749175 ∙ 10
-3] − 𝑭 

𝑘𝑑 =
0.5 (

∆�̇�
∆𝑡) + 𝑭

(0.5 ∙ 10-3 ∙ 1.500006410) − 0.749175 ∙ 10-3
 

=

0.5 (
(0.2234 − 0.1833)10

-3

1.500006410 − 1.500001386
) − 3.91128

(0.5 ∙ 10-3 ∙ 1.500006410) − 0.749175 ∙ 10-3
 

= 96068 N/m 

 

This value of 𝑘𝑑 is used throughout. Results of the pre-existing friction model for 

longitudinal vibration (Figure 4.7) are presented in 4.5.4. An understanding of the more 

complicated transverse vibration friction model proposed by Gutowski and Leus (2015) 

is given in the following section. Knowledge of both models is necessary to develop the 

new model in 4.5. 

 

4.4. Friction Model for Transverse Vibration with Drive 

Compliance 

Transverse vibration is a two-dimensional problem in a three-dimensional domain, 

Figure 4.9. Vibration 𝒚𝒃 acts perpendicular to the direction of 𝒗𝒅, therefore, deformation 

𝒔 of elastic asperity 𝑀𝑁 now occurs on the two-dimensional plane of sliding 𝑋𝑌. (17) can 

no longer be used readily like it is for longitudinal vibration. 

A mathematical model for computing 𝑭 and 𝑭𝒅 during transverse vibration exists. 

The intention is not to give a full account of the model here as it is already detailed by 

Gutowski and Leus (2015). Only the key relationships are extracted since this model will 

be further developed in 4.5. The transverse vibration model is more complex than the 

longitudinal since the trajectory of motion of the body sliding over the vibrating base is a 

superposition of two motions; the first caused by 𝑭𝒅, and the second by the transfer of 
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transverse motion 𝒚𝒃 from the base to the sliding body. 𝑁′ is the projection of 𝑁 on the 

𝑋𝑌 plane (Figure 4.9).  

 

 

Figure 4.9: Schematic of transverse vibration experimental setup of Gutowski and Leus 

(2015). Similar to Figure 4.6 except vibrating motion 𝒚𝒃 acts perpendicular to the 

direction of 𝒗𝒅, causing change in magnitude and direction 𝜷 of elastic deformation 𝒔.  

 

 

Figure 4.10: Instantaneous forces acting on sliding body (Gutowski and Leus, 2015). 

Friction force 𝑭 is sub-divided into two components, one parallel (𝑭𝒙) and one 

perpendicular (𝑭𝒚) to the direction of 𝑭𝒅. 
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Figure 4.11: Changes in magnitude and direction of elastic deformation 𝒔 at consecutive 

phases of motion (Gutowski and Leus, 2015).  

 

During a consecutive time increment ∆𝑡, Figure 4.11 illustrates how 𝑀 and 𝑁′ 

change their relative positions. Consequently, 𝒔 undergoes change in its magnitude and 

direction from 𝒔(𝑡) at the beginning of the first time increment to 𝒔𝟏(𝑡 + ∆𝑡) at the end 

of the increment. In the subsequent time increment, further change in relative positions 

of 𝑀 and 𝑁′ causes further change in magnitude and direction of elastic deformation 

from 𝒔𝟏(𝑡 + ∆𝑡) to 𝒔𝟐(𝑡 + 2∆𝑡), and so forth. During any time increment endpoints 𝑀 

and 𝑁′ change positions simultaneously, but from a mathematical standpoint this motion 

can only be described by computing the effect of each end point in turn. Therefore, the 

change in elastic deformation during each time increment is separated into two phases. In 

the first phase the intermediate deformation 𝒔′ is analysed as a result of 𝑁′ moving to 

position 𝑁1
′. In the second phase the final deformation 𝒔𝟏 is analysed as a result of 𝑀 

moving to position 𝑀1.  

 

Coordinates of 𝑀 and 𝑁′ at the start of the increment are: 

𝑀(𝑡) = [𝑀𝑥(𝑡),  𝑀𝑦(𝑡)] 

𝑁′(𝑡) = [𝑁𝑥
′(𝑡),  𝑁𝑦

′(𝑡)] 

(22) 

(23) 

 

and at the end of the increment: 

𝑀(𝑡 + ∆𝑡) = 𝑀1 = [𝑀1𝑥 ,  𝑀1𝑦] 

𝑁′(𝑡 + ∆𝑡) = 𝑁1
′ = [𝑁1𝑥

′ ,  𝑁1𝑦
′ ] = [𝒙, 𝒚] 

(24) 

(25) 

 

b 

 

b 

 

b 

 

∆ 
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𝒔(𝑡) is determined from initial coordinates (22) and (23): 

𝒔(𝑡) = √[𝑁𝑥
′(𝑡) − 𝑀𝑥(𝑡)]2 + [𝑀𝑦(𝑡) − 𝑁𝑦

′(𝑡)]
2
 (26) 

 

Due to superposition of motions caused by 𝑭𝒅 and 𝒚𝒃 (Figure 4.9), two equations 

of motion apply concurrently: 

𝑚�̈� = 𝑭𝒅 − 𝑭𝒙 

𝑚�̈� = 𝑭𝒚 

(27) 

(28) 

 

where 𝑭𝒙 and 𝑭𝒚 are components of 𝑭 (Figure 4.10), and 𝑭𝒅 is still computed by (20). In 

the first phase of motion the intermediate elastic deformation 𝒔′ is given by: 

𝒔′ = 𝒔 + ∆𝒔 

= 𝒔 + 𝒗𝒓𝟏 [1 −
𝑘𝑡𝒔

𝜇𝑭𝑵
sgn(𝒗𝒓𝟏)]

𝑖

∆𝑡 

 

(29) 

 

where 𝒗𝒓𝟏 is the relative velocity associated with the first phase of motion. Direction of 

𝒗𝒓𝟏 in relation to axis 𝑋 is determined by angle 𝜶 (Figure 4.11). Within the same time 

increment ∆𝑡, in the second phase of motion, the base undergoes transverse vibration 

(Figure 4.9-Figure 4.11) imposed by: 

𝒚𝒃 = {
𝑢𝑎 sin(𝜔𝑡) if 𝑡 ≥ 𝑡𝑣

0 if 𝑡 < 𝑡𝑣
 (30) 

�̇�𝒃 =
𝑑𝒚𝒃

𝑑𝑡
= {

𝑢𝑎𝜔 cos(𝜔𝑡) if 𝑡 ≥ 𝑡𝑣

0 if 𝑡 < 𝑡𝑣
 (31) 

 

Note the similarity of (30) and (31) with (9) and (10). In the second phase of 

motion ∆𝒚𝒃  of transverse vibration is only partially transferred to endpoint 𝑀  of the 

lumped elastic asperity. Therefore, displacement 𝑴𝟏
′ 𝑴𝟏

′′̅̅ ̅̅ ̅̅ ̅̅ ̅  (Figure 4.11) is only a 

proportion of the transverse vibration displacement ∆𝒚𝒃 = 𝑬𝑭̅̅ ̅̅ . This proportion is defined 

by the transverse vibration transfer coefficient 𝜂𝑦 , hence:  

𝑴𝟏
′ 𝑴𝟏

′′̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝜂𝑦∆𝒚𝒃 (32) 

 

The consequence of this is a further change of elastic asperity deformation from 

an intermediate 𝒔′ to final magnitude 𝒔𝟏: 
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𝒔𝟏 = 𝒔′ + ∆𝒔′ 

= 𝒔′ + 𝒗𝒓𝟐 [1 −
𝑘𝑡𝒔

′

𝜇𝑭𝑵
sgn(𝒗𝒓𝟐)]

𝑖

∆𝑡 

 

(33) 

 

where 𝒗𝒓𝟐 is the relative velocity associated with the second phase of motion. Direction 

of 𝒗𝒓𝟐 in relation to axis 𝑋 is determined by angle 𝜷 (Figure 4.11).  

Knowing the magnitude of 𝒔𝟏 and its direction determined by angle 𝜷, as well as 

the coordinates [𝒙,𝒚] of point 𝑁1
′, it is possible to determine the coordinates of point 𝑀1 

at which the endpoint 𝑀 is placed after lapse of ∆𝑡: 

𝑀1𝑥 = 𝑀𝑥(𝑡 + ∆𝑡) = 𝒙 − 𝒔𝟏 cos 𝜷 (34) 

𝑀1𝑦 = 𝑀𝑦(𝑡 + ∆𝑡) = 𝒚 + 𝒔𝟏 sin 𝜷 (35) 

 

Friction force components 𝑭𝒙 and 𝑭𝒚 are based on Dahl friction (3): 

𝑭𝒙(𝑡 + ∆𝑡) = 𝑘𝑡𝒔𝟏(𝑡 + ∆𝑡) cos 𝜷 (36) 

𝑭𝒚(𝑡 + ∆𝑡) = 𝑘𝑡𝒔𝟏(𝑡 + ∆𝑡) sin 𝜷 (37) 

 

𝑀1𝑥 and 𝑀1𝑦 computed at the end of interval ∆𝑡 are then substituted into (22) as 

𝑀𝑥(𝑡)  and 𝑀𝑦(𝑡)  at the start of the next time interval 2∆𝑡 . Likewise, 𝒙  and 𝒚  are 

substituted into (23) as 𝑁𝑥
′(𝑡) and 𝑁𝑦

′(𝑡).  

At consecutive intervals (3∆𝑡, 4∆𝑡, … , 𝑛∆𝑡) the cycle of equations (22)-(37) is 

repeated. Figure 4.12 is the Simulink® model for this computation. The transverse 

vibration transfer coefficient value 𝜂𝑦 = 0.71 gives best alignment of the model to results 

of experiments performed under the conditions 𝑓 = 3000 Hz , 𝑭𝑵 = 50.08 N , 𝑘𝑡 =

67.29 ∙ 10
6
 N/m2 and 𝒗𝒅 in the range 0.0001-0.0033 m/s (Gutowski and Leus, 2015). 

Results of the pre-existing friction model for transverse vibration (Figure 4.12) 

are presented in 4.5.5. With knowledge of the pre-existing friction models for longitudinal 

and transverse vibration (4.3 and 4.4), it is possible to combine the two into a newly 

developed friction model for coupled longitudinal-transverse vibration in 4.5. This makes 

it possible to evaluate friction force reduction during any in-plane mode of vibration, 

beyond just longitudinal or transverse. 
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Figure 4.12: Simulink® transverse vibration model incorporating Dahl friction and drive compliance, based on Gutowski and Leus (2015). 
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4.5. Friction Model for Coupled Longitudinal-Transverse 

Vibration 

Previous sections of this chapter have described the development of pre-existing 

friction models for longitudinal (4.3) and transverse vibration (4.4). Computation for 

either longitudinal or transverse vibration requires use of separate analytical models for 

each mode. This section presents the development of these pre-existing models by 

combining them into a single analytical model to compute 𝑭𝒙 , 𝑭𝒚  and 𝑭𝒅  during 

longitudinal, transverse and coupled longitudinal-transverse vibration. Previous models 

4.3 and 4.4 are used as basis for validating the new model. Publications regarding the new 

model and its validation (Udaykant Jadav, Amali and Adetoro, 2018a; 2018b) are 

included in Appendix A and Appendix B. 

In the following work (Udaykant Jadav, Amali and Adetoro, 2018a) it is shown 

that the friction model for transverse vibration (4.4) can be extended for use in any mode 

of in-plane vibration. An extension of Figure 4.9 is Figure 4.13, wherein vibration is 

coupled such that longitudinal and transverse components 𝒙𝒃 and 𝒚𝒃 act simultaneously 

and in phase. Figure 4.10 still applies for instantaneous forces acting on the sliding body.  

 

 

Figure 4.13: Schematic of coupled longitudinal-transverse vibration. Combination of 

Figure 4.6 and Figure 4.9 such that vibrating motions 𝒙𝒃 and 𝒚𝒃 act simultaneously and 

in phase. 
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The coupled motion is mathematically equivalent to applying vibration along an 

axis that is at an arbitrary angle 𝜽 relative to the direction of sliding, Figure 4.14. 𝜽 thus 

describes the mode of in-plane vibration.  

 

 

Figure 4.14: Instantaneous displacement vector of base vibrating along an axis at angle 

𝜽, separated into components 𝒙𝒃 and 𝒚𝒃. 

 

The trajectory of motion of the body sliding over the vibrating base is a 

superposition of three motions; the first caused by 𝑭𝒅, the second by 𝒚𝒃, and the third by 

𝒙𝒃. All three of these motions influence the magnitude and direction of 𝒔. 

The new coupled model follows formulation described by the sequence of 

equations henceforth. For clarity, boxed symbols indicate state-dependant variables; their 

value calculated in the previous time increment is stored for use in the current time 

increment.  

In similarity to 4.4, during a time increment ∆𝑡, 𝑀 and 𝑁′ (Figure 4.15) change 

their relative positions thus 𝒔 undergoes a change in its magnitude and direction from 

𝒔(𝑡) at the beginning of the time increment to 𝒔𝟏(𝑡 + ∆𝑡) at the end of the increment. 

Coordinates of 𝑀 and 𝑁′, and magnitude of 𝒔(𝑡) at the start of the increment are given 

by: 

𝑀(𝑡) = [𝑀𝑥(𝑡),  𝑀𝑦(𝑡)] = [ 𝑀1𝑥 , 𝑀1𝑦 ] (38) 

𝑁′(𝑡) = [𝑁𝑥
′(𝑡),  𝑁𝑦

′(𝑡)] = [ 𝑁1𝑥
′ , 𝑁1𝑦

′ ] = [ 𝒙 , 𝒚 ] (39) 

𝒔(𝑡) = 𝒔𝟏  (40) 

 

and at the end of the increment by (24) and (25).  

During ∆𝑡, 𝑀 and 𝑁′ change their relative positions (Figure 4.15). This change is 

separated into two phases. In the first phase the intermediate deformation 𝒔′ is analysed 

as a result of motion of point 𝑁′ to 𝑁1
′. In the second phase the final deformation 𝒔𝟏 is 
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analysed as a result of motion of point 𝑀′1 to 𝑀′2. The displacement from 𝑀′1 to 𝑀′2 is 

described by components 𝑴′𝟏𝑴𝒙
′𝟐̅̅ ̅̅ ̅̅ ̅̅ ̅̅  and 𝑴′𝟏𝑴𝒚

′𝟐̅̅ ̅̅ ̅̅ ̅̅ ̅̅ .  

 

 
Figure 4.15. Change in magnitude and direction of deformation from 𝒔 to 𝒔𝟏 during a 

time increment ∆𝑡, due to incremental coupled base displacements ∆𝒙𝒃 and ∆𝒚𝒃 during 

sliding motion. 

 

Since 𝑁 is rigidly connected with the sliding body (Figure 4.13), its coordinates 

[𝒙, 𝒚] in the 𝑋𝑌 plane can be described by manipulating (27) and (28): 

𝑚�̈� = 𝑭𝒅 − 𝑭𝒙  

∆𝒙 = ∬
𝑭𝒅 − 𝑭𝒙

𝑚
𝑑𝑡𝑑𝑡 − ∬

𝑭𝒅 − 𝑭𝒙

𝑚
𝑑𝑡𝑑𝑡  (41) 

𝒙 = ∆𝒙 − ∆𝒙𝒃 + 𝒙  (42) 

 

𝑚�̈� = 𝑭𝒚 

𝒚 = ∬
𝑭𝒚

𝑚
𝑑𝑡𝑑𝑡 

 

(43) 

 

where 𝑭𝒅, 𝑭𝒙, 𝑭𝒚  and ∆𝒙𝒃 are determined by (20), (36), (37) and (53) respectively. In 

(20), 𝒙 is now determined by (42). 

 

 First Phase of Motion 

In the first phase of motion, during a consecutive time interval ∆𝑡, displacement 

of the sliding body moves point 𝑁′ to 𝑁1
′ (Figure 4.15). At the same instance, 𝑀 moves 
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along the path 𝑴𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅  to position 𝑀′1 . Consequently, deformation 𝒔  changes to an 

intermediate 𝒔′  with a new magnitude and direction. Instantaneous direction of this 

deformation is determined by angle 𝜶, whilst the change in its magnitude by an increment 

∆𝒔, evaluated using (17). Therefore, the magnitude of deformation 𝒔′ after this first phase 

of motion is calculated by: 

𝒔′ = 𝒔 + ∆𝒔 

= 𝒔𝟏 + 𝒗𝒓𝟏 [1 −
𝑘𝑡 𝒔𝟏

𝜇𝑭𝑵
sgn(𝒗𝒓𝟏)]

𝑖

∆𝑡 

 

(44) 

 

Relative velocity 𝒗𝒓𝟏 along the line of action of the lumped elastic asperity is 

determined by: 

𝒗𝒓𝟏 =
𝑴𝑵𝟏

′̅̅ ̅̅ ̅̅ ̅ − 𝑴𝑵′̅̅ ̅̅ ̅̅

∆𝑡
=

𝑴𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅ − 𝒔

∆𝑡
=

𝑴𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅ − 𝒔𝟏

∆𝑡
 (45) 

 

where:  

𝑴𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅ = √[𝑁1𝑥

′ − 𝑀𝑥(𝑡)]2 + [𝑀𝑦(𝑡) − 𝑁1𝑦
′ ]

2
 

= √[𝒙 − 𝑀1𝑥 ]
2

+ [ 𝑀1𝑦 − 𝒚]
2

 

 

 

(46) 

 

Direction of 𝒗𝒓𝟏  in relation to axis 𝑋  is determined by angle 𝜶  (Figure 4.15) 

where: 

sin 𝜶 = {

𝑀1𝑦 − 𝒚

𝑴𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅ if 𝑡 > 𝑡𝑣

0 if 𝑡 ≤ 𝑡𝑣

 (47) 

cos 𝜶 = {

𝒙 − 𝑀1𝑥

𝑴𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅ if 𝑡 > 𝑡𝑣

1 if 𝑡 ≤ 𝑡𝑣

 (48) 

 

The ‘if’ conditions in (47) and (48) are necessary to avoid errors in the formulation 

when dividing by 𝑴𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅ = 0.  

 

 

 

 



CHAPTER 4: ANALYTICAL FRICTION MODEL WITH VIBRATION 

82 

 Second Phase of Motion 

Within the same time increment ∆𝑡, in the second phase of motion, in accordance 

with Figure 4.14, the base undergoes coupled longitudinal-transverse vibration such that 

the longitudinal component 𝒙𝒃 and transverse component 𝒚𝒃 act simultaneously and in 

phase. The instantaneous displacement 𝒖 of this oscillation along the axis of vibration is 

given by: 

𝒖 = {
𝑢𝑎 sin 𝜔𝑡 if 𝑡 ≥ 𝑡𝑣

0 if 𝑡 < 𝑡𝑣
 (49) 

 

Displacement components 𝒙𝒃 and 𝒚𝒃 (Figure 4.14) are thus given by: 

𝒙𝒃 = 𝒖 cos 𝜽 (50) 

𝒚𝒃 = 𝒖 sin 𝜽 (51) 

 

and the instantaneous velocity 𝒗 of this oscillation along the axis of vibration is given by: 

𝒗 = {
𝑢𝑎𝜔 cos 𝜔𝑡 if 𝑡 ≥ 𝑡𝑣

0 if 𝑡 < 𝑡𝑣
 (52) 

 

where 𝑢𝑎𝜔 = 𝑣𝑎  as per (12).  

In longitudinal vibration where 𝜽  is 0° or 180° (Figure 4.14), 𝒙𝒃  repeatedly 

changes direction while 𝒚𝒃 remains zero. In transverse vibration where 𝜽 is 90° or 270°, 

𝒚𝒃 repeatedly changes direction while 𝒙𝒃 remains zero. During any other vibration mode, 

the direction of both 𝒙𝒃 and 𝒚𝒃 will change. 

After the lapse of ∆𝑡, the base incremental displacements ∆𝒙𝒃 and ∆𝒚𝒃 (Figure 

4.15) are: 

∆𝒙𝒃 = 𝒙𝒃 − 𝒙𝒃  (53) 

∆𝒚𝒃 = 𝒚𝒃 − 𝒚𝒃  (54) 

 

 The effect of incremental displacement ∆𝒙𝒃 is described by (42), whereas the 

effect of ∆𝒚𝒃 by (55). As per the transverse vibration model in 4.4 (Gutowski and Leus, 

2015), ∆𝒚𝒃  is only partially transferred to endpoint 𝑀 , therefore, the displacement 

𝑴′𝟏𝑴𝒚
′𝟐̅̅ ̅̅ ̅̅ ̅̅ ̅̅  of point 𝑀′1 comprises only a part of the incremental displacement ∆𝒚𝒃 of the 

base: 

𝑴′𝟏𝑴𝒚
′𝟐̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝜂𝑦∆𝒚𝒃 (55) 
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where 𝜂𝑦  is the transverse vibration transfer coefficient from 4.4 introduced by 

Gutowski and Leus (2015). Consequently, in this second phase of motion, intermediate 

deformation 𝒔′ changes to final magnitude 𝒔𝟏. Instantaneous direction of this deformation 

is determined by angle 𝜷  (Figure 4.15), whilst the change in its magnitude by an 

increment ∆𝒔′. In similarity with the previous phase (4.5.1), ∆𝒔′ can be evaluated using 

(17). Therefore, the final magnitude 𝒔𝟏 after this second phase of motion is calculated by 

(33), in which relative velocity 𝒗𝒓𝟐 along the new line of action of the lumped elastic 

asperity is determined by: 

𝒗𝒓𝟐 =
𝑵𝟏

′ 𝑴′𝟐̅̅ ̅̅ ̅̅ ̅̅ ̅ − 𝑵𝟏
′ 𝑴′𝟏̅̅ ̅̅ ̅̅ ̅̅ ̅

∆𝑡
=

𝑵𝟏
′ 𝑴′𝟐̅̅ ̅̅ ̅̅ ̅̅ ̅ − 𝒔′

∆𝑡
 (56) 

 

where:  

𝑵𝟏
′ 𝑴′𝟐̅̅ ̅̅ ̅̅ ̅̅ ̅ = √[𝒔′ cos 𝜶]2 + [𝒔′ sin 𝜶 + 𝑴′𝟏𝑴𝒚

′𝟐̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ]
2
 

= √[𝒔′ cos 𝜶]2 + [𝒔′ sin 𝜶 + 𝜂𝑦∆𝒚𝒃]
2
 

 

 

(57) 

 

Direction of 𝒗𝒓𝟐  in relation to axis 𝑋  is determined by angle 𝜷  (Figure 4.15) 

where: 

sin 𝜷 = {

𝒔′ sin 𝜶 + 𝜂𝑦∆𝒚𝒃

𝑵𝟏
′ 𝑴′𝟐̅̅ ̅̅ ̅̅ ̅̅ ̅ if 𝑡 > 𝑡𝑣

0 if 𝑡 ≤ 𝑡𝑣

 (58) 

cos 𝜷 = {

𝒔′ cos 𝜶

𝑵𝟏
′ 𝑴′𝟐̅̅ ̅̅ ̅̅ ̅̅ ̅ if 𝑡 > 𝑡𝑣

1 if 𝑡 ≤ 𝑡𝑣

 (59) 

 

The ‘if’ conditions in (58) and (59) are necessary to avoid errors in the formulation 

when dividing by 𝑵𝟏
′ 𝑴′𝟐̅̅ ̅̅ ̅̅ ̅̅ ̅ = 0. The coordinates of point 𝑀1  after lapse of ∆𝑡 are then 

determined by (34) and (35), and friction components 𝑭𝒙 and 𝑭𝒚 by (36) and (37). 

 

 Consecutive Time Increments 

The values of state-dependant variables listed in Table 4.2 computed during ∆𝑡 

are carried forward to the next consecutive time increment 2∆𝑡 . At consecutive 

increments (3∆𝑡, 4∆𝑡,…, 𝑛∆𝑡) the sequence of equations (38)-(59),  including (20) and 

(33)-(37), is repeated. The Simulink® friction model for coupled longitudinal-transverse 
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vibration based on these equations is shown in Figure 4.16. Blue blocks indicate 

additional operations and differences compared to the pre-existing transverse model 

(Figure 4.12) proposed by Gutowski and Leus (2015). Green blocks, as with previous 

schematics, indicate configurable input values for the computation.  

 

State-dependant 

variable 

Computed 

during ∆𝒕 by 

Carried forward to 2∆𝒕 for use as 

∬
𝑭𝒅 − 𝑭𝒙

𝑚
𝑑𝑡𝑑𝑡 (41) ∬

𝑭𝒅 − 𝑭𝒙

𝑚
𝑑𝑡𝑑𝑡  in (41) 

𝒙 (42) 𝒙  in (39) and (42) 

𝒚 (43) 𝒚  in (39) 

𝒙𝒃 (50) 𝒙𝒃  in (53) 

𝒚𝒃 (51) 𝒚𝒃  in (54) 

∆𝒙𝒃 (53) ∆𝒙𝒃  in (42) 

𝒔𝟏 (33) 𝒔𝟏  in (40), (44) and (45) 

𝑀1𝑥 (34) 𝑀1𝑥  in (38), (46) and (48) 

𝑀1𝑦 (35) 𝑀1𝑦  in (38), (46) and (47) 

Table 4.2: State-dependant variables for coupled vibration model of friction. 

 

The Simulink® coupled vibration model, Figure 4.16, is executed in longitudinal 

mode (see 4.5.4), followed by transverse (see 4.5.5), then coupled modes (see 4.5.6). 

Longitudinal and transverse results are validated against those from pre-existing models, 

Figure 4.7 and Figure 4.12, which themselves are already verified against experimental 

data (Gutowski and Leus, 2012; Gutowski and Leus, 2015). Results presented in sections 

4.5.4-4.5.6 have been published in a journal article, Appendix A (Udaykant Jadav, Amali 

and Adetoro, 2018a). 
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Figure 4.16: Simulink® friction model of coupled vibration incorporating Dahl friction and drive compliance.
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 Model Validation for Longitudinal Mode 

The pre-existing longitudinal model (Figure 4.7) and the coupled model (Figure 

4.16) have been executed with identical input values, listed in Table 4.3. 𝜂𝑦 , 𝜽 and ∆𝑡 are 

only applicable to the coupled model. Since 𝒚𝒃 in (51) remains zero at 𝜽 = 0° or 180°, 

𝑴′𝟏𝑴𝒚
′𝟐̅̅ ̅̅ ̅̅ ̅̅ ̅̅  given by (55) also remains zero, therefore, 𝜂𝑦  has no influence on longitudinal 

vibration results. The value of 𝑘𝑑 has been determined in 4.3.1. The magnitude 𝑠𝑚𝑎𝑥 is 

selected using (18) such that 𝑘𝑡 = 80 ∙ 10
6
 N/m. The total simulation time of 1 s has been 

used. 

 

Parameter Input value for 

pre-existing model 

Input value for 

new coupled model 

𝒗𝒅 0.5 ∙ 10
-3

 m/s 0.5 ∙ 10
-3

 m/s 

𝑘𝑑 96068 N/m  96068 N/m  

𝑚 0.5 kg 0.5 kg 

𝑡𝑣 0.14 s 0.14 s 

𝑓 4000 Hz 4000 Hz 

𝜇 0.1 0.1 

𝑭𝑵 55 N 55 N 

𝑠𝑚𝑎𝑥 6.875 ∙ 10
-8

 m 6.875 ∙ 10
-8

 m 

𝜂𝑦  N/A 0.71 

𝜽 N/A 0° 

∆𝑡 N/A 1 ∙ 10
-6

 s 

Table 4.3: Input values for comparison of pre-existing longitudinal vibration model with 

new coupled model. 

 

Figure 4.17 illustrates the computed variability of drive force 𝑭𝒅𝒗  under the 

influence of longitudinal vibration in relation to the magnitude 𝑭𝒅𝒔 of this force without 

vibration, as a function of a dimensionless coefficient 𝒌𝒗 = 𝑣𝑎 𝒗𝒅⁄ . Each data point on 

the graph corresponds to the result of a single simulation. Results from the pre-existing 

model form a trend indicated by the dashed line. Superimposed longitudinal vibration 

results from the new coupled model show very good agreement with the pre-existing 

model by Gutowski and Leus (2012). In longitudinal vibration there is no reduction of 

drive force when 𝒌𝒗 ≤ 1. 
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Figure 4.17: Comparison of change in 𝑭𝒅𝒗 𝑭𝒅𝒔⁄  with 𝒌𝒗, longitudinal vibration. 

 

Changes in 𝑭𝒅 and 𝑭𝒙 with time, computed using the new model when 𝒌𝒗 = 6 

(𝑣𝑎 = 3 ∙ 10
-3

 m/s) are plotted in Figure 4.18 and Figure 4.19 in comparison to results 

from the pre-existing longitudinal vibration model (4.3). Simulations begin with the body 

stationary, hence 𝑭𝒅 = 0 N at  𝑡 = 0 s (Figure 4.18). Application of 𝒗𝒅 at 𝑡 > 0 s causes 

elastic deformation 𝒔 to increase, resulting in a steady rise in 𝑭𝒅 until 𝑡 ≈ 0.12 s, at which 

time breakaway occurs due to 𝑭𝒅 reaching the magnitude 𝑭𝑪 = 𝜇𝑭𝑵 = 5.5 N. Vibration 

activation at 𝑡 = 0.14 s significantly reduces the magnitude of 𝑭𝒅 as the body continues 

to slide. A characteristic of the new model is that it produces greater undulation of 𝑭𝒅. 

This is due to the computation of 𝒙, equation (42), being different to how 𝒙 is determined 

in the pre-existing longitudinal model. This undulation diminishes as the vibration mode 

𝜽 approaches transverse at 90° and 270°, see Figure 4.21. The reduced drive force 𝑭𝒅𝒗 

due to vibration is thus determined by averaging its magnitude within a single cycle: 

𝑭𝒅𝒗 =
1

𝑛
∑ 𝑭𝒅𝒗𝑛

(𝑡 + ∆𝑡𝑛)

𝑛

𝑛=1

 (60) 

 

where 𝑛 is the number of time intervals into which a single vibration cycle is divided: 

𝑛 =
1

𝑓∆𝑡
 (61) 
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Figure 4.18: Comparison of time varying 𝑭𝒅 at 𝒌𝒗 = 6, longitudinal vibration. 

 

𝑭𝒅 reduces due to cyclic changes in opposing friction force 𝑭𝒙, both in magnitude 

and direction (Figure 4.19). The average value of 𝑭𝒙 reduces from 𝜇𝑭𝑵 = 5.5 N without 

vibration to a lower value when vibration is activated. Analytical 𝑭𝒙 results of the new 

model show an exact match to the pre-existing longitudinal model.  

 

 

Figure 4.19: Comparison of time varying 𝑭𝒙 at 𝒌𝒗 = 6, longitudinal vibration. 
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 Model Validation for Transverse Mode 

The pre-existing transverse model (Figure 4.12) and the coupled model (Figure 

4.16) have been executed with identical input values, listed in Table 4.4. As in 4.5.4, 𝜽 

and ∆𝑡 are only applicable to the coupled model. The magnitude 𝑠𝑚𝑎𝑥 is selected using 

(18) such that 𝑘𝑡 = 67.29 ∙ 10
6
 N/m. The total simulation time of 1 s has been used. 

 

Parameter Input value for 

pre-existing model 

Input value for 

new coupled model 

𝒗𝒅 0.5 ∙ 10
-3

 m/s 0.5 ∙ 10
-3

 m/s 

𝑘𝑑 96068 N/m  96068 N/m  

𝑚 2 kg 2 kg 

𝑡𝑣 0.14 s 0.14 s 

𝑓 3000 Hz 3000 Hz 

𝜇 0.1 0.1 

𝑭𝑵 50.8 N 50.8 N 

𝑠𝑚𝑎𝑥 7.549 ∙ 10
-8

 m 7.549 ∙ 10
-8

 m 

𝜂𝑦  0.71 0.71 

𝜽 N/A 270° 

∆𝑡 N/A 1 ∙ 10
-6

 s 

Table 4.4: Input values for comparison of pre-existing transverse model with new 

coupled model. 

 

Figure 4.20 illustrates the computed variability of normalised drive force 

𝑭𝒅𝒗 𝑭𝒅𝒔⁄  under the influence of transverse vibration, as a function of a dimensionless 

coefficient 𝒌𝒗 = 𝑣𝑎 𝒗𝒅⁄ . Superimposed transverse vibration results from the new coupled 

model show very good agreement with the pre-existing model by Gutowski and Leus 

(2015). Unlike longitudinal vibration, in transverse vibration there is reduction of drive 

force when 𝒌𝒗 ≤ 1. 

 



CHAPTER 4: ANALYTICAL FRICTION MODEL WITH VIBRATION 

90 

 

Figure 4.20: Comparison of change in 𝑭𝒅𝒗 𝑭𝒅𝒔⁄  with 𝒌𝒗, transverse vibration. 

 

Changes in 𝑭𝒅, and friction force components 𝑭𝒙 and 𝑭𝒚 with time, computed 

using the new model when 𝒌𝒗 = 20 (𝑣𝑎 = 10 ∙ 10
-3

 m/s) are plotted in Figure 4.21 and 

Figure 4.22 in comparison to results from the pre-existing transverse vibration model 

(4.4). Breakaway occurs when 𝑭𝒅  reaches magnitude 𝑭𝑪 = 𝜇𝑭𝑵 = 5.08 N. Vibration 

activation at 𝑡 = 0.14 s significantly reduces the magnitude of 𝑭𝒅 as the body continues 

to slide.  

 

 

 

Figure 4.21: Comparison of time varying 𝑭𝒅 at 𝒌𝒗 = 20, transverse vibration. 
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At 𝒌𝒗 = 20, 𝑭𝒙 undergoes cyclic changes only in magnitude whereas 𝑭𝒚 changes 

in magnitude and direction (Figure 4.22). The average value of 𝑭𝒙 reduces from 𝜇𝑭𝑵 =

5.08 N without vibration to a lower value when vibration is activated, hence the reduction 

in opposing force 𝑭𝒅. Analytical results of the new model show an exact match to the 

pre-existing transverse model.  

 

 

Figure 4.22: Comparison of time varying 𝑭𝒙 and 𝑭𝒚 at 𝒌𝒗 = 20, transverse vibration. 

 

 Results for Coupled Vibration Modes 

The coupled model (Figure 4.16) has been executed with values listed in Table 

4.4. Simulations have been performed at selected values of 𝒌𝒗 (2, 3, 4, 6, and 20), and at 

each 𝒌𝒗 simulations in 25 different vibration modes 𝜽 have been performed.  

As stated in 4.4, the best fit for the pre-existing transverse vibration model against 

experiments performed at 𝑓 = 3000 Hz , 𝑭𝑵 = 50.08 N, 𝑘𝑡 = 67.29 ∙ 10
6
 N/m2  and 𝒗𝒅 

in the range 0.0001-0.0033 m/s, is achieved by setting the transverse vibration transfer 

coefficient to 𝜂𝑦 = 0.71 (Gutowski and Leus, 2015). Since coupled vibration simulations 

satisfy these conditions, 𝜂𝑦 = 0.71 is assumed for all vibration modes. 

The results of normalised drive force 𝑭𝒅𝒗 𝑭𝒅𝒔⁄  are plotted in Figure 4.23 with 

corresponding trends for each value of 𝒌𝒗. Increase in 𝒌𝒗 causes decrease in drive force. 

The greatest reduction of drive force is achieved by longitudinal mode (𝜽 = 0°, 180°), 

regardless of the value of 𝒌𝒗 . The shape of curve 𝑭𝒅𝒗 𝑭𝒅𝒔⁄  between longitudinal and 

transverse modes is always symmetrical about 𝜽 = 180°. This suggests the same friction 

reduction effect can be obtained at multiple values of 𝜽.  
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Figure 4.23: Changes in 𝑭𝒅𝒗 𝑭𝒅𝒔⁄  with 𝜽 at selected values of 𝒌𝒗. 
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4.6. Chapter Discussion and Conclusions 

A new analytical model (4.5) has been developed based on two separate pre-

existing models (4.3 and 4.4). The new model describes changes in 𝑭 and 𝑭𝒅  during 

sliding motion of a body over a surface vibrating not only in longitudinal or transverse 

mode, but in any mode 𝜽 of in-plane vibration. The model has been evaluated analytically 

in Simulink® and yields good agreement with the pre-existing models that are already 

verified against experimental data. This work has further highlighted the importance of 

using dynamic friction in vibration modelling and demonstrated how friction models can 

be incorporated into analytical models.  

The new coupled model can be used for a three-dimensional planar contact 

domain (Figure 4.13), where the normal contact pressure is constant. In this case the 

greatest 𝑭𝒅 reduction is achieved by longitudinal vibration.  

To simulate coupled vibration the value of 𝜂𝑦  must be known. It is dependent on 

the combination of 𝑓 , 𝑭𝑵 , 𝑘𝑡  and 𝒗𝒅  so its estimation requires curve fitting against 

experimental transverse vibration data as per the method described by Gutowski and Leus 

(2015). It has been assumed that the value of 𝜂𝑦  is unaffected by vibration mode 𝜽. 

To evaluate more complex contacts such as those of multiple concurrent gear teeth, 

where normal contact pressures change as teeth enter and exit the gear mesh, one must 

turn from analytical to numerical methods such as FEA. An advantage of FEA is that the 

complexity of the domain can be increased simply by modifying the geometry of parts 

and the way they interact, whereas in analytical modelling this would be difficult to do 

without having to make significant changes to the formulation. The next chapter thus 

implements the coupled vibration model of friction into an FEA software tool to check 

that the same results can be achieved by numerical method.  
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5.  

Chapter 5  

 

Numerical Simulation of Friction 

Model with Vibration 

5.  
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5.1. Chapter Introduction 

A limitation of the new analytical coupled vibration friction model (4.5) is that it 

can only be used to evaluate contact between three-dimensional planar surfaces where the 

normal contact pressure does not change. Mathematically describing the time-varying 

normal contact pressures generated by multiple gear teeth entering and exiting the gear 

mesh would add significant complexity to the model formulation, hence the need for FEA.  

In FEA the contact pressures and contact displacements are calculated based on 

the defined boundary conditions. The friction model then uses this data to compute the 

friction force between surfaces in contact. This means the coupled friction model for 

vibration (4.5) needs implementation into numerical FEA simulations. Abaqus® is an 

FEA simulation tool that allows user defined friction formulation through use of a friction 

subroutine. This chapter thus introduces contact interactions in FEA, describes the 

development of the modelling domain and friction subroutine, and presents numerical 

simulation results in comparison with analytical results from 4.5.4-4.5.6.  

 

5.2. Introduction to Finite Element Contact Interactions  

The FEA simulations performed use surfaces to define contacts. A contact pair 

comprises assignment of a master and a slave surface. Interaction between the master and 

slave surfaces is defined by the contact interaction properties, namely the contact 

discretisation method, tracking approach, normal behaviour, and tangential behaviour. 

They are explained in 5.2.1-5.2.4. 

  

 Discretisation of Contact Pair Surfaces 

The discretisation method of interacting surfaces governs the locations and 

constraints used to simulate contact conditions. There are two contact discretisation 

methods: the traditional node-to-surface discretisation or the surface-to-surface 

discretisation.  

Contact conditions with the node-to-surface discretisation are established such 

that each slave node on the slave surface interacts with a point of projection normal to the 

master surface (Figure 5.1). Therefore, each contact condition involves a single slave 

node and a group of nearby master nodes from which values are interpolated to the 

projection point. The master surface can penetrate the slave surface between the slave 

nodes, however, the slave surface cannot penetrate the master surface. Therefore, in FEA 



CHAPTER 5: NUMERICAL SIMULATION OF FRICTION MODEL WITH VIBRATION 

96 

analyses the slave surface is typically assigned to the part that has the finer mesh or the 

softer underlying material (Abaqus®, 2014b).   

 

 

Figure 5.1: Node-to-surface contact discretisation (Abaqus®, 2014c). Each slave node 

on the slave surface interacts with a point of projection normal to the master surface. 

 

Conversely, surface-to-surface discretisation considers the shape of both the slave 

and master surfaces in the region of contact. It enforces contact conditions in an average 

sense over regions nearby the slave nodes rather than only at individual slave nodes. The 

averaging regions are predominantly centred on one slave node but also consider adjacent 

slave nodes.  

Figure 5.2 shows an example of improved contact pressure accuracy with surface-

to-surface contact compared with node-to-surface. Since node-to-surface discretisation 

simply resists penetrations of slave nodes into the master surface, forces tend to 

concentrate at these slave nodes, creating spikes and valleys in pressure distribution 

across the surface. Surface-to-surface discretisation resists penetrations in an average 

sense, thus having a smoothing effect. As the mesh is refined, the discrepancy between 

the two methods reduces, but for a given mesh refinement the surface-to-surface method 

tends to provide more accurate stresses (Abaqus®, 2014c). Surface-to-surface 

discretisation is thus used for all simulations. 
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Figure 5.2: Contact pressure accuracy comparison of node-to-surface vs. surface-to-

surface contact discretisation (Abaqus®, 2014c). 

 

 Contact Tracking Approaches 

There are two tracking approaches for relative motion of contact surfaces: small-

sliding and finite-sliding. Small-sliding contact assumes there will be little sliding of one 

surface against the other such that a slave node will interact with the same local area of 

the master surface throughout the analysis.  

Finite-sliding contact is the most general tracking approach since most contact 

problems involve relative motion that is greater than the finite element length. 

Application of drive velocity 𝒗𝒅 (Figure 4.13) means the finite-sliding tracking approach 

is employed.  

 

 Contact Normal Behaviour 

Contact behaviour in the normal direction is approximated by a hard pressure-

overclosure relationship which minimises the overclosure, or penetration, of the slave 

surface (in this case the sliding body) into the master surface (the vibrating base). Linear 

and nonlinear variations of this are available (Figure 5.3). The linear method has a 

constant normal stiffness, so the pressure-overclosure relationship is linear. With 

nonlinear method the stiffness increases nonlinearly between regions of constant low 

initial stiffness and constant high final stiffness (Abaqus®, 2014d). The simulated contact 
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pressures are not excessive so nonlinearity normal to the contact is not a concern. 

Therefore, the default linear method has been used. 

 

 

Figure 5.3: Comparison of linear vs. nonlinear pressure-overclosure relationship 

(Abaqus®, 2014d). 

 

 Friction Subroutine for Contact Tangential Behaviour  

The desired tangential behaviour is defined by the friction model for coupled 

longitudinal-transverse vibration (4.5). As this is custom friction behaviour it is not 

available as standard in Abaqus®, however, the FEA tool enables user defined friction 

formulation via the use of a friction subroutine. A subroutine is a script, written in Fortran 

programming language, that implements a user defined friction model into the numerical 

simulation. A Fortran subroutine included in Appendix D has been written with Intel® 

Visual Fortran Composer XE 2013, integrated into Microsoft® Visual Studio 2012, to 

represent the friction model for coupled longitudinal-transverse vibration. Just as the 

analytical procedure (4.5) is a sequence of equations executed during each time increment, 

the subroutine is the sequence of equations embedded in Fortran code executed during 

each iteration of the numerical simulation.  

 

5.3. Finite Element Simulations for Coupled Vibration 

Knowledge of finite element simulations involving contact interactions, provided 

in 5.2, makes it possible to build upon the work from chapter 4. In this section, simulations 

of a body sliding over a vibrating base are performed numerically using Abaqus®, as an 

alternative to the analytical implementation of the coupled longitudinal-transverse 
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vibration model described in 4.5. Results for longitudinal, transverse and coupled 

vibration modes are compared with previous results from 4.5.4, 4.5.5 and 4.5.6. 

 

 Simulation Methodology  

Finite element simulations (Figure 5.4) conform to the domain previously used 

for analytical simulations in Figure 4.13. The deformable sliding body of dimensions 

0.04 × 0.03 × 0.03 m is assigned material properties typical of steel; Young’s Modulus 

209000 MPa and Poisson’s Ratio 0.3. Therefore, contact area 𝐴𝑟 = 1.2 ∙ 10
-3

 m2 is the 

same as in analytical simulations. The base is a rigid surface of dimensions 0.1 × 0.1 m. 

A spring with stiffness 𝑘𝑑 = 96068 N/m connects points 𝐴 and 𝐵, conforming to Figure 

4.13. 

 

 

 

 

Figure 5.4: FEA simulation domain for coupled longitudinal-transverse vibration. 

 

Simulations consist of sequential analysis steps described by Table 5.1, with a 

total duration of 0.3 s. This multi-step method is employed to repeat simulations for 

longitudinal, transverse and coupled vibration modes described in 4.5.4, 4.5.5 and 4.5.6.  

Two masses 𝑚 = 0.5 kg and 𝑚 = 2 kg have been used in previous simulations 

(Table 4.3 and Table 4.4). Due to fixed dimensions of the sliding body, its mass is set by 

adjusting the material density. Gravity is applied throughout the simulation. The base can 

be rotated to set positions about axis 𝑍 to simulate different modes 𝜽 of in-plane vibration. 

 

Uniform pressure 

Constant 

velocity 



CHAPTER 5: NUMERICAL SIMULATION OF FRICTION MODEL WITH VIBRATION 

100 

Step 

no. 

Step 

name 

Step 

duration 

(s) 

Step description 

0 Initial N/A Body and base boundary conditions are established. 

The base is static at the start of simulation and the body 

can move only in direction 𝑋  (Figure 5.4). Contact 

conditions between the two parts are also established. 

1 Normal 

pressure 

0.05 Uniform pressure is applied to the upper face of the 

sliding body (Figure 5.4) to generate constant normal 

force 𝑭𝑵 = 50.8 N, maintained through all consecutive 

steps. 

2 Sliding  0.09 𝑋 direction movement of the sliding body is enabled. 

Point 𝐵  is driven at constant velocity 𝒗𝒅 = 0.5 ∙

10
-3 m/s, to match Table 4.3 and Table 4.4.  

4 Base 

vibration 

0.16 Vibration is activated by applying sinusoidal motion to 

the base.  

Table 5.1: Abaqus® simulation steps for analysis of two planar contact surfaces. 

 

 Simulation Validation for Longitudinal Mode 

The simulation described by 5.3.1 has been executed for longitudinal vibration, 

with parameter values in the friction subroutine defined as per the values used in previous 

analytical execution of the coupled vibration friction model (Table 4.3).  

Figure 5.5 superimposes numerical results from Abaqus® onto the previous 

longitudinal vibration analytical results obtained from Simulink® (Figure 4.17). Each data 

point on the graph corresponds to the result of a single simulation. The Abaqus® 

numerical results at different values of 𝒌𝒗  match the expected trend formed by the 

previous analytical results.  

Figure 5.6 and Figure 5.7 superimpose Abaqus® numerical results onto previous 

analytical results of 𝑭𝒅  and 𝑭𝒙  (Figure 4.18 and Figure 4.19) when 𝒌𝒗 = 6 . The 

numerical results show subtle differences to analytical results. These differences can be 

attributed to the Abaqus® numerical solver which evaluates the subroutine iteratively in 

each time increment to compute an approximation while enforcing equilibrium of internal 

structure forces with externally applied loads, whereas Simulink® performs an analytical 

calculation that outputs the exact solution of the formulation. The subtle differences in 
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𝑭𝒙 , Figure 5.7, affect the correlation of the Abaqus® computed 𝑭𝒅  in Figure 5.6, 

otherwise the numerical implementation of the friction model agrees very well with 

previous work for longitudinal vibration. 

 

 

Figure 5.5: Change in 𝑭𝒅𝒗 𝑭𝒅𝒔⁄  with 𝒌𝒗, longitudinal vibration. Abaqus® numerical 

results superimposed.  

 

 

 

Figure 5.6: Comparison of time varying 𝑭𝒅 at 𝒌𝒗 = 6, longitudinal vibration. Abaqus® 

numerical results superimposed. 
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Figure 5.7: Comparison of time varying 𝑭𝒙 at 𝒌𝒗 = 6, longitudinal vibration. Abaqus® 

numerical results superimposed. 

 

 Simulation Validation for Transverse Mode 

The simulation described by 5.3.1 has been executed for transverse vibration, with 

parameter values in the friction subroutine defined as per the values used in previous 

analytical execution of the coupled vibration friction model (Table 4.4).  

Figure 5.8 superimposes numerical results from Abaqus® onto the previous 

transverse vibration analytical results obtained from Simulink® (Figure 4.20). Each data 

point on the graph corresponds to the result of a single simulation. The Abaqus® 

numerical results at different values of 𝒌𝒗  match the expected trend formed by the 

previous analytical results.  

Figure 5.9 and Figure 5.10 superimpose Abaqus® numerical results onto previous 

analytical results of 𝑭𝒅 , 𝑭𝒙  and 𝑭𝒚  (Figure 4.21 and Figure 4.22) when 𝒌𝒗 = 20. The 

numerical results show subtle differences to analytical results. As explained in 5.3.2, these 

differences can be attributed to the Abaqus® numerical solver. The subtle differences in 

𝑭𝒙 and 𝑭𝒚, Figure 5.10, affect the correlation of the Abaqus® computed 𝑭𝒅 in Figure 5.9, 

otherwise the numerical implementation of the friction model agrees very well with 

previous work for transverse vibration. 
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Figure 5.8: Comparison of change in 𝑭𝒅𝒗 𝑭𝒅𝒔⁄  with 𝒌𝒗, transverse vibration. Abaqus® 

numerical results superimposed. 

 

 

 

Figure 5.9: Comparison of time varying 𝑭𝒅 at 𝒌𝒗 = 20, transverse vibration. Abaqus® 

numerical results superimposed. 
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Figure 5.10: Comparison of time varying 𝑭𝒙 and 𝑭𝒚 at 𝒌𝒗 = 20, transverse vibration. 

Abaqus® numerical results superimposed. 

 

 Results for Coupled Vibration Modes 

The simulation described by 5.3.1 has been executed for coupled longitudinal-

transverse vibration modes, using parameter values listed in Table 4.4. At each of the 

previously selected values of 𝒌𝒗 (2, 3, 4, 6, and 20) from 4.5.6, three different coupled 

vibration modes 𝜽  have been numerically simulated in Abaqus®. Figure 5.11 

superimposes these numerical results onto the previous coupled vibration analytical 

results from Simulink® (Figure 4.23). The numerical and analytical results are in good 

agreement.   

 



CHAPTER 5: NUMERICAL SIMULATION OF FRICTION MODEL WITH VIBRATION 

105 

 

Figure 5.11: Changes in 𝑭𝒅𝒗 𝑭𝒅𝒔⁄  with 𝜽 at selected values of 𝒌𝒗. Abaqus® numerical 

results superimposed. 

 

 Limitations of Modelling and Error Mitigation  

The mathematical model behind an FEA simulation (5.2.4), the applied boundary 

conditions (5.3.1), and the contact properties (5.2.1-5.2.45.2.3) are all factors that can 

affect the accuracy of FEA results regardless of how well they represent reality. 

Validation of FEA simulations is thus necessary and has been conducted by comparing 

the FEA results of friction simulations with analytical results. The graphs in Figure 5.6, 

Figure 5.7, Figure 5.9 and Figure 5.10 show subtle differences between FEA output and 

analytical results, which may improve with a finer mesh. However, mesh refinement has 

not been pursued since the normalised results (Figure 5.5, Figure 5.8 and Figure 5.11) 

agree very well.  
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5.4. Chapter Discussion and Conclusions 

This chapter has described the conduct of numerical FEA contact simulations in 

Abaqus®
. To use the new friction model in numerical analyses of coupled longitudinal-

transverse vibration, the standard FEA contact behaviour has been modified by 

embedding the analytical procedure into a Fortran subroutine (Appendix D). The previous 

analytical simulations of a body sliding over a vibrating base (Figure 4.13, 4.5.4-4.5.6) 

have then been repeated numerically with FEA. Numerical results from Abaqus® 

superimposed with Simulink® analytical results show very good agreement between the 

two methods of analysis. It has thus been proven that numerical FEA can be used to 

simulate the friction reduction effect of vibration.  

The subroutine uses the time varying contact pressures and contact displacements 

determined during the numerical analysis, whereas the analytical model would require 

this information to be mathematically defined. The finite element technique is thus 

employed in chapter 7 to simulate the effect of vibration on efficiency of a worm gearset. 
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6.1. Chapter Introduction 

Previous experimental studies investigating the influence of vibration on friction 

(Gutowski and Leus, 2011; Gutowski and Leus, 2012; Gutowski and Leus, 2015), as well 

as analytical and numerical studies in chapters 4 and 5 which build upon previous work, 

are based on two planar surfaces in contact with one subjected to vibration. Since gear 

teeth are non-planar, experimental investigation on non-planar contact surfaces is 

necessary to give confidence that friction reduction still occurs with imposed vibration.  

For reasons explained in 6.2 the decision is made to develop a custom test rig 

which produces sliding-rolling contact, rather than to test worm gearsets themselves. 6.3 

describes the design and initial testing performed on a preliminary disc-on-disc test rig as 

proof of concept, with learning outcomes applied to develop a more sophisticated disc-

on-disc rig in 6.4. Selection of test variables is also explained and results for transverse 

and longitudinal vibration are evaluated in 6.4.13 and 6.6 respectively, with commentary 

on wear life impact given in 6.7.  

 

6.2. The Need for a Custom Test Rig 

Tribological tests can be performed in an almost endless number of ways, 

depending on the purpose of the tribological investigation and end application of interest. 

Choosing the appropriate test is fundamental in being able to attain relevant results, since 

the outcome of a tribological test is related not only to the test environment and 

characteristics of the test materials, but also to the way in which the mechanical system 

makes them interact.  

The intention is to imitate conditions of the real application as closely as possible 

so that test results are meaningful. Worm and wheel gear contacts can experience high 

sliding speeds. The contact is predominantly sliding, accompanied by a degree of rolling. 

The slide-roll action is not reciprocated; when the worm gear turns clockwise and 

anticlockwise its teeth contact opposite flanks of the wheel teeth. Tests using worm and 

wheel gear pairs would be ideal, however, owing to their process of manufacture the gear 

teeth themselves are known to have slight variation from one sample to another, which 

could in turn impact test results. Furthermore, a method of applying in-plane vibration to 

the contact while the worm and wheel is in motion would have to be developed. From a 

research project perspective, it increases the risks of being able to achieve the aims of the 

scientific investigation as it has potential to divert the focus of research onto delivering a 
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specific method of applying vibration for the application, before fully understanding the 

slide-roll vibration-friction interactions and attaining meaningful results at a simpler level. 

For these reasons a simple and consistent test system is necessary to run slide-roll contact 

experiments under the influence of vibration.  

Common tribological tests for which apparatus are already available, such as the 

pin-on-disc, four ball test, and reciprocating sliding test, do not imitate the worm and 

wheel contact interaction described above and they do not have a method by which 

vibration can be induced to the contact. A custom test rig is thus designed and developed. 

Test specimens in the shape of 8 mm thick discs are chosen. With the outer 

circumferential surfaces of the two discs maintained in contact, their individual rotational 

speeds can be adjusted to give the desired slide-roll contact characteristics. Discs can be 

manufactured easily and repeatedly within set tolerances. Disc-on-disc configuration has 

been accepted in previous research to test performance of base materials and coatings for 

helical and worm gearing (Amaro et al., 2005; Fontanari et al., 2013; Fontanari et al., 

2016; Benedetti et al., 2017). The disc geometry makes it possible to apply longitudinal 

and transverse vibration during sliding-rolling interaction, thus opening the relevance of 

experiments to a wider field of applications beyond gearing alone.  

 

6.3. Preliminary Testing 

The need for a custom test rig is identified in 6.2, where the decision to pursue a 

disc-on-disc test is also justified. Test rig development requires the build of a preliminary 

rig for an initial assessment of key features. The following sections describe features of 

the preliminary rig, results of preliminary tests, and useful learning outcomes from this 

that are applied as design improvements for the final rig. The final disc-on-disc test rig 

and its features are later described in 6.4.1. 

 

 Features of the Preliminary Disc-on-Disc Test Rig 

The preliminary test rig, Figure 6.1, comprises an aluminium-bronze disc of 

material grade CuAl10Ni5Fe4, and diameter 𝑑𝑎 = 95 mm, mounted in a bracket that is 

fixed to an aluminium plate, and is loaded against a steel disc of material grade 817M40, 

and diameter 𝑑𝑠 = 40 mm, by suspended dead mass off a pulley. This constitutes the 

normal load 𝑭𝑵. The aluminium platform is mounted on two linear slides, so it is free to 

slide in the direction of applied load.  
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     1   - Aluminium-bronze disc 

     2   - Steel disc 

     3   - Aluminium plate 

     4   - Dead mass 

     5   - Pulley 

     6   - Linear slide type 1 

     7   - Linear slide type 2 

     8   - 24 VDC motor (×2) 

     9   - Spur gear pair 

     10 - Torque sensor (×2) 

     11 - Toothed belt on timing pulleys 

     12 - Aluminium breadboard 

     13 - Flexible coupling (×4) 

     14 - Shaft 

Figure 6.1: Preliminary test rig. 

 

Both discs have thickness 8 mm and are driven individually by two 24 VDC 

motors rated to 250 W power. The aluminium-bronze disc is driven via a pair of spur 

gears with speed reduction ratio 68:9, while a torque sensor measures the torque required 

to turn this disc. The steel disc is driven via a toothed belt on timing pulleys with speed 

reduction ratio 3:1, while a second torque sensor measures the torque required to turn this 

disc. Since this is a preliminary rig, to keep costs and development time to a minimum, 

the mounting brackets for the motors, drive system, torque sensors and discs are all made 

by rapid prototype 3D printing. A Thorlabs aluminium breadboard with 25 mm spaced 

M6 tapped holes constitutes the base of the rig. 
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Figure 6.2: Schematic of discs in preliminary test rig. Disc rotational speeds 𝑆𝑠 and 𝑆𝑎 

are selected such that peripheral velocity 𝒗𝒑𝒔 exceeds 𝒗𝒑𝒂, thus the steel disc generates 

driving force 𝑭𝒂 on the aluminium-bronze disc, and an opposite friction force 𝑭𝑪 acts 

on the steel disc. 

 

The selected speed reduction ratios in the drive enable the steel disc to turn faster 

than the aluminium-bronze such that 𝒗𝒑𝒔 > 𝒗𝒑𝒂  in Figure 6.2. The linear peripheral 

velocities 𝒗𝒑𝒔 and 𝒗𝒑𝒂 are determined by: 

𝒗𝒑𝒔 =
𝜋𝑑𝑠𝑆𝑠

60
 (62) 

𝒗𝒑𝒂 =
𝜋𝑑𝑎𝑆𝑎

60
 (63) 

 

Flexible couplings are used to account for any misalignment between shafts. 

Rotational speed 𝑆𝑠 is measured using a calibrated handheld digital laser tachometer on a 

flexible coupling near the steel disc. Since the aluminium-bronze disc rotates much 

slower than the steel disc, the time between revolutions is long, causing difficulty in 

accurately detecting changes in rotational speed 𝑆𝑎. Therefore, 𝑆𝑎 is determined from the 

measured motor output speed 𝑆𝑚𝑎 and the gear speed reduction ratio:  

𝑆𝑎 = 𝑆𝑚𝑎 (
9

68
) (64) 

 

Since 𝒗𝒑𝒔 > 𝒗𝒑𝒂, when the discs are in contact the steel disc generates a driving 

force 𝑭𝒂 on the aluminium-bronze disc (Figure 6.2), and an opposite friction force 𝑭𝑪 

acts on the steel disc. The discs are affixed on shafts that each run in four flanged plastic 

bushes, Figure 6.3. These bearings generate torque losses 𝑻𝒃𝒂 and 𝑻𝒃𝒔 in the drive. The 

torque sensors are manufactured by Kistler, model no. 4502A002H, and have a 
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measurable torque range of ± 2 Nm. 𝑻𝒔  and 𝑻𝒂  denote the torque measured by these 

sensors for the steel and aluminium-bronze disc, where in accordance with Figure 6.2 and 

Figure 6.3: 

𝑻𝒔 = 𝑻𝒃𝒔 + 𝑭𝑪

𝑑𝑠 ∙ 10
−3

2
= 𝑻𝒃𝒔 + 𝜇𝑭𝑵

𝑑𝑠

2000
 (65) 

𝑻𝒂 = 𝑻𝒃𝒂 − 𝑭𝒂

𝑑𝑎 ∙ 10
−3

2
= 𝑻𝒃𝒂 − 𝜇𝑭𝑵

𝑑𝑎

2000
 (66) 

 

 

Figure 6.3: Sectioned CAD image of disc and shaft subassemblies in preliminary rig. 

 

 Purpose of Preliminary Tests 

The purpose of conducting preliminary tests is to develop understanding of 

whether the different elements of the preliminary test rig work as intended, and if not, 

how they can be improved for the final rig. The key elements to be assessed are the motors, 

the drive train, disc specimens, torque sensing and pulley loading system. The specific 

learning outcomes and design improvements to be carried forward to the final rig are 

listed in 6.3.6. 

 

 Surface Roughness Measurement 

Literature review has highlighted that surface finish influences friction between 

sliding surfaces (Figure 2.17), therefore, it is important to have a measure of surface 

roughness prior to performing tests. Commonly used in surface texture measurement is a 

mean line which, as shown in Figure 6.4, is a line that bisects the roughness profile such 

that the area above and below it is equal. Ra is the universally recognised international 

parameter for roughness. It is the arithmetic mean of the departures of the profile from 

the mean line (Taylor Hobson®, 2004).  

4 flanged 
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each shaft  
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Figure 6.4: Mean line (blue) of surface roughness profile. 

 

Measurements have been taken using a calibrated Taylor Hobson Surtronic 3+ 

roughness measurer. Figure 6.5 and Figure 6.6 show the setup for measuring the 

circumferential and lateral surface roughness of the aluminium-bronze disc. The steel disc 

surface roughness has been measured in a similar manner. The pick-up, Figure 6.7, is a 

diamond stylus transducer supported on the measuring surface by a pink coloured skid. 

As the pick-up traverses across the surface, movements of the diamond stylus relative to 

the skid are detected and converted into a proportional electrical signal. The radius of 

curvature of the skid enables it to glide the surface unaffected by the roughness.  

 

 

Figure 6.5: Aluminium-bronze disc circumferential surface roughness measurement. 
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Figure 6.6: Aluminium-bronze disc lateral surface roughness measurement. 

 

 

Figure 6.7: Pick-up on aluminium-bronze surface, comprising a diamond stylus 

transducer supported on the measuring surface by a pink skid. 

 

Both discs are ethanol cleaned to remove surface grease and dust prior to 

roughness measurement. On each disc, three lateral and three circumferential surface 

readings are taken at three different locations around the circumference. An overall 

average roughness Ra is calculated for each direction, see Table 6.1 and Table 6.2. The 

lateral roughness of discs is greater than the circumferential. This is not surprising given 

the discs have been machined by turning process.  
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Disc 

material 

Location Ra readings Location 

average Ra 

Overall 

average Ra 1 2 3 

Al-Bronze 

CW307G 

1 0.16 0.16 0.16 0.16 0.14 

2 0.14 0.12 0.14 0.13 

3 0.14 0.12 0.12 0.13 

Steel 

817M40 

1 0.26 0.26 0.24 0.25 0.26 

2 0.26 0.26 0.26 0.26 

3 0.26 0.26 0.26 0.26 

Table 6.1: Circumferential surface Ra readings of discs for preliminary test rig. 

 

Disc 

material 

Location Ra readings Location 

average Ra 

Overall 

average Ra 1 2 3 

Al-Bronze 

CW307G 

1 0.76 0.76 0.76 0.76 0.76 

2 0.74 0.72 0.72 0.73 

3 0.80 0.80 0.80 0.80 

Steel 

817M40 

1 0.76 0.76 0.76 0.76 0.81 

2 0.92 0.90 0.92 0.91 

3 0.78 0.78 0.76 0.77 

Table 6.2: Lateral surface Ra readings of discs for preliminary test rig. 

 

 Dry Sliding-Rolling Test and Results 

A test without any lubrication applied to the discs is performed first. The purpose 

of this is to: 

i. check that sliding-rolling action can indeed be produced.  

ii. check if changes in torque and speed can be detected with change in applied 

normal load 𝑭𝑵.  

 

The steel disc, when unloaded and not in contact with the aluminium-bronze disc, 

is set to rotational speed of 𝑆𝑠 = 1000 RPM. At the same time, the aluminium-bronze disc 

is set to 𝑆𝑎 = 18.7 RPM. To achieve these rotational speeds the respective motor supply 

voltages are set to 𝑉𝑚𝑠 = 17.1 V and 𝑉𝑚𝑎 = 1 V. Motor voltage is related to the motor 

speed; the higher the set voltage, the higher the motor speed for a set normal load 𝑭𝑵.  

Motor current draw is related to the torque that the motor produces in response to 

the set voltage and 𝑭𝑵; the higher the motor current the higher the torque produced by the 
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motor to overcome resistances in the drive. In the unloaded condition (𝑭𝑵 = 0), the 

current drawn by the two motors is 𝑖𝑚𝑠 = 2.35 A for the steel disc, and 𝑖𝑚𝑎 = 0.8 A for 

aluminium-bronze (Table 6.3). 

While maintaining the motor supply voltages, Table 6.3 and Figure 6.8 show the 

effect of increasing 𝑭𝑵  on 𝑆𝑠 , 𝑆𝑎 , 𝑖𝑚𝑠  and 𝑖𝑚𝑎 . As 𝑭𝑵  increases, 𝑆𝑠  reduces and 𝑖𝑚𝑠 

increases. Current draw 𝑖𝑚𝑠 at 𝑭𝑵 = 5 N is almost double of that when there is no normal 

load. This indicates that the motor driving the steel disc must overcome almost twice the 

frictional resistance.  

Conversely, for the aluminium-bronze disc 𝑖𝑚𝑎 = 0 when 𝑭𝑵  ≥  3.6 N (8 lbs). 

This means when 𝑭𝑵  ≥ 3.6 N, force 𝑭𝒂 alone (Figure 6.2) is large enough to overcome 

the torque losses 𝑻𝒃𝒂 (Figure 6.3) such that the motor no longer needs to produce any 

torque to drive the aluminium-bronze disc.  

As 𝑭𝑵  increases, 𝑆𝑎  also increases. This results in reduced sliding action and 

increased rolling as shown by Table 6.3 and Figure 6.9. Slide velocity 𝒗𝒔𝒍, roll velocity 

𝒗𝒓𝒐 and slide-roll ratio 𝑅 are calculated by the following equations, where 𝑅 = 0 is pure 

rolling and 𝑅 = 1 pure sliding (Benedetti et al., 2017): 

𝒗𝒔𝒍 = 𝒗𝒑𝒔 − 𝒗𝒑𝒂 =
𝜋𝑑𝑠𝑆𝑠 − 𝜋𝑑𝑎𝑆𝑎

60
 (67) 

𝒗𝒓𝒐 =
𝒗𝒑𝒔 + 𝒗𝒑𝒂

2
=

𝜋𝑑𝑠𝑆𝑠 + 𝜋𝑑𝑎𝑆𝑎

120
 (68) 

𝑅 = (
𝒗𝒔𝒍

2𝒗𝒓𝒐
) (69) 

 

𝑭𝑵 Steel Al-bronze 
𝒗𝒔𝒍 

(mm/s) 

𝒗𝒓𝒐 

(mm/s) 
𝑹 (lbs) (N) 𝑺𝒔 

(RPM) 

𝒊𝒎𝒔 

(A)  

𝑺𝒂 

(RPM) 

𝒊𝒎𝒂 

(A) 

0 0 1000 2.35 18.7 0.8 2001 1094 0.92 

2 0.9 990 2.50 20.5 0.5 1971 1088 0.91 

4 1.8 975 2.80 21.7 0.4 1934 1075 0.90 

8 3.6 942 4.10 96.5 0 1493 1226 0.61 

11 5.0 926 4.50 256.6 0 663 1608 0.21 

Table 6.3: Table of results for preliminary dry sliding-rolling tests, plotted in Figure 6.8 

and Figure 6.9. 
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Figure 6.8: Graph showing effect of 𝑭𝑵 on 𝑆𝑠, 𝑆𝑎, 𝑖𝑚𝑠 and 𝑖𝑚𝑎. Dry contact. 

 

 

Figure 6.9: Graph showing effect of 𝑭𝑵 on 𝒗𝒔𝒍, 𝒗𝒓𝒐 and 𝑅. Dry contact. 

 

Material transfer is observed from the aluminium-bronze disc to the steel within 

just a few minutes of dry running, Figure 6.10. There is evidence of a surface high spot, 

resulting in wear occurring over a thin portion of the 8 mm thickness. This demonstrates 

the important role of lubricants in preventing such rapid contact wear.  
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Figure 6.10: Material transfer of aluminium-bronze onto steel disc during dry sliding-

rolling test. 

 

Figure 6.11 shows the captured torque profiles at 𝑭𝑵 = 0.9 N (2 lbs) and 1.8 N 

(4 lbs). Initially the motors are stationary. Power is applied at 2 s. 𝑻𝒔 is larger at larger 

𝑭𝑵 . This agrees with equation (65). 𝑻𝒂  is negative, thus equation (66) suggests that 

𝜇𝑭𝑵
𝑑𝑎

2000
> 𝑻𝒃𝒂. The 𝑻𝒂 reading is noisy at 𝑭𝑵 = 0.9 N and gets worse at 𝑭𝑵 ≥ 1.8 N. 

This is attributed to stick-slip behaviour of the dry contact causing large fluctuations in 

contact friction force, and thus in the measured torque. 

 

  𝑭𝑵 = 0.9 N (2 lbs)   𝑭𝑵 = 1.8 N (4 lbs) 

  

 

Figure 6.11: Graphs showing effect of 𝑭𝑵 on 𝑻𝒔 and 𝑻𝒂. Dry contact.  
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 Greased Sliding-Rolling Test and Results 

Tests in 6.3.4 are repeated with grease applied to both discs. Properties of the 

grease, Hydralube WIC Medium Compound, are listed in Table 6.4. 

 

 

Table 6.4: Properties of Hydralube WIC Medium Compound grease. 

 

The supply voltages for the motors are the same as for dry sliding-rolling tests in 

6.3.4; 𝑉𝑚𝑠 = 17.1 V and 𝑉𝑚𝑎 = 1 V. With these voltages maintained, Table 6.5 shows the 

effect of increasing 𝑭𝑵, for comparison with Table 6.3.  

Figure 6.12 is comparable to Figure 6.8. The overall changes in 𝑆𝑠, 𝑖𝑚𝑠 and 𝑖𝑚𝑎 

are similar, however, in the case of dry contact these changes occur over an 𝑭𝑵 range of 

just 5 N, whereas with grease applied a higher load of 23.6 N can be achieved. This 

indicates friction is significantly reduced with grease.  

By comparing Figure 6.13 with Figure 6.9 it is evident that application of grease 

makes it possible to maintain the slide-roll ratio 𝑅 over a higher 𝑭𝑵 range.  

 

Lubricant property Description 

Appearance  Homogeneous white compound 

Flash point Above 220°C (base oil) 

Melting point Does not melt 

Density 0.85-0.95 kg/l 

NLGI grade 2 

Temperature range -40°C to +230°C 
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𝑭𝑵 Steel Al-bronze 
𝒗𝒔𝒍 

(m/s) 

𝒗𝒓𝒐 

(m/s) 
𝑹 (lbs) (N) 𝑺𝒔 

(RPM) 

𝒊𝒎𝒔 

(A) 

𝑺𝒂 

(RPM) 

𝒊𝒎𝒂 

(A) 

0 0.0 1000 2.35 18.7 0.8 2.00 1.09 0.91 

2 0.9 996 2.55 18.9 0.75 1.99 1.09 0.91 

4 1.8 992 2.66 19.2 0.71 1.98 1.09 0.91 

8 3.6 976 3.05 19.8 0.66 1.95 1.07 0.91 

11 5.0 970 3.3 20.1 0.63 1.93 1.07 0.91 

17 7.7 952 3.59 20.8 0.48 1.89 1.05 0.90 

24 10.9 938 3.91 22.6 0.38 1.85 1.04 0.89 

36 16.3 930 4.33 23.7 0.21 1.83 1.03 0.89 

41 18.6 920 4.61 24.3 0.15 1.81 1.02 0.88 

52 23.6 901 5.12 42 0 1.68 1.05 0.80 

Table 6.5: Table of results for preliminary greased sliding-rolling tests, plotted in Figure 

6.12 and Figure 6.13. 

 

 

Figure 6.12: Graph showing effect of 𝑭𝑵 on 𝑆𝑠, 𝑆𝑎, 𝑖𝑚𝑠 and 𝑖𝑚𝑎. Greased contact. 
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Figure 6.13: Graph showing effect of 𝑭𝑵 on 𝒗𝒔𝒍, 𝒗𝒓𝒐 and 𝑅. Greased contact. 

 

Figure 6.14 shows the captured torque profiles at selected magnitudes of  

𝑭𝑵. Power is applied to the motors at 2 s. As expected, the magnitude of both 𝑻𝒔 and 𝑻𝒂 

increases with 𝑭𝑵 . The torque readings become increasingly noisy as 𝑭𝑵  increases, 

however, a greased contact at 𝑭𝑵 = 23.6 N  still produces less noise in the 𝑻𝒂 

measurement than dry contact does at just 𝑭𝑵 = 1.8 N (Figure 6.11). This indicates that 

grease significantly reduces stick-slip behaviour of the contact.  

 

 

Figure 6.14: Graph showing effect of 𝑭𝑵 on 𝑻𝒔 and 𝑻𝒂. Greased contact.  
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Given that 𝑑𝑎 is 2.375 times larger than 𝑑𝑠, expectation is that at any given 𝑭𝑵, 

𝑻𝒂 would also be larger than 𝑻𝒔 by the same factor. Figure 6.14 shows this is not the case. 

This is explained by reference to Figure 6.2; friction torque 𝑭𝑪
𝑑𝑠

2
 resists rotation of the 

steel disc, whereas 𝑭𝒂
𝑑𝑎

2
 aids the aluminium-bronze disc rotation. There are also torque 

losses 𝑻𝒃𝒔 and 𝑻𝒃𝒂 (Figure 6.3) which are unequal due to the difference in bush sizes. 

The assumption that 𝑻𝒂  would be larger than 𝑻𝒔  by a factor of 2.375 is therefore 

erroneous.  

 

 Summary and Learning Outcomes 

Preliminary testing has enabled an initial assessment of features of the custom 

disc-on-disc tribological test system. The following learning outcomes are realised and 

considered in the design of the improved final test rig (6.4.1): 

i. The disc-on-disc configuration can produce the intended sliding-rolling contact 

action, as demonstrated by Table 6.5 and Figure 6.13. 

ii. The torque sensors detect changes in 𝑻𝒔  and 𝑻𝒂  with change in 𝑭𝑵 . The 

measurable range of the sensors of ± 2 Nm is adequate for the loads and speeds 

under test.  

iii. Dry contact produces large fluctuations in torque measurement due to stick-slip 

interactions. Higher 𝑭𝑵 and 𝒗𝒔𝒍 make these fluctuations more severe while also 

causing rapid material transfer from the aluminium-bronze disc to the steel. For 

this reason, it is the norm to employ a lubricant in applications. Metallic gears are 

also used with some form of lubrication, thus there is no use of conducting further 

dry sliding tests. All tests henceforth are conducted under lubrication.  

iv. The assumption that 𝑻𝒂 = 2.375𝑻𝒔 because 𝑑𝑎 = 2.375𝑑𝑠  is erroneous. In fact, 

magnitude of 𝑻𝒔 can be larger than 𝑻𝒂 (Figure 6.14). 𝑑𝑠 must be increased in the 

improved rig to obtain larger torque 𝑻𝒔 readings.  

v. Torque changes due to vibration would be easier to capture on the disc that 

requires the larger driving torque. Therefore, changes in torque must be assessed 

on the steel disc, while the aluminium-bronze disc is subjected to vibration.  

vi. 𝑆𝑎 is influenced by 𝑆𝑠. The faster steel disc causes the aluminium-bronze disc to 

speed up. This happens because the aluminium-bronze disc is driven via spur 
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gears, and spur gears by their nature are not self-locking. Replacing spur gears 

with a high ratio worm gear pair can reduce the influence of 𝑆𝑠 on 𝑆𝑎.   

vii. Horizontal loading of the discs by suspended dead-weights is difficult to achieve 

given that an oil bath to lubricate the discs is also required. Instead, the discs must 

be vertically loaded such that their interaction can take place in an oil reservoir.  

 

6.4. Experimental Investigation 

Considering the learning outcomes in 6.3.6, an upgraded custom disc-on-disc 

sliding-rolling test rig has been designed and built for experimental investigation. The 

final test rig and its elements are described in 6.4.1-6.4.11, followed by a test procedure 

in 6.4.12 for the conduct of transverse and longitudinal vibration experiments. Results 

from these experiments are presented in 6.4.13 and 6.6.  

 

 Features of the Final Disc-on-Disc Test Rig 

A photograph of the upgraded custom disc-on-disc test rig which features a 

method of applying vibration is shown in Figure 6.15, followed by a sectioned CAD 

image of the rig in Figure 6.16. Both figures show the rig configured to apply transverse 

vibration, but it can also be configured for longitudinal mode as discussed later in this 

section.  

The test rig (Figure 6.15, Figure 6.16 and Figure 6.21) comprises two 24 VDC 

motors adopted from the preliminary rig (Figure 6.1), the rotational speeds of which are 

measured by two Bourns 5 VDC optical speed encoders. The lower motor drives a worm 

and wheel gear pair with speed reduction ratio 60:1, while a torque sensor measures drive 

torque 𝑻𝒂 for the aluminium-bronze disc. The upper motor drives a 90° gearbox of 30:1 

speed reduction ratio, while another torque sensor measures drive torque 𝑻𝒔 for the steel 

disc. The torque sensors, flexible couplings and aluminium breadboard are also adopted 

from the preliminary rig. 

 



CHAPTER 6: EXPERIMENTS 

124 

 

 

     1   - 24 VDC motor (×2) 

     2   - Speed encoder (×2) 

     3   - Microcontroller 

     4   - Worm and wheel gear pair 

     5   - Torque sensor (×2) 

     6   - 90° gearbox 

     7   - Flexible coupling (×4) 

     8   - Aluminium breadboard 

Figure 6.15: Photograph of disc-on-disc rig configured for transverse vibration. 

 

The upper motor, 90° gearbox, upper torque sensor, and shaft on which the steel 

disc is mounted, are all assembled onto a 10 mm thick aluminium platform (Figure 6.16). 

The entire platform is mounted to a Schaeffler ball bearing linear guide, such that the 

platform can traverse only in the vertical direction. Therefore, the platform subassembly 

mass of 𝑚𝑟 = 5.36 kg due to gravity acts directly at the contact between the steel and 

aluminium-bronze discs. Additional dead mass 𝑚𝑤  can be placed on the platform as 

necessary.  

The shaft on which the aluminium-bronze disc is mounted, while being 

rotationally driven by its motor via the worm and wheel gear pair, is also vibrated by a 

sonotrode. The aluminium casing not only supports the shaft for the aluminium-bronze 

disc, but it also provides a mounting face for the vertical linear guide and forms an oil 

reservoir. 0.7 litres of oil is necessary to dip lubricate the aluminium-bronze disc (Figure 

6.31). Lubrication is further discussed in 6.4.9. 
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     9   - Shaft for steel disc 

     10 - Steel disc 

     11 - Aluminium platform 

     12 - Ball bearing linear guide 

     13 - Shaft for al-bronze disc  

     14 - Al-bronze disc 

     15 - Dead mass  

     16 - Sonotrode 

     17 - Aluminium casing 

      

Figure 6.16: Sectioned CAD image of rig in transverse vibration configuration. 

 

Figure 6.17 shows a detail sectioned view of the disc and shaft subassemblies. An 

aluminium-bronze disc, material grade BS EN 1982 CC333G-GC, of diameter 𝑑𝑎 =

45 mm is loaded vertically against a steel disc, material grade BS EN 10084 15NiCr13, 

of diameter 𝑑𝑠 = 60 mm. The steel disc is hardened to 620-708 VPN. Both discs are 

mounted against a shoulder on their respective shafts by an M14 nut and spring washer. 

A square section key between each disc and respective shaft couples their rotation.  

The lower shaft is supported by two linear-rotary ball bearings. The upper shaft is 

supported by an oval flanged ball bearing on one end, and a deep groove ball bearing on 

the other. Axial movement of the upper shaft is restricted by grub screws on the flanged 

ball bearing.  
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     9   - Upper shaft for steel disc 

     10 - Steel disc 

     13 - Lower shaft for al-bronze disc 

     14 - Al-bronze disc 

     18 - M14 nut  

     19 - Spring washer 

     20 - Key 

     21 - Linear-rotary ball bearing, large  

     22 - Linear-rotary ball bearing, small 

     23 - Oval flanged ball bearing 

     24 - Grub screw on oval flanged bearing 

     25 - Deep groove ball bearing 

Figure 6.17: Sectioned CAD image of disc and shaft subassemblies in transverse 

vibration configuration. 

 

The sonotrode, Figure 6.18, comprises a rear steel housing in which a Physik 

Instrumente piezo actuator model P-887.91 (Figure 6.19) is centre positioned by a 

polymer bush. The piezo actuator has dimensions 7 × 7 × 36 mm, and travel range of 32 

µm at operating voltage range −20 to + 120 V. It has a blocking force of 1850 N; this is 

the force above which it will not actuate. The piezo is highly responsive to changes in 

operating voltage, thus applying a high frequency periodic voltage to it generates 

vibration.  

During a single vibration cycle, as supply voltage increases the piezo actuator 

extends and pushes a steel output pin, compressing two parallel stacked disc springs. The 

compressive force is registered on a load cell, located between two steel spacers. 

Subsequently, as supply voltage decreases during the vibration cycle, the piezo actuator 

retracts and the disc springs return the steel pin to its start position. For the disc springs 

to provide adequate returning force at high frequency, these springs must be appropriately 
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preloaded, noting that the preload must also be a good margin below the blocking force 

of 1850 N. The rear housing has an external thread. Preload is set by screwing the front 

housing onto the rear housing and locking the set position. 6.4.3 explains selection of the 

preload level.  

While the shaft for the aluminium-bronze disc must be free to rotate and vibrate 

concurrently, the output pin must be isolated from this rotation to avoid risk of damaging 

the piezo actuator. A special coupling has been designed for this purpose, comprising a 7 

mm thick aluminium circular plate on an IGUS Iglidur® 
polymer sleeve bearing, mounted 

between two thrust ball bearings. The locked castle nut, adjacent disc spring and thrust 

bearing are enclosed in an aluminium housing, one side of which is fixed to the circular 

plate and the other to the output pin. The thrust bearings decouple the shaft rotation from 

the aluminium plate. The output pin transfers vibration to the coupling and hence the shaft.  

 

 

     13 - Shaft for al-bronze disc 

     26 - Rear housing 

     27 - Piezo actuator 

     28 - Polymer bush 

     29 - Output pin 

     30 - Disc spring type 1 (×2)  

     31 - Load cell 

     32 - Spacer (×2) 

     33 - Front housing  

     34 - Circular plate 

     35 - Polymer sleeve bearing 

     36 - Thrust ball bearing (×2) 

     37 - Castle nut 

     38 - Disc spring type 2 

     39 - Spirol pin  

     40 - Coupling housing 

Figure 6.18: Sectioned CAD image of sonotrode. 
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Figure 6.19: Physik Instrumente piezo actuator model P-887.91. 

 

An electronic control box and voltage amplifier (Figure 6.20) operate the piezo 

actuator in the sonotrode. The user interacts with the USB powered Mbed Microcontroller 

(Figure 6.21) via a PuTTY command terminal. The Mbed controls a dedicated signal 

generator chip on an evaluation board to produce a periodic wave. Sinusoidal or triangular 

wave type can be selected from the PuTTY terminal (Figure 6.25). The signal generator 

output is then passed through analogue circuitry powered by a DC dual power supply to 

amplify, level shift, and filter the output to the Picoscope® and the voltage amplifier. The 

periodic voltage signal is amplified × 10 to the range −20 to + 120 V which is then 

applied to the piezo actuator. The load cell signal into the Picoscope® is used to set the 

sonotrode preload in 6.4.2.  

The speed encoders are powered by a Teensy LC microcontroller. The encoders 

each send 32 pulses per revolution to the microcontroller. The microcontroller computes 

the pulse counts into RPM values which are scaled and filtered to give proportional 

voltage outputs registered by the Picoscope®.  

The torque sensors and battery powered current clamps also feed into the 

Picoscope®. All 8 channels of data are recorded on a laptop with Picoscope® oscilloscope 

software, further explained in 6.4.11. 
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     3   - Teensy LC Microcontroller 

     41 - Vibration control box  

     42 - Voltage amplifier 

     43 - DC dual power supply (×3) 

     44 - 8 channel Picoscope® 

     45 - Laptop 

 
Figure 6.20: Photograph of ancillary equipment for disc-on-disc rig. 
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Figure 6.21: Test rig equipment interface map. 
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To configure the rig for longitudinal vibration the sonotrode location is changed 

as per Figure 6.22. Vibration is now applied via a stub shaft, fastened to a bracket which 

is mounted on a second Schaeffler four-row ball bearing linear guide, model KUVE. 

 

 

     12 - Ball bearing linear guide (×2) 

     16 - Sonotrode 

     46 - Stub shaft 

     47 - Bracket  

Figure 6.22: Sectioned CAD image of disc-on-disc rig configured for longitudinal 

vibration. 

 

In comparison to Figure 6.17, the lower shaft assembly for the longitudinal 

vibration configuration is shown in Figure 6.23. The bracket, which has been sectioned 

for clarity, holds two different press-fitted deep groove ball bearings. These bearings 

support a new shaft onto which the aluminium-bronze disc is mounted. The method of 

mounting the discs onto their respective shafts is unchanged.  
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     25 - Deep groove ball bearing type 1 

     46 - Stub shaft 

     47 - Bracket  

     48 - Deep groove ball bearing type 2 

     49 - Lower shaft for al-bronze disc 

Figure 6.23: Sectioned CAD image of disc and shaft subassemblies in longitudinal 

vibration configuration. 

 

 Vibration Mode, Frequency, and Waveform 

The test rig can be configured to apply transverse (Figure 6.15 and Figure 6.16) 

or longitudinal (Figure 6.22) mode of vibration. Vibration frequencies selected for test 

are 250, 500, 750, 1000, 2000 and 3000 Hz. These frequencies are within the range 

previously studied by Gutowski and Leus (2011; 2012; 2015).   

Current literature and models including those in chapters 4 and 5 assume vibration 

is harmonic where the displacement 𝒖 is sinusoid. Other waveforms have not previously 

been experimented. The effect of triangular wave vibration in comparison to sinusoidal 

is tested as part of this research. Figure 6.24 illustrates the two waveforms when 𝑓 =

750 Hz and 𝑢𝑎 = 16 µm. 
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Sinusoidal vibration wave Triangular vibration wave 

  
Figure 6.24: Vibration waveforms at 𝑓 = 750 Hz, 𝑢𝑎 = 0.016 mm (a) sinusoidal (b) 

triangular. 

 

The control box (Figure 6.21) can generate sinusoidal and triangular type 

vibration waves. The wave type and frequency are selected via the PuTTY command 

terminal, Figure 6.25.  

 

 

Figure 6.25: PuTTY command terminal for vibration control. 

 

 Sonotrode Preload Selection 

Output 𝑉𝑙  from the load cell (Figure 6.21) can be used to set the desired 

compression preload on the piezo actuator. To do this, 𝑉𝑙 must first be calibrated against 

known loads. The setup in Figure 6.26 is used for this. The sonotrode is clamped to the 

edge of a work bench and dead mass suspended off its output pin (Figure 6.26). Figure 

6.27 shows an almost perfectly linear relationship between applied load and 𝑉𝑙.  

Considering the piezo actuator has blocking force of 1850 N, the preload must be 

sufficiently large such that the sonotrode is responsive at the higher test frequencies 

selected (6.4.2), yet small enough to allow margin for inertia force generated by the 

vibrating components. Operating the sonotrode while attached to the test rig at three 

different preload settings, 10, 12 and 14 mV, does not affect the output voltage 𝑉𝑙 

b a 
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measured during vibration. 14 mV preload setting is chosen, equivalent to ≈ 1 4⁄  of the 

blocking force.    

 

 

Figure 6.26: Setup for measuring voltage output 𝑉𝑙 from load cell at different loads. 

 

 

Figure 6.27: Graph of measured voltage output 𝑉𝑙 from load cell at different loads. 

 

 Sonotrode Travel Range 

The selected preload setting must not compromise the piezo actuator’s ability to 

achieve its 32 µm displacement range when attached to the test rig. A check for 

displacement range confirms there are no pinch points or misalignments in the assembly 

that could inhibit vibration of the aluminium-bronze disc.  
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With the sonotrode initially detached from the rig, and 14 mV preload set, the 

displacement output from the sonotrode at its rated voltage limits −20 to + 120 V can be 

checked with a clock dial displacement transducer. Figure 6.28 shows that at application 

of steady state voltage −20 V the piezo actuator detracts by ≈ 7 µm, and at +120 V it 

extends by ≈ 25 µm, meaning total travel of 32 µm. This confirms the test rig assembly 

and selected preload do not compromise displacement output of the sonotrode.  

 

 

0 V 

 

−20 V 

 

+120 V 

 

Figure 6.28: Sonotrode displacement response to steady voltage measured with clock 

dial displacement transducer clamped to magnetic stand. Sonotrode detached from rig. 

 

The sonotrode output displacement check is also performed with the sonotrode 

attached to the test rig and steady state voltages reapplied. The displacement is measured 

on the circular plate of the special coupling, and at the opposite end of the lower shaft 

which interfaces with the torque sensor, Figure 6.29. At 120 V a displacement response 

of ≈ 25 µm  is again measured at both locations. This concludes that attaching the 

sonotrode to the rig does not compromise its displacement response, and that the 
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displacement is fully transferred through to the lower shaft on which the aluminium-

bronze disc is mounted. Adding 40 lbs (178 N) of dead mass has no impact on the 

displacement result. The same checks have also been completed in the longitudinal rig 

configuration.   

 

  

+120 V 

 

+120 V 

 

Figure 6.29: Sonotrode displacement response to steady voltage measured with clock 

dial displacement transducer clamped to magnetic stand. Sonotrode attached to rig. 

 

 Noise Isolation  

Vibration frequencies above 500 Hz are boisterous. For noise isolation the entire 

test rig is placed on convoluted acoustic foam (Figure 6.15, Figure 6.20). Also, a noise 

isolation box large enough to enclose the entire rig has been made by affixing convoluted 

acoustic foam to all internal faces of a corrugated cardboard box. 
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Figure 6.30: Noise isolation box. 

 

 Surface Roughness 

Due to learning outcome 6.3.6, iv, from preliminary testing, the test disc diameters 

𝑑𝑠  and 𝑑𝑎  have been changed for the final rig. Therefore, a new batch of discs are 

manufactured, and surface roughness measurement repeated per 6.3.3 on two aluminium-

bronze and two steel discs. For each disc, three circumferential and three lateral readings 

of Ra are taken at three different locations around the circumference, see Table 6.6 and 

Table 6.7. Both tables show that the location average Ra between two identical discs is 

very similar. This indicates manufacturing consistency. An overall average Ra is also 

calculated for each material. The overall circumferential average Ra (Table 6.6) is similar 

regardless of material.  
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Disc 

material 

Disc 

no. 

Location Ra readings Location 

average Ra 

Overall 

average Ra 1 2 3 

Al-Bronze 

CC333G-

GC 

1 1 0.39 0.40 0.40 0.40 0.40 

2 0.40 0.40 0.41 0.40 

3 0.40 0.40 0.41 0.40 

2 1 0.40 0.39 0.40 0.40 

2 0.41 0.40 0.40 0.40 

3 0.40 0.40 0.40 0.40 

Steel 

15NiCr13 

1 1 0.44 0.44 0.44 0.44 0.43 

2 0.44 0.45 0.44 0.44 

3 0.45 0.44 0.44 0.44 

2 1 0.42 0.41 0.42 0.42 

2 0.42 0.42 0.42 0.42 

3 0.42 0.42 0.42 0.42 

Table 6.6: Circumferential surface Ra readings of discs, final rig. 

 

Disc 

material 

Disc 

no. 

Location Ra readings Location 

average Ra 

Overall 

average Ra 1 2 3 

Al-Bronze 

CC333G-

GC 

1 1 0.78 0.78 0.77 0.78 0.79 

2 0.77 0.77 0.77 0.77 

3 0.76 0.79 0.76 0.77 

2 1 0.81 0.80 0.80 0.80 

2 0.80 0.80 0.80 0.80 

3 0.80 0.81 0.80 0.80 

Steel 

15NiCr13 

1 1 0.32 0.32 0.31 0.32 0.34 

2 0.32 0.32 0.32 0.32 

3 0.32 0.32 0.32 0.32 

2 1 0.36 0.37 0.36 0.36 

2 0.37 0.38 0.38 0.38 

3 0.36 0.36 0.36 0.36 

Table 6.7: Lateral surface Ra readings of discs, final rig. 
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 Sliding Velocity  

Selection of sliding velocity 𝒗𝒔𝒍, as well as normal load 𝑭𝑵 (6.4.8) and lubricant 

type (6.4.9), requires consideration of in-application worm gearing contact characteristics. 

𝒗𝒈 and 𝒗𝒔𝒍 are both contact sliding velocities but in different domains, the former for 

worm gearing as in Table 3.5, and the latter for contact between two discs as per equation 

(67). Table 3.5 shows a range 1.05 ≤ 𝒗𝒈 ≤ 2.40 m/s for the worm gearsets selected. 𝒗𝒔𝒍 

for a representative test should ideally be within the range of 𝒗𝒈.  

In previous studies of in-plane vibration (Littmann, Storck and Wallaschek, 2001; 

Gutowski and Leus, 2011; Gutowski and Leus, 2012; Gutowski and Leus, 2015; 

Gutowski and Leus, 2020), which experiment only with contact of planar surfaces, drive 

velocities 𝒗𝒅 up to only 5 mm/s have been tested. A jump from such slow sliding to 

velocities above 1 m/s pose risk of obtaining null results. Therefore, a progressive 

approach has been taken where intermediate values of sliding velocity 𝒗𝒔𝒍  have been 

selected for disc-on-disc experiments.  

Three motor speed settings have been selected for tests. They are applied by 

setting the DC voltage supply of the upper motor (Figure 6.21) to 𝑉𝑚𝑠 = 1, 3 and 5.5 V, 

while supply voltage to the aluminium-bronze disc’s drive motor is maintained at a 

constant 𝑉𝑚𝑎 = 0.9 V. This produces average slide-roll ratios 𝑅 = 0.44, 0.88 and 0.94 

respectively with sliding velocities in the range 2 ≤ 𝒗𝒔𝒍 ≤ 90 mm/s. This is still faster 

than any sliding velocity previously tested for vibration induced friction reduction in a 

sliding-rolling lubricated contact.  

 

 Normal Load Selection 

Using Hertzian contact relationship (70) the contact pressure 𝑝𝑚𝑎𝑥 between the 

two discs can be calculated (Budynas and Nisbett, 2011), where the Hertzian contact area 

half-width 𝑏 is given by (71), and 𝑭𝑵 by (72). Values used for the 𝑝𝑚𝑎𝑥 calculation are 

listed in Table 6.8, in which the results of (70)-(72) are coloured grey. The table shows 

that additional mass 𝑚𝑤 = 9.1 kg  (20 lbs) causes 𝑝𝑚𝑎𝑥 = 194.3 N/mm2  between the 

discs. In the interest of sustaining the rig the dead mass 𝑚𝑤 = 9.1 kg is not exceeded and 

remains constant for all tests. 

 

𝑝𝑚𝑎𝑥 =
2𝑭𝑵

𝜋𝑏𝐷
 (70) 
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𝑏 = √
2𝑭𝑵

𝜋𝐷

(1 − 𝜖𝑠
2) 𝐸𝑠⁄ + (1 − 𝜖𝑎

2) 𝐸𝑎⁄

1 𝑑𝑠⁄ + 1 𝑑𝑎⁄
 (71) 

𝑭𝑵 = (𝑚𝑟 + 𝑚𝑤) × 9.81 (72) 

 

Description Symbol Units Steel disc Al-bronze 

disc 

Poisson's ratio 𝜖𝑠, 𝜖𝑎  0.291 0.320 

Modulus of elasticity 𝐸𝑠, 𝐸𝑎  N/mm2 207,000 125,000 

Disc diameter 𝑑𝑠, 𝑑𝑎 mm 60 45 

Disc thickness 𝐷 mm 8 

Mass of rig platform subassembly  𝑚𝑟 kg 5.36 

Dead mass 𝑚𝑤 kg 9.07 

Normal force 𝑭𝑵 N 141.6 

Contact area half-width 𝑏 mm 0.058 

Max Hertzian contact pressure 𝑝𝑚𝑎𝑥 N/mm2 194.3 

Table 6.8: Parameters used for calculation of Hertzian contact pressure. 

 

 Lubricant Selection 

Due to learning outcome 6.3.6, iii, from preliminary testing, all tests are conducted 

in the presence of lubricant. In application (Figure 1.1) the worm gearset is fully 

submerged in mineral oil Fuchs Titan Gear MP SAE 80. However, the evasion of seals 

from the test rig to reduce drag make it impossible to fully submerge both discs in oil. 

Dip lubrication is thus used instead, Figure 6.31. 
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Figure 6.31: Schematic showing dip lubrication of aluminium-bronze disc, peripheral 

disc velocities and normal load. 

 

Tests are first conducted with WIC Medium Compound grease (Table 6.4) 

brushed onto the discs. Then, unused clean disc specimens are tested in 0.7 litres of SAE 

80 oil (Table 6.9) filled into the casing to dip lubricate the aluminium-bronze disc. Refer 

to Table 6.10 for a matrix of test combinations.  

 

Lubricant property Description 

Appearance  Brown liquid 

Flash point 215°C   

Density 0.893 kg/l 

𝑣40 92 mm2/s 

𝑣100 10 mm2/s 

Viscosity index 96 

Table 6.9: Properties of Fuchs Titan Gear MP SAE 80 mineral oil (Fuchs, 2011). 

 

 Test Matrix 

Information from 6.4.2, 6.4.7 and 6.4.9 is assembled into test matrix Table 6.10 

to summarise the combinations of tests conducted (✓), and those that have been excluded 

(). Two parameters remain constant across all tests, as per 6.4.7 and 6.4.8; 𝑉𝑚𝑎 = 0.9 V, 

𝑭𝑵 = 141.6 N. 
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Mode:  Transverse Longitudinal 

Lubricant: Grease Oil Grease Oil 

𝑽𝒎𝒔  : 1 3 5.5 1 3 5.5 1 3 5.5 1 3 5.5 
S

in
u

so
id

a
l 

w
a
v
e 

250 Hz ✓ ✓ ✓ ✓ ✓ ✓    ✓ ✓ ✓ 

500 Hz ✓ ✓ ✓ ✓ ✓ ✓    ✓ ✓ ✓ 

750 Hz ✓ ✓ ✓ ✓ ✓ ✓    ✓ ✓ ✓ 

1000 Hz ✓ ✓ ✓ ✓ ✓ ✓    ✓ ✓ ✓ 

2000 Hz ✓ ✓ ✓ ✓ ✓ ✓     ✓ ✓ ✓ 

3000 Hz ✓ ✓ ✓ ✓ ✓ ✓    ✓ ✓ ✓ 

T
ri

a
n

g
u

la
r 

w
a
v
e 

250 Hz    ✓ ✓ ✓    ✓ ✓ ✓ 

500 Hz    ✓ ✓ ✓    ✓ ✓ ✓ 

750 Hz    ✓ ✓ ✓    ✓ ✓ ✓ 

1000 Hz    ✓ ✓ ✓    ✓ ✓ ✓ 

2000 Hz    ✓ ✓ ✓    ✓ ✓ ✓ 

3000 Hz    ✓ ✓ ✓    ✓ ✓ ✓ 

Table 6.10: Test matrix. 

 

 Data Capture 

Figure 6.21 lists the test data captured by an 8 channel Picoscope®. The 

Picoscope® software is configured such that all 8 channels concurrently display torques 

(𝑻𝒔 and 𝑻𝒂), disc speeds (𝑆𝑚𝑠 and 𝑆𝑚𝑎), voltages (𝑉𝑤  and 𝑉𝑙) and motor currents (𝑖𝑚𝑠 and 

𝑖𝑚𝑎).  

The aluminium-bronze disc is used as control; it has a fixed supply 𝑉𝑚𝑎 = 0.9 V 

throughout the tests, and vibration test frequencies applied to it are for analysing the effect 

on the steel disc. Data regarding the aluminium-bronze disc is thus captured for 

information only. Of greater interest is what happens with the steel disc.  

Table 6.11 summarises test data for the steel disc before and after application of 

750 Hz transverse sinusoidal vibration with oil lubrication when 𝑉𝑚𝑠 = 1 V . Before 

applying vibration �⃖�  𝒔 = 0.6448 Nm. After applying vibration 𝑻   𝒔 = 0.0925 Nm. Changes 

also occur to the motor speed and motor current for the steel disc due to vibration (Table 

6.11). 
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�⃖�  𝒔  

(Nm) 

𝑻   𝒔  

(Nm) 

�⃖�𝑚𝑠  

(RPM) 

𝑆 𝑚𝑠  

(RPM) 

�⃖�𝑚𝑠  

(amps) 

𝑖 𝑚𝑠  

(amps) 

0.6448 0.0925 70.54 95.51 1.4020 0.9653 

Table 6.11: Test data for steel disc at 750 Hz transverse sinusoidal vibration, oil 

lubrication, 𝑉𝑚𝑠 = 1 V. 

 

Relationships (73)-(75) are applied to quantify the influence of vibration on drive 

torque, power loss and efficiency of the steel disc’s drive. Likewise, test data for all test 

combinations (Table 6.10) is processed for graphical representation and discussion in 

6.4.13 and 6.6. 

 

% change in 𝑻𝒔 = (
𝑻   𝒔 − �⃖�  𝒔

�⃖�  𝒔
) 100 (73) 

% change in 𝑃𝑙𝑜𝑠𝑠_𝑠 = (
𝑻   𝒔𝑆 𝑚𝑠 − �⃖�  𝒔�⃖�𝑚𝑠

�⃖�  𝒔�⃖�𝑚𝑠

) 100 (74) 

∆𝜂𝑠 = [(
𝑉𝑚𝑠𝑖 𝑚𝑠 −

𝜋𝑻   𝒔𝑆 𝑚𝑠

960
𝑉𝑚𝑠𝑖 𝑚𝑠

) − (
𝑉𝑚𝑠 �⃖�𝑚𝑠 −

𝜋�⃖�  𝒔�⃖�𝑚𝑠

960
𝑉𝑚𝑠 �⃖�𝑚𝑠

)] 100 (75) 

 

 Test Procedure 

The test procedure describes the sequential steps taken to collect results for tests 

identified in Table 6.10.  

1. Wipe the steel and aluminium-bronze test discs clean with isopropyl alcohol.  

2. Measure and record the weight of both discs. 

3. Configure the test rig for transverse vibration (Figure 6.15 and Figure 6.16). 

Install discs onto their respective shafts. 

4. Place dead mass 𝑚𝑤 = 9.1 kg (20 lbs) on rig (Figure 6.16). 

5. Switch on mains power and DC power supplies for the torque sensors, vibration 

control box and sonotrode load cell (Figure 6.21). 

6. Switch on the two current clamps and laptop (Figure 6.21). 

7. Connect USB devices to laptop (Figure 6.21). Load PuTTY, Arduino® and 

Picoscope® software.  

8. Using Picoscope® data capture set the sonotrode preload to 𝑉𝑙 = 14 mV (6.4.3).  

9. With PuTTY set the vibration waveform to sinusoidal (Figure 6.25).  
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10. If lubricant is grease, brush grease onto outer diameter of both discs. If lubricant 

is oil, fill the aluminium casing (Figure 6.16) with 0.7 litres of SAE 80 oil (Table 

6.9) to dip lubricate the aluminium-bronze disc.  

11. Cover test rig with noise isolation box (Figure 6.30). 

12. Set voltage supply to the motors 𝑉𝑚𝑎 = 0.9 V and 𝑉𝑚𝑠 = 1 V.  

13. Perform trial run; start Picoscope® data logger and energise motors temporarily.  

14. De-energise the motors and stop Picoscope® data logger. Check plots to ensure 

the current clamps are zeroed when motors are unpowered. If not, zero the current 

clamps and go back to step 13. 

15. Check that the torques, speeds and motor currents change at the time when the 

motors are energised. If not, check power and cabling for the sensors and go back 

to step 13. 

16. Re-energise motors temporarily to manually measure their speeds using a 

calibrated handheld digital laser tachometer. Check that the manually measured 

motor speeds match the sensor detected speeds from step 15. If not, check the 

sensor voltage to RPM scaling values then go back to step 13.  

17. Perform actual test run; energise the motors and start Picoscope® data logger. 

Allow the discs to slide-roll for 10 seconds minimum. 

18. With PuTTY (Figure 6.25) apply vibration frequency command 𝑓 = 250 Hz and 

allow to run for another 10 seconds minimum.  

19. De-energise the motors and apply PuTTY command to stop vibration. Wait 10 

seconds at idle.  

20. Re-energise the motors for another 10 seconds minimum. 

21. Repeat steps 18-20 until all vibration test frequencies have been applied (Table 

6.10). 

22. Stop Picoscope® data logger and save the data file. 

23. Repeat steps 17-22 to obtain a second set of data. 

24. Repeat steps 10-23 at 𝑉𝑚𝑠 = 3 V and 5.5 V for intended coverage of transverse 

sinusoidal vibration tests, per Table 6.10. 

25. Remove disc test specimens. 

26. Repeat steps 1-2. Store the tested discs. 

27. If lubricant is oil, extract the used oil out of the aluminium casing with a vacuum 

fluid extractor.  
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28. With new test discs repeat steps 1-27 for intended coverage of transverse 

triangular vibration tests, per Table 6.10. 

29. Reconfigure the test rig for longitudinal vibration (Figure 6.22).  

30. With new test discs repeat steps 1-27 for intended coverage of longitudinal 

sinusoidal vibration tests, per Table 6.10. 

31. With new test discs repeat steps 1-27 for intended coverage of longitudinal 

triangular vibration tests, per Table 6.10. 

32. Assemble test data and analyse.  

 

 Limitations of Experiments and Error Mitigation  

One of the limitations of experimentation is that it is a time-consuming process. 

To do it correctly, each variable has been isolated for tests, and combinations of variables 

have also been considered (6.4.10). The process of setting up and conducting these tests 

is lengthy, and a significant amount of time has been required to evaluate the test data.  

For experimental research to be effective, a single set of data cannot be trusted, 

and the results must be reproduced consistently. Each combination in the test matrix 

(Table 6.10) has been tested twice to remove any doubt over test validity and evaluation 

of results.  

Experimentation should aim to imitate real application conditions as closely as 

possible. However, worm and wheel gear teeth are known to have slight variation from 

one sample to another until bedding-in of the gearset. To mitigate from experimental 

inconsistencies caused by this, while expanding the relevance of experimentation beyond 

gearing alone, an easily repeatable test specimen geometry in the form of metallic discs 

has been pursued.  

Other measures taken to mitigate errors in experimentation include the use of 

flexible couplings to account for any shaft misalignments. Measuring equipment such as 

torque sensors and speed encoders are calibrated before use. The test procedure includes 

checks before each run to ensure test data is being correctly captured (6.4.12, steps 13-

16).  
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6.5. Transverse Vibration Test Results 

The test matrix (Table 6.10) shows the combinations of transverse vibration tests 

conducted, each performed twice as per the test procedure (6.4.12) for collection of two 

datasets to assess consistency of results. Transverse vibration test data is evaluated in 

6.5.1-6.5.5. 

 

 Torque Reduction due to Transverse Vibration 

Graphs in Figure 6.32-Figure 6.34 show percentage reduction of 𝑻𝒔  plotted 

against 𝑓, for each 𝑉𝑚𝑠  setting. The corresponding average slide velocity �̃�𝒔𝒍 is also listed. 

The graphs show good consistency in �̃�𝒔𝒍  between the first and second datasets. However, 

in terms of % reduction of Ts the two datasets are more consistent only when oil is used 

as lubricant (Figure 6.33 and Figure 6.34). Evidently, regardless of lubricant type or 

vibration wave type, at any �̃�𝒔𝒍 the largest % reduction of 𝑻𝒔 occurs when 𝑓 = 750 Hz. 

The second most influential frequency is 2000 Hz, and the least influential is 3000 Hz. 

This proves that a higher vibration frequency does not necessarily mean a greater 

reduction of 𝑻𝒔. To understand why, further tests are conducted using accelerometers to 

measure the vibration directly at the lower shaft, detailed in 6.5.2. 

Tests using oil lubrication (Figure 6.33 and Figure 6.34) show that at any vibration 

frequency 𝑓, the higher the average sliding velocity �̃�𝒔𝒍 the smaller the % reduction of 𝑻𝒔. 

The same is true for the greased tests (Figure 6.32) except at 500 Hz. 

Comparing Figure 6.33 and Figure 6.34, generally a larger % reduction of 𝑻𝒔 is 

achieved by sinusoidal vibration. A noticeable difference is again at 500 Hz, where the 

triangular waveform has much less impact compared to sinusoidal.  
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(a) First dataset (b) Second dataset 

 

 

 

 

Figure 6.32: Effect of 𝑓 on 𝑻𝒔. Transverse sinusoidal vibration, greased contact. 
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(a) First dataset (b) Second dataset 

 

 

 

 

Figure 6.33: Effect of 𝑓 on 𝑻𝒔. Transverse sinusoidal vibration, oil dip lubrication. 
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(a) First dataset (b) Second dataset 

 

 

 

 

Figure 6.34: Effect of 𝑓 on 𝑻𝒔. Transverse triangular vibration, oil dip lubrication. 
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 Correlation of Torque Reduction with Accelerometer Data 

Figure 6.32-Figure 6.34 show profiles in which 𝑓 = 750 Hz distinctly causes the 

largest, and 2000 Hz the second largest reduction in 𝑻𝒔. An investigation is conducted to 

justify the profile in Figure 6.33.  

An accelerometer mounted on the flexible coupling (Figure 6.35) measures the 

vibration frequency 𝑓  and acceleration 𝑎  of the lower shaft, and therefore of the 

aluminium-bronze disc rigidly affixed to it. Knowing 𝑓 and 𝑎 it is possible to calculate 

the vibration velocity amplitude 𝑣𝑎 applied to the aluminium-bronze disc:  

𝑣𝑎 =
𝑎

2𝜋𝑓
 (76) 

 

Vibration measurement is repeated to collect two sets of accelerometer data. 

Results are plotted in Figure 6.36, showing close correlation of 𝑣𝑎 between both datasets, 

and that the aluminium-bronze disc experiences the fastest vibration velocity of 𝑣𝑎 =

59 mm/s at 𝑓 = 750 Hz.  

Test conditions are identical to those used for obtaining results in Figure 6.33; 

transverse vibration with sinusoidal waveform, oil dip lubrication, and 𝑭𝑵 = 141.6 N. 

However, in this case the lower shaft cannot be rotationally driven as that would cause 

the accelerometer wire to wind around the rotating components, risking damage to 

equipment.  

 

 

   

 

 

Figure 6.35: Accelerometer position for transverse vibration measurements. 

 

Figure 6.36 compares measured 𝑣𝑎  with % reduction of 𝑻𝒔  at 𝑉𝑚𝑠 = 1  from 

Figure 6.33a. 𝑣𝑎  evidently correlates with % reduction of 𝑻𝒔. Maximum 𝑣𝑎  at 750 Hz 
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coincides with the maximum reduction of 𝑻𝒔. This work shows that 𝑣𝑎 and thus the % 

reduction of 𝑻𝒔, depend on the vibration characteristics of the test system. 

 

 

Figure 6.36: Influence of 𝑣𝑎 on 𝑻𝒔 reduction at applied transverse test frequencies. 

 

 Normalised Torque vs. Previous Simulation  

Figure 6.37 shows normalised drive torque 𝑻𝒔𝒗 𝑻𝒔𝒔⁄  from transverse vibration 

disc-on-disc test at 𝑓 = 750 Hz, in a form that can be compared with previous planar 

contact simulation results in Figure 5.8. A similarity between disc-on-disc test results and 

previous simulation results is that reduction of 𝑻𝒔𝒗 𝑻𝒔𝒔⁄  occurs when 𝒌𝒗 ≤ 1. Figure 6.37 

and Figure 5.8 results are not a perfect match owing to the different systems being 

evaluated.  
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Figure 6.37: Disc-on-disc transverse vibration test, change in 𝑻𝒔𝒗 𝑻𝒔𝒔⁄  with 𝒌𝒗. 

 

 Power loss Reduction due to Transverse Vibration 

6.5.1-6.5.3 are concerned with changes in 𝑻𝒔  only. Friction reduction due to 

vibration also results in reduced power loss 𝑃𝑙𝑜𝑠𝑠_𝑠 , equation (74). Reduction in 𝑃𝑙𝑜𝑠𝑠_𝑠 

due to sinusoidal and triangular transverse vibration with oil dip lubrication is plotted in 

Figure 6.38 and Figure 6.39 respectively. The figures show similar trends to Figure 6.33 

and Figure 6.34. This is because speed changes are small in comparison to torque changes, 

thus 𝑻𝒔 is the influencing factor for 𝑃𝑙𝑜𝑠𝑠_𝑠. Test data shows that the higher the average 

sliding velocity �̃�𝒔𝒍, the smaller the reduction of 𝑃𝑙𝑜𝑠𝑠_𝑠. Since reduction in 𝑻𝒔 is larger 

with sinusoidal vibration (6.5.1), % reduction in 𝑃𝑙𝑜𝑠𝑠_𝑠  is also larger with sinusoidal 

vibration.  

 

 Efficiency Improvement due to Transverse Vibration 

The improvement in efficiency ∆𝜂𝑠, determined by (75), due to sinusoidal and 

triangular transverse vibration with oil dip lubrication is plotted in Figure 6.40 and Figure 

6.41 respectively. Sinusoidal vibration allows a greater improvement of 𝜂𝑠  at the 

optimum frequency 750 Hz.  
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(a) First dataset (b) Second dataset 

 

 

 

 

Figure 6.38: Effect of 𝑓 on 𝑃𝑙𝑜𝑠𝑠_𝑠. Transverse sinusoidal vibration, oil dip lubrication. 
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(a) First dataset (b) Second dataset 

 

 

 

 

Figure 6.39: Effect of 𝑓 on 𝑃𝑙𝑜𝑠𝑠_𝑠. Transverse triangular vibration, oil dip lubrication.
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(a) First dataset (b) Second dataset 

 

 

 

 

Figure 6.40: Effect of 𝑓 on ∆𝜂𝑠. Transverse sinusoidal vibration, oil dip lubrication. 
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(a) First dataset (b) Second dataset 

 

 

 

 

Figure 6.41: Effect of 𝑓 on ∆𝜂𝑠. Transverse triangular vibration, oil dip lubrication.
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6.6. Longitudinal Vibration Test Results 

This section follows a similar format to 6.4.13. The test matrix (Table 6.10) shows 

the combinations of longitudinal vibration tests conducted, each performed twice as per 

the test procedure (6.4.12) for collection of two datasets to assess consistency of results. 

Longitudinal vibration test data is evaluated in 6.6.1-6.6.5. 

 

 Torque Reduction due to Longitudinal Vibration 

In similarity to transverse vibration results (6.5.1), it is evident from Figure 6.42 

and Figure 6.43 that at any �̃�𝒔𝒍 the largest % reduction of 𝑻𝒔 occurs when 𝑓 = 750 Hz, 

regardless of the vibration wave type. The secondary peak present at 2000 Hz with 

transverse vibration (Figure 6.33 and Figure 6.34) is no longer present in longitudinal 

mode.  

Comparing Figure 6.42 with Figure 6.43, maximum % reduction of 𝑻𝒔 is again 

achieved by sinusoidal vibration. However, in longitudinal mode the triangular wave is 

more effective when 𝑓 ≥ 2000 Hz, at slower sliding speeds.  
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(a) First dataset (b) Second dataset 

 

  

 

  

Figure 6.42: Effect of 𝑓 on 𝑻𝒔. Longitudinal sinusoidal vibration, oil dip lubrication. 
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(a) First dataset (b) Second dataset 

 

  

 

  

Figure 6.43: Effect of 𝑓 on 𝑻𝒔. Longitudinal triangular vibration, oil dip lubrication. 
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 Correlation of Torque Reduction with Accelerometer Data 

In similarity to 6.5.2, the longitudinal vibration results in Figure 6.42 are 

investigated using an accelerometer (Figure 6.44) mounted on a flat face of the lower 

shaft (Figure 6.23), to measure the vibration frequency 𝑓 and acceleration 𝑎 to which the 

aluminium-bronze disc is subjected. Knowing 𝑓  and 𝑎 , equation (76) calculates the 

vibration velocity amplitude 𝑣𝑎 applied to the aluminium-bronze disc: 

Figure 6.45 shows close correlation of 𝑣𝑎 between the first and second datasets 

collected. The aluminium-bronze disc experiences the fastest vibration velocity of 𝑣𝑎 =

87 mm/s at 𝑓 = 750 Hz.  

Test conditions are identical to those used for obtaining results in Figure 6.42; 

longitudinal vibration with sinusoidal waveform, oil dip lubrication, and 𝑭𝑵 = 141.6 N. 

However, as is the case in 6.5.2 the lower shaft cannot be rotationally driven as that would 

cause the accelerometer wire to wind around the rotating components, risking damage to 

equipment.  

 

 

 

 

 

Figure 6.44: Accelerometer position for longitudinal vibration measurements. 

 

Figure 6.45 compares measured 𝑣𝑎  with % reduction of 𝑻𝒔  at 𝑉𝑚𝑠 = 1  from 

Figure 6.42a. Maximum 𝑣𝑎 at 750 Hz coincides with the maximum reduction of 𝑻𝒔. This 

work supports 6.5.2 in showing that 𝑣𝑎 and thus the % reduction of 𝑻𝒔, depend on the 

vibration characteristics of the test system. 
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Figure 6.45: Influence of 𝑣𝑎 on 𝑻𝒔 reduction at applied longitudinal test frequencies. 

 

 Normalised Torque vs. Previous Simulation  

Figure 6.46 shows normalised drive torque 𝑻𝒔𝒗 𝑻𝒔𝒔⁄  from longitudinal vibration 

disc-on-disc test at 𝑓 = 750 Hz, in a form that can be compared with previous planar 

contact simulation results in Figure 5.5. Disc-on-disc test results are similar to previous 

simulation results in that 𝑻𝒔𝒗 𝑻𝒔𝒔⁄  approaches 1 when 𝒌𝒗 approaches 1. Tests at 𝒌𝒗 < 1 

cannot be performed in longitudinal mode since 𝑣𝑎 in this mode (Figure 6.45) is much 

greater that in transverse mode (Figure 6.36), while the drive velocity of the rig cannot be 

increased further. Figure 6.46 and Figure 5.5 results are not a perfect match owing to the 

different systems being evaluated. 
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Figure 6.46: Disc-on-disc longitudinal vibration test, change in 𝑻𝒔𝒗 𝑻𝒔𝒔⁄  with 𝒌𝒗. 

 

 Power loss Reduction due to Longitudinal Vibration 

In similarity to 6.5.4, reduction in 𝑃𝑙𝑜𝑠𝑠_𝑠  due to sinusoidal and triangular 

longitudinal vibration with oil dip lubrication is plotted in Figure 6.47 and Figure 6.48 

respectively. The figures show similar trends as Figure 6.42 and Figure 6.43. This is 

because speed changes are small in comparison to torque changes, thus 𝑻𝒔  is the 

influencing factor for 𝑃𝑙𝑜𝑠𝑠_𝑠.  As with transverse vibration, the higher the average sliding 

velocity �̃�𝒔𝒍, the smaller the reduction of 𝑃𝑙𝑜𝑠𝑠_𝑠.  

 

 Efficiency Improvement due to Longitudinal Vibration 

The improvement in efficiency ∆𝜂𝑠, determined by (75), due to sinusoidal and 

triangular longitudinal vibration with oil dip lubrication is plotted in Figure 6.49 and 

Figure 6.50 respectively. Sinusoidal vibration allows a greater improvement of 𝜂𝑠 at the 

optimum frequency 750 Hz. This is in line with the finding from transverse vibration tests 

(6.5.5).   
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(a) First dataset (b) Second dataset 

 

 

 

 

Figure 6.47: Effect of 𝑓 on 𝑃𝑙𝑜𝑠𝑠_𝑠. Longitudinal sinusoidal vibration, oil dip lubrication. 
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(a) First dataset (b) Second dataset 

 

 

 

 

Figure 6.48: Effect of 𝑓 on 𝑃𝑙𝑜𝑠𝑠_𝑠. Longitudinal triangular vibration, oil dip lubrication.
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(a) First dataset (b) Second dataset 

 

 

 

 

Figure 6.49: Effect of 𝑓 on ∆𝜂𝑠. Longitudinal sinusoidal vibration, oil dip lubrication. 
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(a) First dataset (b) Second dataset 

 

 

 

 

Figure 6.50: Effect of 𝑓 on ∆𝜂𝑠. Longitudinal triangular vibration, oil dip lubrication.
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6.7. Wear Life Consideration 

In section 2.7.1 of the literature review a study by Chowdhury and Helali (2007) 

is identified where the wear rate of steel-steel contact is shown to reduce with application 

of normal vibration. No studies have been reported to support whether the same applies 

with in-plane vibration. Therefore, a wear test is performed to give an indication of the 

influence of longitudinal vibration on wear. A transverse vibration wear test has not been 

performed. 

The test consists of two runs; one without vibration applied and one with 

longitudinal vibration applied. Vibration frequency 𝑓 = 750 Hz  is used since this is 

found to produce the highest vibration velocity 𝑣𝑎  and consequently the greatest 

reduction in torque 𝑻𝒔 (Figure 6.45). For maximum wear rate the fastest sliding speed 

setting is used for both runs, 𝑉𝑚𝑠 = 5.5 V and 𝑉𝑚𝑎 = 0.9 V. Normal force is set to 𝑭𝑵 =

141.6 N as per Table 6.8, and dip lubrication with SAE 80 oil is used as per 6.4.9. 

Monitoring 𝑆𝑚𝑎 and 𝑆𝑚𝑠 throughout the wear test allows the total sliding distance to be 

recorded for both runs. Both wear test runs have completed a minimum of 1800 metres 

of total sliding in under 6 hours. The weight loss of the test disc specimens after the runs 

is given in Table 6.12. Results indicate that in-plane vibration increases wear.  

 

Wear test  Duration 

(hh:mm) 

Sliding 

distance 

(m) 

Disc weight 

before (g) 

Disc weight 

after (g) 

Percentage 

weight loss 

St Al-Br St Al-Br St Al-Br 

Without 

vibration 
05:57 1805 165.8 85.022 165.8 84.982 0% 0.05% 

With 

longitudinal 

vibration 

05:53 1801 166.3 84.932 166.3 84.824 0% 0.13% 

Table 6.12: Effect of longitudinal vibration on weight loss of steel and aluminium-

bronze discs.  
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6.8. Chapter Discussion and Conclusions 

This chapter has identified the need for a custom disc-on-disc test rig to imitate 

the sliding-rolling contact interaction typical of worm gearing, while allowing vibration 

to be applied to one of the discs. A preliminary test system has been useful for 

understanding the dynamics and feasibility of an initial design. Learning outcomes (6.3.6) 

from preliminary testing have been applied to develop an improved disc-on-disc test rig. 

Features of the rig, interfaces with other equipment, the test conditions and procedure 

have been given a detailed account. 

Test results have been collected to analyse the influence of lubricant type, 

vibration mode, vibration waveform, vibration frequency 𝑓, and sliding speed �̃�𝒔𝒍 on disc 

drive torque 𝑻𝒔 , disc rotational speed 𝑆𝑠  and motor current draw 𝑖𝑚𝑠 . Test data has 

enabled a study of the influence of vibration frequency 𝑓 on reduction of 𝑻𝒔, reduction of 

frictional power loss 𝑃𝑙𝑜𝑠𝑠_𝑠  and improvement in efficiency. Results show better 

consistency of data with oil dip lubrication compared to grease. The most favourable 

results in both vibration modes are achieved in oil at 𝑓 = 750 Hz  with sinusoidal 

waveform. 𝑻𝒔 reduces by up to 86% under transverse vibration (Figure 6.33), and up to 

78% under longitudinal vibration (Figure 6.42). This marries well with accelerometer 

data showing the highest vibration velocity 𝑣𝑎  at 𝑓 = 750 Hz . Vibration velocity 

imposed on the test specimen is influenced by the transmissibility of the mechanical 

system. For example, 𝑣𝑎  is much greater in longitudinal mode (Figure 6.45) than in 

transverse (Figure 6.36).  

Superimposition of transverse and longitudinal normalised torque results at 𝑓 =

750 Hz (Figure 6.51) show greater friction reduction effect from transverse vibration. 

This is contrary to previous experiments by Gutowski and Leus (2015) of two planar 

contact surfaces where transverse vibration produces less reduction of friction. A possible 

explanation is that in these previous experiments, movement of the sliding body in the 

transverse direction has not been restricted, thus there is partial transfer of transverse 

motion from the base to the sliding body. In the disc-on-disc rig the position of the steel 

disc is fixed in the transverse direction. This maximises the relative transverse vibration 

velocity at the contact, and thus maximises the effectiveness of transverse vibration.    

Although friction is reduced by vibration, wear test indicates that wear life also 

reduces, and this must be considered in the design of any system involving vibration.  
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Figure 6.51: Comparison of transverse and longitudinal disc-on-disc normalised torque 

results. Superimposition of Figure 6.37 and Figure 6.46. 

 

Chapter 4 comprises analytical investigations of vibration with a test system 

unrelated to worm gearing. Chapter 5 uses the same system and lays the foundations for 

FEA simulations by demonstrating that numerical analysis achieves the same results as 

analytical method. Chapter 6 has developed and tested a system more relevant to worm 

gearing by introducing sliding-rolling contact interaction and use of lubricant to pre-

existing investigations. The next chapter further advances towards the intended 

application by building upon the foundations of Chapter 5 to numerically analyse the 

effect of vibration on worm gearing efficiency, and to compare results with empirical 

results from chapter 6. 
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7.1. Chapter Introduction 

Having developed knowledge of friction modelling for vibration in chapter 4, 

followed by establishing a technique for 3D simulations of planar contact surfaces under 

vibration in chapter 5, and having proven the friction reduction benefit of imposed 

vibration for sliding-rolling contact in chapter 6, the foundations have been set for 

evaluating the effect of vibration on worm gearing efficiency. A CAD model of worm 

gearset 3 (Table 3.5) is used for conducting numerical simulations in this chapter.  

7.2 contains the simulation methodology, describing the simulation domain, 

simulation sequence, boundary conditions and measures taken to simplify the finite 

element mesh. Subroutine development for the worm gearset simulation is explained in 

7.3.  

7.4 evaluates the simulation results. To initially validate the simulation, worm 

gearset efficiency without vibration is compared with theoretically calculated efficiency 

𝜂𝑧1−2 from Table 3.5. A mesh density study then allows selection of the appropriate mesh 

size, followed by simulations studying the effect of vibration on input gearset torque, 

mechanical advantage, and efficiency.  

 

7.2. Worm Gearing Simulation Methodology 

Importing worm and wheel CAD models straight into Abaqus® for FEA makes 

the conduct of simulations difficult for two reasons. The first is that to achieve an 

adequately fine mesh at the gear teeth, a large bulk of material in the two parts also must 

be finely meshed. This creates an exorbitant number of finite elements, requiring 

significant computer processing power. Secondly, generating accurate CAD gear tooth 

geometries requires simulation of material removal by the manufacturing process. 

Machine tool cutting paths create faceted faces on the tooth flanks (Figure 7.1) which, 

although realistic, cause further meshing difficulties. Section 7.2.1 explains the steps 

taken to resolve these issues.  

Setup and conduct of a simulation of material removal to generate accurate CAD 

gear tooth geometries is a lengthy process. An accurate CAD model of gearset 3, 

identified in Table 3.5, has already previously been produced and is available for use. 

CAD models for the other gearsets do not exist, so in the interest of time, simulations 

studying the influence of vibration on worm gearing efficiency have been conducted 

using the pre-existing gearset 3 CAD model (Figure 7.1). 



CHAPTER 7: WORM AND WHEEL SIMULATION 

172 

 

  

 

Figure 7.1: CAD model of worm gearset 3. Facets on tooth flanks of wheel gear caused 

by machining simulation. 

 

Gear simulations are performed in Abaqus® with contact pressure 194.3 N/mm2 

and vibration frequency 750 Hz to match the contact pressure (Table 6.8) and optimum 

frequency (Figure 6.36 and Figure 6.45) during disc-on-disc experiments. Sinusoidal 

vibration waveform is used since chapter 6 concludes better results when compared to the 

triangular wave.  

Simulations are also performed at the gearset’s rated torque 𝑇𝑅 = 366 Nm and 

speed 𝑛1 = 1440 RPM, which constitute to load and speed significantly beyond the levels 

used in experiments. This is done in the interest of predicting the level of vibration that 

would have to be applied to get an efficiency benefit under real application conditions.  

The previously developed friction subroutine (5.2.4) which has been used for 

numerical FEA simulations of coupled longitudinal-transverse vibration (5.3) are found 

to cause errors when applied to the analysis of worm gearing. Section 7.3 explains 

subroutine modifications implemented to resolve this.  

 

 Geometry and Topology Adjustment 

To reduce computational effort and thus minimise simulation durations, it is 

necessary to exclude component features that are away from the gear teeth. The CAD 
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models are therefore simplified from Figure 7.1 to Figure 7.2. The worm and wheel are 

then imported into Abaqus® as two separate parts. 

 

 

Figure 7.2: CAD model of worm gearset 3 simplified for import into Abaqus®. 

 

To further reduce computational effort the worm gear, after imported to Abaqus®, 

is changed to an analytical rigid shell (Figure 7.3).  

 

    

Figure 7.3: Worm gear as analytical rigid shell in Abaqus®. 

 

The wheel gear teeth are created in a CAD program by modelling material 

removal using mathematical relationships that define the sweeps of the cutting hob during 

manufacture. The resultant step-like features, referred to as facets, on the tooth flanks 

(Figure 7.1) create meshing difficulties. Geometry editing options within Abaqus® are 

employed to remove facetted edges and blend adjacent faces to create a single flank face 

on each side of the wheel tooth (Figure 7.4). Initial contact checks reveal that the worm 

teeth make centre contact with wheel teeth (refer to section 2.6 for an explanation of 

centre contact). Since the facets are located at the edges of wheel teeth, topology 
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adjustment is assumed to have minimal impact on flank geometry at the centre of teeth 

where contact occurs. A mesh study is performed (7.4.2) to select the appropriate mesh 

density for simulations.  

 

Tooth imported with facets 
Tooth with topology 

adjustments 
Meshed tooth 

  

Figure 7.4: Wheel gear tooth topology adjustment and mesh in Abaqus®. 

 

 Simulation Domain 

The worm is an analytical rigid shell (Figure 7.3, Figure 7.6) of which the tooth 

flanks constitute the master surface of the contact pair. The wheel gear is a revolution of 

60 deformable meshed teeth (Figure 7.6), the flanks of which are assigned slave surfaces. 

The wheel teeth have material properties typical of aluminium-bronze; Young’s Modulus 

120000 N/mm2 and Poisson’s Ratio 0.3.  

The inside faces of the 60 revolved wheel teeth are constrained to the centre point 

of the wheel gear (Figure 7.5) using a kinematic coupling constraint. This constrains all 

degrees of freedom of the selected faces to the centre point of the wheel. In this manner 

the torque applied on the wheel gear can be measured at the single centre point.   
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Figure 7.5: Inside faces of wheel teeth constrained to centre point of wheel gear. 

 

A torsional spring on the rotation axis of the worm (Figure 7.6), with one end 

fixed to the worm at point 𝐴 and the other to a reference point 𝐵 in space, represents the 

torsional stiffness of the shaft. Torsional stiffness 𝑘𝐷 of the worm shaft is estimated as 

follows (Budynas and Nisbett, 2011): 

 

𝑘𝐷 =
𝜋𝐺𝑠𝑑

4

32𝑙
=

𝜋𝐸𝑠𝑑4

64𝑙(1 + 𝜖𝑠)
 

𝑘𝐷 =
𝜋𝐺𝑠𝑑

4

32𝑙
=

𝜋 ∙ 209000 ∙ 17
4

64 ∙ 150 ∙ (1 + 0.3)
= 4394 ∙ 10

−3
 Nmm/rad = 4394 Nm/rad 

 

Rotational velocity to the worm is applied at point 𝐵 (Figure 7.6). This is like the 

previous application of linear velocity in Figure 4.13 and Figure 5.4 via a linear stiffness 

between points 𝐴 and 𝐵.  

 

 

Figure 7.6: Worm and wheel finite element mesh with torsional stiffness 𝐴𝐵. 

×  B A ×  
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 Simulation Steps and Boundary Conditions 

Worm gearing simulations consist of the analysis steps and boundary conditions 

described in Table 7.1.  

  

Step 

no. 

Step 

name 

Step 

duration 

(s) 

Step description and boundary conditions 

0 Initial N/A The ‘velocity/angular velocity’ type boundary 

condition is applied to the worm point 𝐴 and point 𝐵 

(Figure 7.6), and wheel centre point (Figure 7.5). Point 

𝐴 can only rotate about axis 𝑋 (Figure 7.6) for the entire 

simulation. The wheel centre point, which is coupled to 

the wheel teeth (Figure 7.5), can only rotate about axis 

𝑌  for the entire simulation. Point 𝐵  is free to rotate 

about axis 𝑋 until step 1. Worm and wheel teeth are out 

of contact until completion of step 1.  

1 Make 

contact 

0.04 Angular velocity of 60 RPM is applied to Point 𝐵. This 

initially slow velocity maintains a stable simulation 

while the worm teeth establish contact with the wheel 

teeth during this step. 

2 Apply 

wheel 

load 

0.005 Having established contact in step 1, a constant resistive 

torque in step 2 is applied at the wheel centre point, the 

magnitude of which is based on the desired contact 

pressure for the simulation. 3 sets of gear simulations 

are performed with varying contact pressures as per 

Table 7.2. The resistive torque is maintained in 

subsequent steps.  

3 Drive 

worm 

Up to 0.4  Rotational velocity applied to point 𝐵 is increased to 

achieve the desired contact sliding velocity 𝒗𝒈. 3 sets of 

gear simulations are performed with varying 𝒗𝒈 as per 

Table 7.2. Rotational velocity is maintained in the 

subsequent step. 
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Step 

no. 

Step 

name 

Step 

duration 

(s) 

Step description and boundary conditions 

4 Vibrate 

worm 

Up to 

0.07 

The rotational velocity applied to point 𝐵 in step 3 is 

propagated into this step. Meanwhile, vibration is 

activated by applying sinusoidal motion to point 𝐴 such 

that the worm oscillates parallel to axis 𝑋 . The time 

increments during this simulation step are small, 

allowing fine resolution of data during vibration. 

Table 7.1: Sequential steps and boundary conditions for worm gearing numerical 

simulation with vibration applied. 

 

 Simulation Sets  

Table 7.2 lists the conditions for 3 sets of simulations performed. For each set, the 

effect on gear efficiency is studied when applying vibration to the worm parallel to axis 

direction 𝑋 (Figure 7.6). The 33 rows of conditions in Table 7.2 constitute to the total 

number of simulations performed.  

Movement of the worm shaft parallel to axis directions 𝑌 and 𝑍 is restricted by 

design with use of bearings to locate the shaft. Therefore, in real applications it is not 

easily feasible to apply vibration in these two directions.  

𝜇 = 0.1344 is used for all simulations of worm gearset 3 to match the calculated 

mean tooth coefficient of friction 𝜇𝑧𝑚 for this gearset (Table 3.5). The maximum elastic 

contact deformation is assumed 𝑠𝑚𝑎𝑥 = 7 ∙ 10
-8

 m, an intermediate value between those 

previously used in longitudinal (Table 4.3) and transverse (Table 4.4) vibration 

simulations.  

The first set of simulations (Table 7.2) apply 750 Hz vibration at 𝑣𝑎 = 59 mm/s, 

matching the peak 𝑣𝑎 measured in transverse vibration disc-on-disc tests (Figure 6.36). A 

second set of simulations apply 𝑣𝑎 = 87 mm/s , matching peak 𝑣𝑎  from longitudinal 

vibration tests (Figure 6.45). 𝑢𝑎 in Table 7.2 is calculated from relationship (12). 𝒗𝒈 is 

selected such that 𝒌𝒘 ranges between 0.1 to 20, so a graph similar to Figure 6.51 can be 

produced. Simulated worm speed 𝑛1  necessary to achieve 𝒗𝒈  is calculated using the 

worm gearset 3 calculation sheet (Appendix C). Likewise, the wheel output torque for 

simulation is selected such that the wheel contact stress 𝜎𝑐 equals the Hertzian contact 
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pressure 194.3 N/mm2 from disc-on-disc experiments (Table 6.8). Theory suggests the 

gearset must produce output wheel torque of 23 Nm to generate 𝜎𝑐 = 194.3 N/mm
2
. A 

resistive constant torque of 23 Nm is thus applied to the wheel gear for all simulations in 

set 1 and 2, while the worm rotates at speed 𝑛1.  

Simulation set 3 resembles the in-application gearset torque and speed, 𝑇𝑅 =

366 Nm  resulting in 𝜎𝑐 = 778 N/mm
2

, and 𝑛1 = 1440 RPM . Since 𝑛1  is constant, 

sliding speed 𝒗𝒈 is also a constant 1510.8 mm/s. Therefore, to achieve the desired range 

of 𝒌𝒘 the magnitude of 𝑣𝑎 must change. The clearance between worm and wheel teeth in 

the gear mesh allows for a maximum vibration displacement amplitude of 𝑢𝑎 = 0.16 mm. 

In accordance with (12), change to 𝑣𝑎 with constant 𝑢𝑎 through simulation set 3 requires 

that 𝑓 must change. For this reason, simulation set 3 is the only set in which 𝑓 and 𝑣𝑎 

change value while 𝑛1 and 𝒗𝒈 do not. 
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R
P

M
) 

𝝈
𝒄
 (

N
/m

m
2
) 

1 1 750 59 0.0125 590.0 0.1 562.4 194.3 

2 86.8 0.68 82.7 

3 76.6 0.77 73 

4 57.8 1.02 55.1 

5 38.6 1.53 36.8 

6 20.6 2.86 19.6 

7 11.8 5 11.2 

8 7.4 8 7.1 

9 4.9 12 4.7 

10 3.7 16 3.5 

11 3.0 20 2.9 

2 12 750 87 0.0185 873.9 0.1 833 194.3 

13 128.5 0.68 122.5 

14 113.5 0.77 108.2 

15 85.7 1.02 81.7 

16 57.1 1.53 54.4 

17 30.6 2.86 29.2 

18 17.5 5 16.7 

19 10.9 8 10.4 

20 7.3 12 7 

21 5.5 16 5.2 

22 4.4 20 4.2 

3 23 150 151.1 0.1600 1510.8 0.1 1440 778 

24 1022 1027.3 0.68 

25 1157 1163.3 0.77 

26 1533 1541.0 1.02 

27 2299 2311.5 1.53 

28 4298 4320.8 2.86 

29 7514 7553.8 5 

30 12022 12086.0 8 

31 18033 18129.0 12 

32 24044 24172.0 16 

33 30055 30215.0 20 

Table 7.2: Conditions for vibration simulations of gearset 3. 
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7.3. Friction Model and Subroutine Modification 

 In earlier work, depicted by Figure 4.13, vibration is applied to the base on which 

another body slides. This causes partial transfer of vibration from the base to the sliding 

body. In worm gearset simulations (Figure 7.6), the worm is the sliding body and 

vibration is applied directly to it. Therefore, the previously developed friction model for 

coupled longitudinal-transverse vibration (4.5) incorporated into a friction subroutine 

(5.2.4) are no longer valid. The mathematical model is modified, and the subroutine 

updated for worm gearset vibration simulations. Simulation results using the modified 

subroutine are discussed in 7.4. The modified subroutine is in Appendix E and includes 

descriptions of changes made in comparison to the previous subroutine in Appendix D. 

Sections 7.3.1-7.3.5 describe the modified friction model. As a starting point 

consider Figure 4.13 in which vibration is applied to the base. Since vibration now acts 

directly on the sliding worm gear, 𝒙𝒃 = 𝒚𝒃 = 0. Change in magnitude and direction of 

elastic deformation during a single time increment ∆𝑡 are now described by Figure 7.7 

instead of Figure 4.15.  

 

 

Figure 7.7: Change in magnitude and direction of deformation from 𝒔 to 𝒔𝟏 during a 

time increment ∆𝑡, due to incremental displacements ∆𝒙 and ∆𝒚 as vibration is applied 

directly to the sliding body during sliding motion. 

 

During a consecutive time increment ∆𝑡, 𝑀 and 𝑁′ change their relative positions 

thus 𝒔 undergoes a change in its magnitude and direction from 𝒔(𝑡) at the beginning of 

the time increment to 𝒔𝟏(𝑡 + ∆𝑡) at the end of the increment (Figure 7.7). Coordinates of 
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𝑀 and 𝑁′, and magnitude of 𝒔(𝑡) at the start of the increment are still given by (38)-(40),  

and at the end of the increment by (24) and (25).  

The change from 𝒔  to 𝒔𝟏  is separated into two phases. In the first phase the 

intermediate deformation 𝒔′ is analysed as a result of ∆𝒙 motion of the body which moves 

point 𝑁′ to an intermediate 𝑁′′. In the second phase the final deformation 𝒔𝟏 is analysed 

as a result of ∆𝒚 motion which moves intermediate point 𝑁′′ to the final 𝑁1
′. ∆𝒙 and ∆𝒚 

are computed at every time increment of the FEA simulation based on relative motion at 

the contacts between gear teeth. Therefore, it simply follows that: 

𝒙 = 𝒙 + ∆𝒙 (77) 

𝒚 = 𝒚 + ∆𝒚 (78) 

 

 First Phase of Motion 

In the first phase of motion, as 𝑁′  moves to an intermediate position 𝑁′′ , 𝑀 

moves along the path 𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅ to intermediate position 𝑀′1. Consequently, deformation 𝒔 

changes to an intermediate 𝒔′ with a new instantaneous direction determined by angle 𝜶, 

whilst the change in its magnitude is determined by an increment ∆𝒔 evaluated using (17). 

Therefore, the magnitude of deformation 𝒔′ after this first phase of motion is calculated 

by a simplification of (44) due to substitution of (18): 

𝒔′ = 𝒔𝟏 + 𝒗𝒓𝟏 [1 −
𝒔𝟏  sgn(𝒗𝒓𝟏)

𝑠𝑚𝑎𝑥

]

𝑖

∆𝑡 
 

(79) 

 

Relative velocity 𝒗𝒓𝟏 along the line of action of the lumped elastic asperity is 

determined by: 

𝒗𝒓𝟏 =
𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅ − 𝑴𝑵′̅̅ ̅̅ ̅̅

∆𝑡
=

𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅ − 𝒔

∆𝑡
=

𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅ − 𝒔𝟏

∆𝑡
 (80) 

 

where:  

𝑀𝑁′′̅̅ ̅̅ ̅̅ ̅ = √[𝑁𝑥
′′ − 𝑀𝑥(𝑡)]2 + [𝑁𝑦

′′ − 𝑀𝑦(𝑡)]
2
 

= √[𝑁1𝑥
′ − 𝑀𝑥(𝑡)]2 + [𝑁𝑦

′(𝑡) − 𝑀𝑦(𝑡)]
2

 

= √[𝒙 − 𝑀1𝑥 ]
2

+ [ 𝒚 − 𝑀1𝑦 ]
2

 

 

 

 

 

(81) 

 



CHAPTER 7: WORM AND WHEEL SIMULATION 

182 

Direction of 𝒗𝒓𝟏 in relation to axis 𝑋 is determined by angle 𝜶 (Figure 7.7) where: 

sin 𝜶 =
𝒚 − 𝑀1𝑦

𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅  (82) 

cos 𝜶 =
𝒙 − 𝑀1𝑥

𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅  (83) 

 

Note that sin 𝜶 and cos 𝜶 in (47) and (48) require ‘if’ conditions to avoid errors 

in the formulation when dividing by zero. This is not required in the friction subroutine 

(Appendix E). 

 

 Second Phase of Motion 

Within the same time increment ∆𝑡, in the second phase of motion, as ∆𝒚 moves 

𝑁′′ to the final position 𝑁1
′ (Figure 7.7) a proportion of ∆𝒚 moves 𝑀′1 to position 𝑀′2, 

where: 

𝑴′𝟏𝑴′𝟐 = 𝜂𝑦
∗ ∆𝒚 (84) 

 

and: 

𝜂𝑦
∗ = 1 − 𝜂𝑦  (85) 

 

 𝑀′2  then moves along the path 𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅  to final position 𝑀1 . Consequently, 

deformation 𝒔′ changes to a final 𝒔𝟏 with a new instantaneous direction determined by 

angle 𝜷, whilst the change in its magnitude is determined by an increment ∆𝒔′. Therefore, 

the magnitude of deformation 𝒔𝟏 after this second phase of motion is calculated by a 

simplification of (33) due to substitution of (18): 

𝒔𝟏 = 𝒔′ + 𝒗𝒓𝟐 [1 −
𝒔′ sgn(𝒗𝒓𝟐)

𝑠𝑚𝑎𝑥

]

𝑖

∆𝑡 (86) 

 

Relative velocity 𝒗𝒓𝟐 along the line of action of the lumped elastic asperity is 

determined by: 

𝒗𝒓𝟐 =
𝑴′𝟐𝑵𝟏

′̅̅ ̅̅ ̅̅ ̅̅ ̅  − 𝑴′𝟏𝑵′′̅̅ ̅̅ ̅̅ ̅̅ ̅

∆𝑡
=

𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅ − 𝒔′

∆𝑡
 (87) 

 

 

where:  



CHAPTER 7: WORM AND WHEEL SIMULATION 

183 

𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅  = √[𝑁1𝑥

′ − 𝑀𝑥
′2]2 + [𝑁1𝑦

′ − 𝑀𝑦
′2]

2
 

= √[𝒙 − (𝒙 − 𝒔′ cos 𝜶)]2 + [𝒚 − (𝑁𝑦
′ − 𝒔′ sin 𝜶 + 𝑴′𝟏𝑴′𝟐)]

2

 

= √[𝒔′ cos 𝜶]2 + [𝒚 − 𝒚 + 𝒔′ sin 𝜶 − 𝜂𝑦
∗ ∆𝒚]

2
 

 

 

 

 

(88) 

 

Direction of 𝒗𝒓𝟐 in relation to axis 𝑋 is determined by angle 𝜷 (Figure 7.7) where: 

sin 𝜷 =
𝒚 − 𝒚 + 𝒔′ sin 𝜶 − 𝜂𝑦

∗ ∆𝒚

𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅ 

 (89) 

cos 𝜷 =
𝒔′ cos 𝜶

𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅ 

 (90) 

 

Coordinates of point 𝑀1 after lapse of ∆𝑡 are then determined by (34) and (91), 

and friction force components 𝑭𝒙 and 𝑭𝒚 based on Dahl friction by (36) and (37). 

𝑀1𝑦 = 𝑀𝑦(𝑡 + ∆𝑡) = 𝒚 − 𝒔𝟏 sin 𝜷 (91) 

 

 Partial Derivatives 

To avoid simulation errors the friction subroutine (Appendix E) must also define 

the partial derivatives of friction stress components 𝝉𝒙 and 𝝉𝒚 with respect to 𝒙, 𝒚 and 𝑝, 

where:  

𝝉𝒙 =
𝜏𝑐𝑟𝑖𝑡

𝑠𝑚𝑎𝑥
𝒔𝟏 cos 𝜷 (92) 

𝝉𝒚 =
𝜏𝑐𝑟𝑖𝑡

𝑠𝑚𝑎𝑥
𝒔𝟏 sin 𝜷 (93) 

 

and: 

𝑘𝑡 =
𝜏𝑐𝑟𝑖𝑡

𝑠𝑚𝑎𝑥
=

𝜇𝑝

𝑠𝑚𝑎𝑥
 (94) 

 

(94) is the stress form of equation (18). (92) and (93) are true if 𝜏𝑒𝑞𝑣 ≤ 𝜏𝑐𝑟𝑖𝑡 , 

where the equivalent friction stress is: 

𝜏𝑒𝑞𝑣 = √𝝉𝒙
2 + 𝝉𝒚

2 (95) 
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 If 𝜏𝑒𝑞𝑣 > 𝜏𝑐𝑟𝑖𝑡 then the friction stresses are given by:  

𝝉𝒙 = 𝜏𝑐𝑟𝑖𝑡 cos 𝜷 (96) 

𝝉𝒚 = 𝜏𝑐𝑟𝑖𝑡 sin 𝜷 (97) 

 

 The partial derivatives of 𝝉𝒙 and 𝝉𝒚 that need to be determined are: 

𝜕𝝉𝒙

𝜕𝒙
,
𝜕𝝉𝒙

𝜕𝒚
,
𝜕𝝉𝒙

𝜕𝑝
,
𝜕𝝉𝒚

𝜕𝒙
,
𝜕𝝉𝒚

𝜕𝒚
,
𝜕𝝉𝒚

𝜕𝑝
 

 

This requires partial differentiation of (92) and (93) for the condition 𝜏𝑒𝑞𝑣 ≤ 𝜏𝑐𝑟𝑖𝑡 , 

and (96) and (97) for the condition 𝜏𝑒𝑞𝑣 > 𝜏𝑐𝑟𝑖𝑡 . Since these four equations are derived 

from a series of other equations containing the terms 𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅, 𝒗𝒓𝟏, ∆𝒔, 𝒔′, cos 𝜶, sin 𝜶, 

𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅, 𝒗𝒓𝟐, ∆𝒔′, 𝒔𝟏, cos 𝜷 and sin 𝜷, the terms have to be partially differentiated too 

with respect to 𝒙, 𝒚 and 𝑝. Therefore, only after computing partial derivatives of these 

terms using (98)-(135) can the partial derivatives of 𝝉𝒙 and 𝝉𝒚 be determined by (136)-

(141). 

 

Partial derivatives of 𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅ with respect to 𝒙, 𝒚 and 𝑝:  

𝜕(𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅)

𝜕𝒙
=

 𝒙 − 𝑀1𝑥

𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅  (98) 

𝜕(𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅)

𝜕𝒚
=

𝜕(𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅)

𝜕𝑝
= 0 (99) 

 

Partial derivatives of 𝒗𝒓𝟏 with respect to 𝒙, 𝒚 and 𝑝:  

𝜕(𝒗𝒓𝟏)

𝜕𝒙
=

𝜕(𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅)

𝜕𝒙
 (100) 

𝜕(𝒗𝒓𝟏)

𝜕𝒚
=

𝜕(𝒗𝒓𝟏)

𝜕𝑝
= 0 (101) 

 

Partial derivatives of ∆𝒔 with respect to 𝒙, 𝒚 and 𝑝:  

𝜕(∆𝒔)

𝜕𝒙
=

𝜕(𝒗𝒓𝟏)

𝜕𝒙
[1 −

𝒔𝟏  sgn(𝒗𝒓𝟏)

𝑠𝑚𝑎𝑥

]

𝑖

 (102) 

𝜕(∆𝒔)

𝜕𝒚
=

𝜕(∆𝒔)

𝜕𝑝
= 0 (103) 
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Partial derivatives of 𝒔′ and (𝒔′)2 with respect to 𝒙, 𝒚 and 𝑝:  

𝜕(𝒔′)

𝜕𝒙
=

𝜕(∆𝒔)

𝜕𝒙
 (104) 

𝜕(𝒔′)2

𝜕𝒙
= 2𝒔′

𝜕(𝒔′)

𝜕𝒙
 (105) 

𝜕(𝒔′)

𝜕𝒚
=

𝜕(𝒔′)2

𝜕𝒚
=

𝜕(𝒔′)

𝜕𝑝
=

𝜕(𝒔′)2

𝜕𝑝
= 0 (106) 

 

Partial derivatives of cos 𝜶 and cos2 𝜶 with respect to 𝒙, 𝒚 and 𝑝:  

𝜕(cos 𝜶)

𝜕𝒙
=

𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅ − ( 𝒙 − 𝑀1𝑥 )
𝜕(𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅)

𝜕𝒙
(𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅)2

 
(107) 

𝜕(cos2 𝜶)

𝜕𝒙
=

2( 𝒙 − 𝑀1𝑥 ) ((𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅)2 − ( 𝒙 − 𝑀1𝑥 )
2
)

(𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅)4
 (108) 

𝜕(cos 𝜶)

𝜕𝒚
=

𝜕(cos2 𝜶)

𝜕𝒚
=

𝜕(cos 𝜶)

𝜕𝑝
=

𝜕(cos2 𝜶)

𝜕𝑝
= 0 (109) 

 

Partial derivatives of sin 𝜶 and sin2 𝜶 with respect to 𝒙, 𝒚 and 𝑝:  

𝜕(sin 𝜶)

𝜕𝒙
=

− ( 𝒚 − 𝑀1𝑦 )
𝜕(𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅)

𝜕𝒙
(𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅)2

 
(110) 

𝜕(sin2 𝜶)

𝜕𝒙
=

−2( 𝒙 − 𝑀1𝑥 ) ( 𝒚 − 𝑀1𝑦 )
2

(𝑴𝑵′′̅̅ ̅̅ ̅̅ ̅)4
 (111) 

𝜕(sin 𝜶)

𝜕𝒚
=

𝜕(sin2 𝜶)

𝜕𝒚
=

𝜕(sin 𝜶)

𝜕𝑝
=

𝜕(sin2 𝜶)

𝜕𝑝
= 0 (112) 

 

Partial derivatives of 𝑀′2𝑁1
′̅̅ ̅̅ ̅̅ ̅̅  with respect to 𝒙, 𝒚 and 𝑝:  

𝜕(𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅)

𝜕𝒙
=

0.5

𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅

(
𝜕(𝒔′ cos 𝜶)2

𝜕𝒙
+

𝜕(2𝒚𝒔′ sin 𝜶)

𝜕𝒙
−

𝜕(2 𝒚 𝒔′ sin 𝜶)

𝜕𝒙

+
𝜕(𝒔′ sin 𝜶)2

𝜕𝒙
−

𝜕(2𝒔′𝜂𝑦
∗ ∆𝒚 sin 𝜶)

2

𝜕𝒙
) 

 

 

 

(113) 

𝜕(𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅)

𝜕𝒚
=

0.5

𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅ (2𝒚 − 2 𝒚 + 2𝒔′ sin 𝜶 + 2𝜂𝑦

∗ ( 𝒚 + 𝜂𝑦
∗ ∆𝒚 − 𝒚 − ∆𝒚)) (114) 

𝜕(𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅)

𝜕𝑝
= 0 (115) 
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Partial derivatives of 𝒗𝒓𝟐 with respect to 𝒙, 𝒚 and 𝑝:  

𝜕(𝒗𝒓𝟐)

𝜕𝒙
=

𝜕(𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅)

𝜕𝒙
−

𝜕(𝒔′)

𝜕𝒙
 (116) 

𝜕(𝒗𝒓𝟐)

𝜕𝒚
=

𝜕(𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅)

𝜕𝒚
 (117) 

𝜕(𝒗𝒓𝟐)

𝜕𝑝
= 0 (118) 

 

Partial derivatives of ∆𝒔′ with respect to 𝒙, 𝒚 and 𝑝:  

𝜕(∆𝒔′)

𝜕𝒙
=

𝜕(𝒗𝒓𝟐)

𝜕𝒙
[1 −

𝒔′sgn(𝒗𝒓𝟐)

𝑠𝑚𝑎𝑥

]

𝑖

−
𝜕(𝒔′)

𝜕𝒙
[1 −

𝒔′sgn(𝒗𝒓𝟐)

𝑠𝑚𝑎𝑥

]

𝑖−1

(
𝒗𝒓𝟐𝑖sgn(𝒗𝒓𝟐)

𝑠𝑚𝑎𝑥
) 

 

 

 

(119) 

𝜕(∆𝒔′)

𝜕𝒚
=

𝜕(𝒗𝒓𝟐)

𝜕𝒚
[1 −

𝒔′sgn(𝒗𝒓𝟐)

𝑠𝑚𝑎𝑥

]

𝑖

 (120) 

𝜕(∆𝒔′)

𝜕𝑝
= 0 (121) 

 

Partial derivatives of 𝒔𝟏 with respect to 𝒙, 𝒚 and 𝑝:  

𝜕(𝒔𝟏)

𝜕𝒙
=

𝜕(𝒔′)

𝜕𝒙
+

𝜕(∆𝒔′)

𝜕𝒙
 (122) 

𝜕(𝒔𝟏)

𝜕𝒚
=

𝜕(∆𝒔′)

𝜕𝒚
 (123) 

𝜕(𝒔𝟏)

𝜕𝑝
= 0 (124) 

Partial derivatives of cos 𝜷 with respect to 𝒙, 𝒚 and 𝑝:  

𝜕(cos 𝜷)

𝜕𝒙
=

𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅ (cos 𝜶 (

𝜕(𝒔′)
𝜕𝒙 ) + 𝒔′ (

𝜕(cos 𝜶)
𝜕𝒙 )) − 𝒔′ cos 𝜶 (

𝜕(𝑴′𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ )

𝜕𝒙 )

(𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅)

2  
(125) 

𝜕(cos 𝜷)

𝜕𝒚
= −

𝒔′ cos 𝜶 (
𝜕(𝑴′𝑵𝟏

′̅̅ ̅̅ ̅̅ ̅̅ )
𝜕𝒚

)

(𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅)

2  
(126) 

𝜕(cos 𝜷)

𝜕𝑝
= 0 (127) 
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Partial derivatives of sin 𝜷 with respect to 𝒙, 𝒚 and 𝑝:  

𝜕(sin𝜷)

𝜕𝒙

=

𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅ (sin𝜶 (

𝜕(𝒔′)
𝜕𝒙

) + 𝒔′ (
𝜕(sin 𝜶)

𝜕𝒙
)) − (𝒚 − 𝒚 + 𝒔′ sin 𝜶 − 𝜂𝑦

∗ ∆𝒚) (
𝜕(𝑴′𝟐𝑵𝟏

′̅̅ ̅̅ ̅̅ ̅̅ ̅)
𝜕𝒙

)

(𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅)

2  

 

 

(128) 

𝜕(sin 𝜷)

𝜕𝒚
=

𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ (1 − 𝜂

𝑦
∗) − (𝒚 − 𝒚 + 𝒔′ sin 𝜶 − 𝜂

𝑦
∗∆𝒚) (

𝜕(𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ )

𝜕𝒚 )

(𝑴′𝟐𝑵𝟏
′̅̅ ̅̅ ̅̅ ̅̅ ̅)

2  
(129) 

𝜕(sin 𝜷)

𝜕𝑝
= 0 (130) 

 

Other partial derivatives required due to the friction model formulation:  

𝜕(𝒔′ cos 𝜶)2

𝜕𝒙
= cos2 𝜶 (

𝜕(𝒔′)2

𝜕𝒙
) + (𝒔′)2 (

𝜕(cos2 𝜶)

𝜕𝒙
) (131) 

𝜕(𝒔′ sin 𝜶)2

𝜕𝒙
= sin2 𝜶 (

𝜕(𝒔′)2

𝜕𝒙
) + (𝒔′)2 (

𝜕(sin2 𝜶)

𝜕𝒙
) (132) 

𝜕(2𝒚𝒔′ sin 𝜶)

𝜕𝒙
= (2𝒚 sin 𝜶 (

𝜕(𝒔′)

𝜕𝒙
)) + (2𝒚𝒔′ (

𝜕(sin 𝜶)

𝜕𝒙
)) (133) 

𝜕(2 𝒚 𝒔′ sin 𝜶)

𝜕𝒙
= (2 𝒚 sin 𝜶 (

𝜕(𝒔′)

𝜕𝒙
)) + (2 𝒚 𝒔′ (

𝜕(sin 𝜶)

𝜕𝒙
)) (134) 

𝜕(2𝒔′𝜂𝑦
∗ ∆𝒚 sin 𝜶)

2

𝜕𝒙
= 2𝜂𝑦

∗ ∆𝒚 (sin 𝜶 (
𝜕(𝒔′)

𝜕𝒙
) + 𝒔′ (

𝜕(sin 𝜶)

𝜕𝒙
)) (135) 

 

Partial derivatives of 𝝉𝒙 with respect to 𝒙, 𝒚 and 𝑝: 

𝜕𝝉𝒙

𝜕𝒙
=

{
 
 

 
 𝜇𝑝

𝑠𝑚𝑎𝑥

(cos 𝜷 (
𝜕(𝒔𝟏)

𝜕𝒙
) + 𝒔𝟏 (

𝜕(cos 𝜷)

𝜕𝒙
)) if 𝜏𝑒𝑞𝑣 ≤ 𝜏𝑐𝑟𝑖𝑡

𝜇𝑝 (
𝜕(cos 𝜷)

𝜕𝒙
) if 𝜏𝑒𝑞𝑣 > 𝜏𝑐𝑟𝑖𝑡

 (136) 

 
𝜕𝝉𝒙

𝜕𝒚
=

{
 
 

 
 𝜇𝑝

𝑠𝑚𝑎𝑥

(cos 𝜷 (
𝜕(𝒔𝟏)

𝜕𝒚
) + 𝒔𝟏 (

𝜕(cos 𝜷)

𝜕𝒚
)) if 𝜏𝑒𝑞𝑣 ≤ 𝜏𝑐𝑟𝑖𝑡

𝜇𝑝 (
𝜕(cos 𝜷)

𝜕𝒚
) if 𝜏𝑒𝑞𝑣 > 𝜏𝑐𝑟𝑖𝑡

 (137) 

𝜕𝝉𝒙

𝜕𝑝
= {

𝒔𝟏 cos 𝜷
𝜇

𝑠𝑚𝑎𝑥
if 𝜏𝑒𝑞𝑣 ≤ 𝜏𝑐𝑟𝑖𝑡

𝜇 cos 𝜷 if 𝜏𝑒𝑞𝑣 > 𝜏𝑐𝑟𝑖𝑡

 (138) 
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Partial derivatives of 𝝉𝒚 with respect to 𝒙, 𝒚 and 𝑝: 

𝜕𝝉𝒚

𝜕𝒙
=

{
 
 

 
 𝜇𝑝

𝑠𝑚𝑎𝑥

(sin 𝜷 (
𝜕(𝒔𝟏)

𝜕𝒙
) + 𝒔𝟏 (

𝜕(sin 𝜷)

𝜕𝒙
)) if 𝜏𝑒𝑞𝑣 ≤ 𝜏𝑐𝑟𝑖𝑡

𝜇𝑝 (
𝜕(sin 𝜷)

𝜕𝒙
) if 𝜏𝑒𝑞𝑣 > 𝜏𝑐𝑟𝑖𝑡

 (139) 

𝜕𝝉𝒚

𝜕𝒚
=

{
 
 

 
 𝜇𝑝

𝑠𝑚𝑎𝑥

(sin 𝜷 (
𝜕(𝒔𝟏)

𝜕𝒚
) + 𝒔𝟏 (

𝜕(sin 𝜷)

𝜕𝒚
)) if 𝜏𝑒𝑞𝑣 ≤ 𝜏𝑐𝑟𝑖𝑡

𝜇𝑝 (
𝜕(sin 𝜷)

𝜕𝒚
) if 𝜏𝑒𝑞𝑣 > 𝜏𝑐𝑟𝑖𝑡

 (140) 

𝜕𝝉𝒚

𝜕𝑝
= {

𝒔𝟏 sin 𝜷
𝜇

𝑠𝑚𝑎𝑥
if 𝜏𝑒𝑞𝑣 ≤ 𝜏𝑐𝑟𝑖𝑡

𝜇 sin 𝜷 if 𝜏𝑒𝑞𝑣 > 𝜏𝑐𝑟𝑖𝑡

 (141) 

 

 Consecutive Time Increments 

The values of state-dependant variables listed in Table 7.3 computed during ∆𝑡 

are carried forward to the next consecutive time increment 2∆𝑡 . At consecutive 

increments (3∆𝑡, 4∆𝑡,…, 𝑛∆𝑡) the sequence of equations (38)-(40), (77)-(90), (34) and 

(91)-(141) is repeated. 

 

State-dependant 

variable 

Computed 

during ∆𝒕 by 

Carried forward to 2∆𝒕 for use as 

𝒙 (77) 𝒙  in (77)  

𝒚 (78) 

𝒚  in (78), (81), (82), (88), (89), 

(110), (111), (113), (114), (128), 

(129) and (134) 

𝑀1𝑥 (34) 
𝑀1𝑥  in (81), (83), (98), (107), (108) and 

(111) 

𝑀1𝑦 (91) 𝑀1𝑦  in (81), (82), (110) and (111) 

𝒔𝟏 (86) 𝒔𝟏  in (79), (80) and (102) 

Table 7.3: State-dependant variables for modified friction model. 
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 Subroutine Validation    

 The new friction model for direct application of vibration to the sliding body, 

scripted into the subroutine in Appendix E, is validated by repeating the longitudinal and 

transverse vibration FEA simulations described in 5.3.1-5.3.3. Figure 7.8 and Figure 7.9 

show the results superimposed onto previous graphs Figure 5.8 and Figure 5.5 

respectively. All results follow the same trend, indicating that the friction reduction effect 

under longitudinal and transverse vibration is the same regardless of whether vibration is 

applied to the base or to the sliding body. This is because both methods create the same 

relative velocity.  

 

 

Figure 7.8: Comparison of change in 𝑭𝒅𝒗 𝑭𝒅𝒔⁄  with 𝒌𝒗, new direct vibration friction 

model transverse results superimposed.  
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Figure 7.9: Comparison of change in 𝑭𝒅𝒗 𝑭𝒅𝒔⁄  with 𝒌𝒗, new direct vibration friction 

model longitudinal results superimposed.  

 

7.4. Worm Gearing Simulation Results  

The new direct vibration friction model described in 7.3 is employed in a friction 

subroutine (Appendix E) to perform worm gearset vibration numerical simulations per 

the methodology described in 7.2. Results are evaluated in 7.4.1-7.4.6. 

 

 Comparison of Simulated vs. Theoretical Efficiency 

Figure 7.10 is the input torque 𝑻𝑩 to the worm gear, measured at point 𝐵 (Figure 

7.6), for simulation reference 33 in Table 7.2. The black dashed horizontal line shows that 

worm input torque in the absence of vibration is 𝑻𝑩𝒔 = 33.8 Nm when 𝑇𝑅 = 366 Nm. 

The simulated gear efficiency 𝜂𝑧1−2 before activation of vibration in step 4 is determined 

by: 

𝜂𝑧1−2 = (
kW power out from wheel

kW power into worm
) 100 

= (
𝑇𝑅𝑛2 9550⁄

𝑻𝑩𝑛1 9550⁄
) 100 

= (
366 × 96 9550⁄

33.8 × 1440 9550⁄
) 100 

= 72% 

 

 

(142) 
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The theoretical efficiency calculated for gearset 3 (Appendix C) is 𝜂𝑧1−2 = 73%. 

Simulated efficiency differs against theoretical by only 1%. Therefore, this validates the 

CAD geometry, simulation methodology and the friction model to set the foundation for 

evaluating the effect of imposed vibration on the efficiency of the gearset.  

Section 7.4.3 explains the fluctuation of worm input torque when vibration is 

applied in simulation step 4. 

 

  

Figure 7.10: Input torque profile 𝑻𝑩 for simulation reference 33 in Table 7.2, per 

simulation steps in 7.2.3. 

 Mesh Density and Element Types 

A study is performed to assess the influence of mesh density on simulation results 

to thereby select the appropriate mesh. Three mesh densities are used in the study, as per 

Figure 7.11.  

 

 

Figure 7.11: Worm gearing mesh densities a) coarse b) intermediate c) fine. 

 

The three mesh densities are applied by assigning values for the global element 
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provided in Table 7.4. The intermediate and fine mesh densities are 25% and 50% element 

size reductions of the coarse density settings.  

 

Mesh density  Worm gear global 

element size setting 

Wheel gear global 

element size setting 

Coarse 2.5 2 

Intermediate 1.875  1.5 

Fine 1.25 1 

Table 7.4: Worm gear and wheel gear global element sizes for the three simulated mesh 

densities. 

 

The worm mesh is made of standard linear discrete rigid elements of quadrilateral 

shape, element type reference R3D4. The only other shape option available for discrete 

rigid elements is triangular, however, Abaqus® (2014a) discourages their use as they can 

exhibit slow convergence.  

The wheel mesh is made of standard linear 3D stress elements of hexahedral shape 

with reduced integration, element type reference C3D8R. 3D stress elements can be 

wedge shaped or tetrahedrons, however, Abaqus (2014a) recommends that these be used 

only when necessary for filling in regions to complete a mesh, when the geometry 

precludes the use of C3D8R elements throughout the model. Wedge and tetrahedral 

elements exhibit slow convergence and require very fine meshing to obtain accuracy. The 

choice of reduced integration instead of full integration elements is made to reduce 

running time. Reduced integration constitutes elements with less integration points so 

lower order integration is computed to form the element stiffness matrix (Abaqus, 2014a). 

As shown in Figure 7.10, vibration activation in step 4 causes fluctuation of worm 

input torque 𝑻𝑩. This fluctuation due to vibration causes an average reduction of input 

torque, termed 𝑻𝑩𝒗 . Therefore, in a similar manner to (60), 𝑻𝑩𝒗  is determined by 

averaging its magnitude within a single cycle: 

𝑻𝑩𝒗 =
1

𝑛
∑ 𝑻𝑩𝒗𝑛

(𝑡 + ∆𝑡𝑛)

𝑛

𝑛=1

 (143) 

 

where 𝑛  is given by (61). 𝑻𝑩𝒗 = 7.4 Nm in Figure 7.10. The simulated variability of 

input torque 𝑻𝑩𝒗 under the influence of vibration in relation to the magnitude 𝑻𝑩𝒔 of this 

force without vibration is: 
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𝑻𝑩𝒗 𝑻𝑩𝒔⁄ = 7.4 33.8⁄  

= 0.22 

 

Simulation set 3 (Table 7.2) has been executed with the three mesh density 

settings and the results of 𝑻𝑩𝒗 𝑻𝑩𝒔⁄  plotted against dimensionless coefficient 𝒌𝒘 =

𝑣𝑎 𝒗𝒈⁄  are displayed in Figure 7.12. There is a clear difference between results of the 

coarse and intermediate meshes, but there is minimal difference between results of the 

intermediate and fine meshes. The intermediate and fine mesh produce very similar 

results, although the intermediate mesh halves the simulation time compared to the fine 

mesh. Therefore, the intermediate mesh density is selected for all worm gearing 

simulations. 

 

 

Figure 7.12: Change in 𝑻𝑩𝒗 𝑻𝑩𝒔⁄  with 𝒌𝒘 for simulation set 3 at different mesh 

densities. 

 

 Effect of Vibration on Input Torque 

In a similar manner to the execution of simulation set 3, the normalised input 

torque 𝑻𝑩𝒗 𝑻𝑩𝒔⁄  for the remaining 32 simulations listed in Table 7.2 has also been 

determined. Figure 7.13 shows the normalised input torque 𝑻𝑩𝒗 𝑻𝑩𝒔⁄  as a function of 

dimensionless coefficient 𝒌𝒘 = 𝑣𝑎 𝒗𝒈⁄  for simulation sets 1 and 2. These are plotted on 

the same figure since in both sets of simulations 𝑓, 𝜎𝑐 and the range of 𝒌𝒘 are the same. 

Both sets of simulations produced the same normalised plots.  
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Figure 7.13: Comparison of change in 𝑻𝑩𝒗 𝑻𝑩𝒔⁄  with 𝒌𝒘 for simulation set 1 and 2. 

 

Simulation set 3 is plotted on a different graph, Figure 7.12, as that employs a 

different magnitude of 𝜎𝑐 , a higher sliding velocity 𝒗𝒈  representing in-application 

conditions, and a varying 𝑣𝑎 effected by varying the frequency 𝑓 of vibration. As stated 

in 7.4.2, simulation set 3 has been executed using three mesh densities and the 

intermediate mesh density is used for all worm gearing simulations described in this 

chapter.  

Despite the differing conditions applied across the simulations sets (Table 7.2), 

the shape of the normalised plots in Figure 7.12 and Figure 7.13 are very similar. This 

means that the relationship between 𝑻𝑩𝒗 𝑻𝑩𝒔⁄  and 𝒌𝒘  is similar across the different 

conditions simulated.  

 

 Coulomb Model Comparison 

To compare with results in Figure 7.12, simulation set 3 with intermediate mesh 

has also been executed using Coulomb friction. Figure 7.14 superimposes Coulomb 

friction results onto the intermediate mesh results from Figure 7.12. Coulomb friction 

overestimates the normalised worm input torque 𝑻𝑩𝒗 𝑻𝑩𝒔⁄  when 𝒌𝒘 > 1.  
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Figure 7.14: Change in 𝑻𝑩𝒗 𝑻𝑩𝒔⁄  with 𝒌𝒘, simulation set 3. Comparison of direct 

vibration friction model vs. Coulomb friction. 

 

 

 

 

 

 Effect of Vibration on Mechanical Advantage  

Simulated mechanical advantage 𝑀𝑎  of the worm gearset at each value of 𝒌𝒘 

(Table 7.2) is given by: 

𝑀𝑎 =
𝑇𝑅

𝑻𝑩
 (144) 

 

At 𝒌𝒘 = 20, reduction of worm torque from 𝑻𝑩𝒔 = 33.8 Nm to 𝑻𝑩𝒗 = 7.4 Nm 

(Figure 7.10) constitutes an improvement in mechanical advantage from 𝑀𝑎 = 10.8 

without vibration to 𝑀𝑎 = 49.5 with vibration.  

Figure 7.15a combines the intermediate mesh results from Figure 7.12 with the 

corresponding effect on mechanical advantage 𝑀𝑎. Dashed trend lines connect the plotted 

data points. Vibration reduces worm torque by up to 80% to achieve the same wheel 

output torque, while increasing 𝑀𝑎 by a factor of up to 5.  

In comparison, Figure 7.15b superimposes Figure 6.37 and Figure 6.46 to 

illustrate the normalised steel disc drive torque 𝑻𝒔𝒗 𝑻𝒔𝒔⁄  under the influence of sinusoidal 

750 Hz vibration as a function of dimensionless coefficient 𝒌𝒗  from disc-on-disc 

experiments. Simulated 𝑻𝑩𝒗 𝑻𝑩𝒔⁄  (Figure 7.15a) of the worm gearset matches closely 

0.0

0.2

0.4

0.6

0.8

1.0

1.2

0 2 4 6 8 10 12 14 16 18 20

T
B
v

/ 
T
B
s

kw = va / vg

Simulation set 3,

intermediate mesh

Simulation set 3,

Coulomb Friction

kw=1

Coulomb friction 



CHAPTER 7: WORM AND WHEEL SIMULATION 

196 

with disc-on-disc transverse vibration test results only in the range 𝒌𝒘 ≤ 3 . The 

differences in the two plots are due to two different systems being compared. Furthermore, 

worm rotational velocity 𝑛1 = 1440 RPM and wheel output torque 366 Nm constitute to 

contact sliding speed and contact pressure significantly beyond the levels used in disc-

on-disc experiments.  

 

 

aq q q 

Figure 7.15: (a) Simulated influence of 𝒌𝒘 on 𝑻𝑩𝒗 𝑻𝑩𝒔⁄ , 𝑀𝑎 and 𝜂𝑠𝑦𝑠  of a worm gearset 

compared to (b) empirical influence of 𝒌𝒗 on 𝑻𝒔𝒗 𝑻𝒔𝒔⁄  in disc-on-disc experiments. 

 

 Effect of Vibration on Efficiency  

Mechanical advantage is related to 𝜂𝑧1−2 by the relationship: 

𝜂𝑧1−2 = (
𝑀𝑎

𝑈
) 100 (145) 

 

(a) 

(b) 
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Since the worm gearset simulated has ratio 𝑈 = 15, an increase of 𝑀𝑎 beyond 15, 

as shown by Figure 7.15a, would increase 𝜂𝑧1−2 beyond 100%. This is incorrect from an 

energy conservation standpoint as it means output power generated exceeds input power 

supplied. For this reason, efficiency must be considered as a system efficiency 𝜂𝑠𝑦𝑠  which 

also includes power supplied into the sonotrode to create the vibration. 

As stated in 6.4.4 and illustrated by Figure 6.24, the sonotrode utilised in disc-on-

disc experiments generates vibration displacement amplitude 𝑢𝑎 = 0.016 mm . The 

amplitude used in gear vibration simulations is 10 times this. The energy law of simple 

harmonic motion (Earl and Nicholson, 2021) says that the total energy 𝜀 of a simple 

harmonic is related to the maximum velocity 𝑣𝑎 by:  

𝜀 =
1

2
𝑚𝑣𝑎

2 =
1

2
𝑚(𝑢𝑎2𝜋𝑓)2 (146) 

 

If 𝑢𝑎 is increased by a factor of 10, energy 𝜀 of vibration increases by a factor of 

100. On this basis, it is assumed that power consumption also multiplies by 100. Therefore, 

by measuring power consumption of the sonotrode utilised in disc-on-disc experiments it 

is possible to estimate the power required to generate the higher amplitude vibration used 

in gear simulations. Equation (147) then allows system efficiency 𝜂𝑠𝑦𝑠  to be plotted 

against 𝒌𝒘, shown up to 𝒌𝒘 = 5 in Figure 7.15a.  

𝜂𝑠𝑦𝑠 = (
kW power out from wheel

kW power into worm + kW power into sonotrode
) 100 

= (
𝑇𝑅𝑛2 9550⁄

(𝑻𝑩𝑛1 9550⁄ ) + 100(𝑉𝑝 × 𝑖𝑝)
) 100 

 

 

(147) 

 

The earlier determined gearset efficiency without vibration 𝜂𝑧1−2 = 72% , is 

reduced to an efficiency 𝜂𝑠𝑦𝑠  under vibration of just 9 to 13% (Figure 7.15a). Therefore, 

while vibration improves the gearset mechanical advantage, power required to generate 

the vibration causes a drop in overall efficiency. This may be acceptable in a system 

where vibration is only activated for a temporary boost in mechanical advantage. 

 

 Limitations of Modelling and Error Mitigation  

A limitation of FEA is that to improve computational efficiency and mitigate 

simulation errors the worm and wheel CAD models have had to be simplified. To 

minimise simulation durations, gear component features that are away from the contact 
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area have been excluded. In line with this, the torsional stiffness of the worm shaft is 

represented by a torsional spring. Furthermore, the worm gear has been assumed rigid 

and the wheel teeth have had to undergo topology adjustments that are assumed to have 

minimal impact on flank geometry near the contact area. Finally, the maximum elastic 

contact deformation has been assumed 𝑠𝑚𝑎𝑥 = 7 ∙ 10
-8

 m.   

As stated in 5.3.5, the mathematical model behind an FEA simulation (5.2.4), the 

applied boundary conditions (5.3.1), and the contact properties (5.2.1-5.2.45.2.3) are all 

factors that can affect the accuracy of FEA results regardless of how well they represent 

reality. The friction subroutine has been validated against the analytical execution of 

previous mathematical models for contact between two planar surfaces. However, FEA 

simulations of the worm gearset with consideration of the limitations and assumptions 

can only be validated by performing gear tests for comparison.  

As a step towards error mitigation, a mesh study has been performed to assess the 

influence of mesh density on simulation results and thereby select the appropriate mesh 

size. 
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7.5. Chapter Discussion and Conclusions 

This chapter has combined the learning from worm gearing theoretical assessment 

(chapter 3) with friction modelling of vibration (chapter 4), and FEA simulations (chapter 

5), to develop 3D finite element simulations for studying the effect of vibration on 

mechanical advantage and efficiency of a worm gearset.    

The method used to reduce the complexity of the simulation and therefore the 

computing power and time required to run the simulation has been detailed. The friction 

model for coupled longitudinal-transverse vibration developed in 4.5 has been revised to 

align with vibration applied on the sliding part, as opposed to previously applied on the 

mating part. The worm gear, being the sliding part, is actuated with vibration due to its 

lighter mass in comparison to the wheel.  

Simulations have shown that axial vibration of the worm gear reduces its input 

torque by up to 80%. This constitutes up to five-fold increase in gearset mechanical 

advantage, meaning a gearset that normally requires 33.8 Nm of input to generate 366 

Nm of output now only requires 7.4 Nm of input to generate the same output torque. 

Consequently, the motor driving the worm gear could potentially be downsized by 50 mm 

in diameter and 30 mm in length, with mass reduction of 6 kg and a huge cost saving of 

£23 per build associated just with this single gearset variant. The influence of vibration 

on mechanical advantage is governed by the ratio between vibration velocity amplitude 

and gear contact sliding velocity, 𝒌𝒘 = 𝑣𝑎 𝒗𝒈⁄ . 

Mechanical advantage 𝑀𝑎 and gear efficiency 𝜂𝑧1−2 are interrelated. Efficiency 

𝜂𝑧1−2  exceeds 100% if 𝑀𝑎  exceeds the gear ratio 𝑈. This is physically not possible; 

efficiency analysis must consider the electrical power consumed by the vibration 

generating device. While vibration greatly improves gearset mechanical advantage, 

power required to generate the vibration causes a drop in overall system efficiency. This 

may be acceptable in a system where vibration is only activated for a temporary boost in 

mechanical advantage. 
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8.1. Overall Conclusions 

This research has expanded current knowledge by showing that friction in 

lubricated sliding-rolling contact can be reduced using imposed vibration. Vibration can 

be applied in worm gearing to improve mechanical advantage, but the overall system 

efficiency is impacted.  

The overall conclusions of this thesis are presented with reference to the research 

objectives outlined in chapter 1. 

 

i. Identify existing and emerging methods of reducing friction between loaded 

contacts. 

 

Review of literature in chapter 2 has highlighted that of all the types of losses in 

a worm gearbox, tooth friction losses are most significant. Reduction of these losses thus 

yields the greatest benefit from an efficiency standpoint. A hardened steel worm with an 

alloyed bronze wheel have long been established as the best tribological pair for worm 

gears. Other methods for friction reduction currently employed and widely researched 

include a wide variety of lubricants, and surface coatings. Synthetic lubricants have 

shown to outperform mineral oils, and the use of nanoparticle additives have been tested 

with promising results. Meanwhile, development of new coatings continues with a drive 

to reduce surface damage at high loads.      

Control of friction using vibration is a developing field with minimal research 

exploring the science behind the phenomenon despite its exploitation in many 

applications. One patent (Mori, Kukita and Shimada, 2014) has indicated it can be 

successfully applied to worm gearing but lack of literature has highlighted a knowledge 

gap that is explored by this thesis.   

 

ii. Use worm gearing design standards to calculate the theoretical efficiency 

improvement gained by imposing vibration compared to other methods of 

reducing friction. 

 

In chapter 3 a spreadsheet to calculate efficiency and load capacity of worm 

gearsets based on theory from three different standards has been created. This has been 

used to investigate the sensitivity of efficiency to different worm gearset design 

parameters. To maintain gearset space envelope and avoid major redesign of other system 
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components, only four design parameters can be optimised, namely normal pressure angle 

𝛼𝑛, diameter factor 𝑞1, axial module 𝑚𝑥1 and surface roughness 𝑅𝑎1. Theoretically, the 

studied gearsets can be improved in efficiency by 7% due to design optimisation, without 

impacting load capacity.  

The effect of different lubricants and coatings on efficiency has also been 

evaluated. However, the best worm gearing efficiency benefit is projected from use of 

vibration, outperforming the use of synthetic oils, the addition of oil nanoparticles and 

use of coatings. This further exemplifies the previously identified knowledge gap and the 

need to research control of friction using vibration imposed between sliding surfaces.    

 

iii. Develop mathematical models to describe the contact mechanics associated 

with friction force reduction in the presence of in-plane vibration and validate 

the analytical models against pre-existing simulation results. 

 

Chapter 4 has introduced pre-existing mathematical models describing the 

mechanics of contacting asperities when vibration is applied. Due to incorporation of the 

dynamic Dahl (1968; 1976) friction model within these analytical models, they are in 

good agreement with empirical results of friction reduction under longitudinal and 

transverse vibration modes. Combining the separate models of the two vibration modes 

into a single friction model for coupled longitudinal-transverse vibration has established 

a comprehensive understanding of contact mechanics. Analytical evaluation of the new 

model via Simulink® has validated it against pre-existing simulation results and empirical 

data.  

 

iv. Develop numerical simulations of friction force reduction by in-plane 

vibration using finite element method and compare results with analytical 

method.  

 

Chapter 5 has evaluated the same system as in Chapter 4 but numerically by 

implementing the new friction model for coupled longitudinal-transverse vibration into a 

subroutine (Appendix D) for 3D finite element simulations using Abaqus®. It has been 

shown that numerical method produces the same friction reduction effect as analytical, 

proving the suitability of numerical technique for simulating worm gearing in chapter 7. 
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v.  Produce a custom friction test rig to conduct vibration experiments of a 

contact representative of worm gearing and evaluate empirical results.  

 

Chapter 6 has described a custom disc-on-disc test rig developed to imitate real 

application conditions as closely as possible using test specimen geometry that can be 

manufactured simply and consistently. The test rig enables experimentation of sliding-

rolling contact interaction typical of worm gearing using a representative material pair 

while allowing vibration to be applied. Test variables include lubricant type, vibration 

mode, vibration waveform, vibration frequency 𝑓, and sliding speed 𝒗𝒔𝒍. The effect of 

vibration on disc drive torques and rotational speeds, as well as voltage and current drawn 

by the motors has been measured. This data has allowed changes in efficiency of the steel 

disc drive system to be determined.  

The most favourable results in both longitudinal and transverse vibration modes 

are achieved in oil at 𝑓 = 750 Hz using sinusoidal waveform. Recorded accelerometer 

data supports these results by measuring the highest vibration velocity at this frequency. 

At 𝑓 = 750 Hz vibration velocities are 𝑣𝑎 = 59 mm/s during transverse vibration (Figure 

6.36), and 𝑣𝑎 = 87 mm/s during longitudinal vibration (Figure 6.45). Despite of smaller 

𝑣𝑎 during transverse mode, disc drive torque is reduced by up to 86% compared to 78% 

reduction in longitudinal mode. This is contrary to previous researchers (Gutowski and 

Leus, 2015) who report greater friction reduction in longitudinal vibration tests performed 

with two planar surfaces in contact. Wear test performed to 1.8 metres of sliding under 

longitudinal vibration indicates that the rate of wear may double due to vibration.   

 

vi. Perform 3D finite element simulations of vibration applied to a worm gearset, 

evaluate efficiency results, and quantify the benefits. 

 

By combining knowledge of worm gearing theory from chapter 3 with friction 

modelling from chapter 4, and the conduct of numerical simulations from chapter 5, 

chapter 7 has developed 3D simulations to study the effect of vibration on efficiency of a 

single worm gearset. Axially vibrating the worm gear is shown to reduce its input torque 

by up to 80% (Figure 7.15a). The extent of reduction is governed by the ratio of vibration 
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velocity amplitude 𝑣𝑎 and the gearset sliding velocity 𝒗𝒈, 𝒌𝒘 = 𝑣𝑎 𝒗𝒈⁄ . The shape of the 

curve plotting normalised input torque against 𝒌𝒘  depends on the mechanical system 

being evaluated. Simulated 𝑻𝑩𝒗 𝑻𝑩𝒔⁄  of the worm gearset (Figure 7.15a) matches closely 

with disc-on-disc transverse vibration test results (Figure 7.15b) only in the range 𝒌𝒘 ≤

3.  

Up to five-fold increase in gearset mechanical advantage due to vibration means 

a gearset that normally requires 33.8 Nm of input to generate 366 Nm of output now only 

requires 7.4 Nm of input to generate the same output torque. Consequently, the motor 

driving the worm gear can potentially be downsized by 50 mm in diameter and 30 mm in 

length, with mass reduction of 6 kg and a huge cost saving of £23 per build associated 

just with this single gearset variant.  

Energy consumed to generate the vibration must also be considered in the overall 

system efficiency 𝜂𝑠𝑦𝑠  calculation. 𝜂𝑠𝑦𝑠  is dependent on changes of input mechanical 

power to the worm gear as well as input electrical power to the sonotrode. While vibration 

improves the gearset mechanical advantage, power required to generate the vibration 

causes a drop in overall efficiency. The extent of this reduction depends on the dynamics 

of the system and characteristics of the piezo actuator employed. Tests with worm 

gearsets are necessary to confirm this.   

If applied continuously, vibration will impact wear life, therefore, its activation 

must be controlled such that it is used only when the application requires the most torque 

output from the gearset. Otherwise, under normal operation or when gearing is idle the 

vibration must be inactive. In this manner the self-locking capability of worm gearing 

described in 2.1.5 can be maintained. Furthermore, if vibration is only needed for a small 

percentage of the application’s operating cycle, then the temporary boost in mechanical 

advantage can far outweigh any system efficiency and wear life concerns.  

 

8.2. Recommendations for Future Work 

Recommendations that would merit further investigation based on outcomes of 

this thesis: 

i. Disc-on-disc experiments have proven the friction reduction effect of vibration in 

a sliding-rolling contact, while simulations have shown encouraging results when 

vibration is applied to a single worm gearset. The next logical step for progressing 

this research would be to support gear simulation results with worm gearset 

vibration experiments. To enable like-for-like comparison of results, 
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recommendation is to develop another custom rig so that the gearset can be tested 

in isolation. The simulation can be fine-tuned, if necessary, by tuning variables 𝜇, 

𝑠𝑚𝑎𝑥, 𝑖 and 𝜂𝑦  in the friction model (7.3) to align with experimental results.  

ii. Testing and simulation should be extended to a range of gearsets to study whether 

the benefits of induced vibration are more prominent with certain gear ratios and 

sizes. This would enable an assessment of motor downsizing and cost reduction 

opportunities across a wider range of products. 

iii. As well as testing for mechanical advantage and efficiency improvements, the 

effect of vibration on gearset self-locking capability should also be studied. It is 

likely that a control system would need development for activating vibration only 

when higher mechanical advantage is desired, and subsequently deactivating it to 

maintain self-locking when gearing is idle. The control system itself would need 

to be tested for reliability.  

iv. With regards to the method of applying vibration, instead of electronic control it 

may be possible to induce vibration by a mechanical coupling to the worm gear 

rotation. A benefit of this is vibration control without additional electronics, but 

the drawback is vibration applied mid-stroke where torque reduction is generally 

not necessary. A mechanical decoupling method would thus also need to 

accompany this development. 

v. System testing, where gearsets are housed in their respective gearboxes, would 

allow for an overall system evaluation. It is recommended that the effects of 

vibration on other integral measurement and data logging devices be assessed. It 

may be necessary to electronically filter the vibration noise from data recorded by 

integral devices.   

vi. Wear testing is recommended at system level to assess impact on overall product 

functionality during its intended life, as well as to assess impact on gearset 

operations to failure.  
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Appendix C: Theoretical Calculations of Worm Gearsets 
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Gearset 1 

 

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20
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26
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28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

A B C D E F G H I J K L

Parameter Symbol Value Unit Notes Parameter Symbol Value Unit Notes

Normal pressure angle α n 20 deg Speed factor for wear on worm X c, 1 0.141 Per BS721, Figure 7 

Centre distance c 41 mm Speed factor for wear on wheel X c, 2 0.345 Per BS721, Figure 7 

Gear ratio U 30 Surface stress factor on worm σ cm, 1 53.1 Per BS721, Table 7

Number of starts on worm z 1 2 Surface stress factor on wheel σ cm, 2 15.2 Per BS721, Table 7

Number of teeth on wheel z 2 60 Zone factor Z 1.28 Per BS721, Table 6

Diameter factor q 1 12.000 Permissible wheel torque for wear (a) M wa 41.92 Nm

Worm lead angle ϒ m 1 9.46 deg Permissible wheel torque for wear (b) M wb 29.36 Nm

Max addendum modification coefficient x 2,max 0.50 Per BS721, Figure 5 Permissible wheel torque for wear based on 26000 hr life M wear 29.36 Nm Lowest of the two values M wa  and M wb

Min addendum modification coefficient x 2,min 0.48 Per BS721, Figure 6 Speed factor for strength on worm X b, 1 0.240 Per BS721, Figure 8 

Maximum axial module m max 1.154 mm Speed factor for strength on wheel X b, 2 0.460 Per BS721, Figure 8 

Minimum axial module m min 1.123 mm Bending stress factor on worm σ bm, 1 325 Per BS721, Table 7

Axial module m x 1 1.143 mm Bending stress factor on wheel σ bm, 2 69 Per BS721, Table 7

Axial pitch p x 1 3.59 mm Worm tooth reference addendum in axial section h am 1 1.14 mm

Worm reference diameter d m 1 13.72 mm Worm tip diameter d a 1 16.00 mm

Wheel reference diameter d m 2 68.28 mm Maximum clearance c max 0.28 mm

Worm speed n 1 1440 RPM Wheel effective face width b e 8.24 mm

Wheel speed n 2 48 RPM Length of root of wheel teeth l f ,2 8.63 mm

Sliding velocity at worm reference diameter v g 1.05 m/s Permissible wheel torque for strength (a) M sa 93.25 Nm

Size factor Y S 1.56 Permissible wheel torque for strength (b) M sb 37.94 Nm

Profile shift coefficient x 2 -0.13 Permissible wheel torque for strength based on 26000 hr life M strength 37.94 Nm Lowest of the two values M sa  and M sb

Kinematic viscosity at 40°C v 40 92.00 mm
2
/s Per lubricant data Permissible wheel torque based on 26,000 hours life M 26k 29 Nm Lowest of the two values M wear  and M strength

Kinematic viscosity at 100°C v 100 10.00 mm
2
/s Per lubricant data Total equivalent running time for wear (500,000 cycles) H ec 173.61 hr Based on 500,000 cycles wear life

Coefficient for kinematic viscosity A -3.69 Permissible wheel torque for wear based on 500,000 cycles M w 83 Nm Based on 500,000 cycles wear life

Coefficient for kinematic viscosity B 9.51 Total equivalent running time for strength H eb 17.36 hr Based on 1/10 of H ec

Mean lubricant film thickness parameter h* 0.06 Permissible wheel torque for strength M s 75 Nm

Geometry factor Y G 1.09 Safety factor at rated torque based on strength FoS strength 2.21

Material factor Y W 1.10 Per PD ISO/TR 14521, Table 6 Safety factor at 1/3 rated torque based on wear FoS wear 7.37

Arithmetic mean roughness Ra 1 1.6 μm

Roughness factor Y R 1.34

Coefficient of friction µ 0.0890 In mineral oil

Mean tooth coefficient of friction μ zm 0.2234

Worm gearing efficiency η z 1-2 41 %

Rated torque of valve actuator T R 34 Nm

Wheel through-travel output torque T 2 11.33 Nm Based on 1/3 of T R

Meshing power loss P Vz 1-2 77.84 W

Idle running power loss P V 0 59.34 W

Output power from wheel shaft P 2 56.97 W

Bearing power loss P VLP 3.85 W

Sealing power loss P VD 6.38 W

Total power loss P V 147.40 W

Total efficiency of system η ges 1−2 28 %

PD ISO/TR 14521 (British Standards Institution, 2011) BS 721 (British Standards Institution, 1983)
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8
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M N O P Q

Parameter Symbol Value Unit Notes

Transverse pressure angle φ t 20.25 deg

Wheel pitch diameter d G 2.70 inch

Wheel pitch line velocity V G 33.93 ft/min

Sliding velocity V S 206.38 ft/min Budynas and Nisbett (2011), Equation 15-30, pp. 810

Wheel face width F 0.551 inch

Wheel effective face width F e 0.362 inch

Lewis form factor y 0.125 Budynas and Nisbett (2011), pp. 812, for α n  = 20°

Transverse diametral pitch of wheel P d 22.22 teeth/inch

Normal diametral pitch of wheel P n 22.53 teeth/inch

Normal circular pitch of wheel p n 0.14 inch

Size factor K s 0.93 Budynas and Nisbett (2011), Section 14-10, pp. 759

Application overload factor K o 1.250 Budynas and Nisbett (2011), Figure 14-17, pp. 766

AGMA quality number Q v 8 3-7 for commercial gears, 8-12 for precision quality.

Variable A for dynamic factor calculation A Kv 70.72 Budynas and Nisbett (2011), Equation 14-28, pp. 756

Variable B for dynamic factor calculation B Kv 0.630 Budynas and Nisbett (2011), Equation 14-28, pp. 756

Dynamic factor K v 1.051 Budynas and Nisbett (2011), Equation 14-27, pp. 756

Load correction factor C mc 0.8 Budynas and Nisbett (2011), pp. 760, for crowned teeth.

Pinion proportion factor C pf 0.025 Budynas and Nisbett (2011), Equation 14-32, pp. 760

Pinion proportion modifier C pm 1 Budynas and Nisbett (2011), pp. 760

Mesh alignment factor C ma 0.075 Budynas and Nisbett (2011), Equation 14-34, pp. 760

Mesh alignment correction factor C e 1 Budynas and Nisbett (2011), pp. 760

Load distribution factor K m 1.080 Budynas and Nisbett (2011), Equation 14-30, pp. 759

Design factor n d 1 Assumed 1. For unquantifiable exingencies factor is > 1.

Output horsepower at rated torque H 0 0.23 hp

Coefficient of friction μ AGMA 0.0427

Worm gearing efficiency η AGMA 78 % Budynas and Nisbett (2011), Equation 15-54, pp. 813

Tangential force on wheel tooth at rated torque W t
G 357.28 lb

Wheel bending stress at rated torque T R σ a 256 N/mm
2

Budynas and Nisbett (2011), Equation 15-53, pp. 812

Elastic coefficient C p 1950 lb/in
2

Budynas and Nisbett (2011), Table 14-8, pp. 757

Surface condition factor C f 1 Assumed 1. For detrimental surface finish factor is > 1.

Geometry factor for pitting resistance I 0.156 Budynas and Nisbett (2011), Equation 14-23, pp. 755

Wheel contact stress at through-travel torque T 2 σ c 349 N/mm
2

Budynas and Nisbett (2011), Equation 14-16, pp. 746

Materials factor C s 1000.00

Ratio correction factor C m 0.82

Velocity factor C v 0.53

Allowable tangential force on wheel tooth W t
G,all 346.40 lb

Allowable wheel torque based on 25000 hours life T G,all 51 Nm Budynas and Nisbett (2011), Equation 15-31, pp. 810

AGMA 6034-B92 (American Gear Manufacturers Association, 1992; Budynas and Nisbett, 2011)
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A B C D E F G H I J K L

Parameter Symbol Value Unit Notes Parameter Symbol Value Unit Notes

Normal pressure angle α n 20 deg Speed factor for wear on worm X c, 1 0.140 Per BS721, Figure 7 

Centre distance c 60 mm Speed factor for wear on wheel X c, 2 0.375 Per BS721, Figure 7 

Gear ratio U 60 Surface stress factor on worm σ cm, 1 53.1 Per BS721, Table 7

Number of starts on worm z 1 1 Surface stress factor on wheel σ cm, 2 15.2 Per BS721, Table 7

Number of teeth on wheel z 2 60 Zone factor Z 1.16 Per BS721, Table 6

Diameter factor q 1 10.800 Permissible wheel torque for wear (a) M wa 114.45 Nm

Worm lead angle ϒ m 1 5.29 deg Permissible wheel torque for wear (b) M wb 87.75 Nm

Max addendum modification coefficient x 2,max 0.50 Per BS721, Figure 5 Permissible wheel torque for wear based on 26000 hr life M wear 87.75 Nm Lowest of the two values M wa  and M wb

Min addendum modification coefficient x 2,min 0.48 Per BS721, Figure 6 Speed factor for strength on worm X b, 1 0.240 Per BS721, Figure 8 

Maximum axial module m max 1.718 mm Speed factor for strength on wheel X b, 2 0.510 Per BS721, Figure 8 

Minimum axial module m min 1.671 mm Bending stress factor on worm σ bm, 1 325 Per BS721, Table 7

Axial module m x 1 1.700 mm Bending stress factor on wheel σ bm, 2 69 Per BS721, Table 7

Axial pitch p x 1 5.34 mm Worm tooth reference addendum in axial section h am 1 1.70 mm

Worm reference diameter d m 1 18.36 mm Worm tip diameter d a 1 21.76 mm

Wheel reference diameter d m 2 101.64 mm Maximum clearance c max 0.42 mm

Worm speed n 1 1440 RPM Wheel effective face width b e 11.68 mm

Wheel speed n 2 24 RPM Length of root of wheel teeth l f ,2 12.27 mm

Sliding velocity at worm reference diameter v g 1.39 m/s Permissible wheel torque for strength (a) M sa 296.48 Nm

Size factor Y S 1.29 Permissible wheel torque for strength (b) M sb 133.76 Nm

Profile shift coefficient x 2 -0.11 Permissible wheel torque for strength based on 26000 hr life M strength 133.76 Nm Lowest of the two values M sa  and M sb

Kinematic viscosity at 40°C v 40 92.00 mm
2
/s Per lubricant data Permissible wheel torque based on 26,000 hours life M 26k 88 Nm Lowest of the two values M wear  and M strength

Kinematic viscosity at 100°C v 100 10.00 mm
2
/s Per lubricant data Total equivalent running time for wear (500,000 cycles) H ec 347.22 hr Based on 500,000 cycles wear life

Coefficient for kinematic viscosity A -3.69 Permissible wheel torque for wear based on 500,000 cycles M w 238 Nm Based on 500,000 cycles wear life

Coefficient for kinematic viscosity B 9.51 Total equivalent running time for strength H eb 34.72 hr Based on 1/10 of H ec

Mean lubricant film thickness parameter h* 0.06 Permissible wheel torque for strength M s 262 Nm

Geometry factor Y G 1.10 Safety factor at rated torque based on strength FoS strength 1.29

Material factor Y W 1.10 Per PD ISO/TR 14521, Table 6 Safety factor at 1/3 rated torque based on wear FoS wear 3.52

Arithmetic mean roughness Ra 1 1.6 μm

Roughness factor Y R 1.34

Coefficient of friction µ 0.0715 In mineral oil

Mean tooth coefficient of friction μ zm 0.1491

Worm gearing efficiency η z 1-2 38 %

Rated torque of valve actuator T R 203 Nm

Wheel through-travel output torque T 2 67.67 Nm Based on 1/3 of T R

Meshing power loss P Vz 1-2 267.37 W

Idle running power loss P V 0 86.83 W

Output power from wheel shaft P 2 170.06 W

Bearing power loss P VLP 18.25 W

Sealing power loss P VD 11.44 W

Total power loss P V 383.89 W

Total efficiency of system η ges 1−2 31 %

PD ISO/TR 14521 (British Standards Institution, 2011) BS 721 (British Standards Institution, 1983)



 

 

      A
P

P
E

N
D

IX
 C

: T
H

E
O

R
E

T
IC

A
L

 C
A

L
C

U
L

A
T

IO
N

S
 O

F
 W

O
R

M
 G

E
A

R
S
E

T
S

 

 

 A
P

P
E

N
D

IX
 C

: T
H

E
O

R
E

T
IC

A
L

 C
A

L
C

U
L

A
T

IO
N

S
 O

F
 W

O
R

M
 G

E
A

R
S
E

T
S

 

 

2
3
7

 

 

 

 

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

M N O P Q

Parameter Symbol Value Unit Notes

Transverse pressure angle φ t 20.08 deg

Wheel pitch diameter d G 4.02 inch

Wheel pitch line velocity V G 25.23 ft/min

Sliding velocity V S 273.67 ft/min Budynas and Nisbett (2011), Equation 15-30, pp. 810

Wheel face width F 0.886 inch

Wheel effective face width F e 0.484 inch

Lewis form factor y 0.125 Budynas and Nisbett (2011), pp. 812, for α n  = 20°

Transverse diametral pitch of wheel P d 14.94 teeth/inch

Normal diametral pitch of wheel P n 15.01 teeth/inch

Normal circular pitch of wheel p n 0.21 inch

Size factor K s 0.97 Budynas and Nisbett (2011), Section 14-10, pp. 759

Application overload factor K o 1.250 Budynas and Nisbett (2011), Figure 14-17, pp. 766

AGMA quality number Q v 8 3-7 for commercial gears, 8-12 for precision quality.

Variable A for dynamic factor calculation A Kv 70.72 Budynas and Nisbett (2011), Equation 14-28, pp. 756

Variable B for dynamic factor calculation B Kv 0.630 Budynas and Nisbett (2011), Equation 14-28, pp. 756

Dynamic factor K v 1.044 Budynas and Nisbett (2011), Equation 14-27, pp. 756

Load correction factor C mc 0.8 Budynas and Nisbett (2011), pp. 760, for crowned teeth.

Pinion proportion factor C pf 0.025 Budynas and Nisbett (2011), Equation 14-32, pp. 760

Pinion proportion modifier C pm 1 Budynas and Nisbett (2011), pp. 760

Mesh alignment factor C ma 0.079 Budynas and Nisbett (2011), Equation 14-34, pp. 760

Mesh alignment correction factor C e 1 Budynas and Nisbett (2011), pp. 760

Load distribution factor K m 1.083 Budynas and Nisbett (2011), Equation 14-30, pp. 759

Design factor n d 1 Assumed 1. For unquantifiable exingencies factor is > 1.

Output horsepower at rated torque H 0 0.68 hp

Coefficient of friction μ AGMA 0.0381

Worm gearing efficiency η AGMA 69 % Budynas and Nisbett (2011), Equation 15-54, pp. 813

Tangential force on wheel tooth at rated torque W t
G 1613.71 lb

Wheel bending stress at rated torque T R σ a 480 N/mm
2

Budynas and Nisbett (2011), Equation 15-53, pp. 812

Elastic coefficient C p 1950 lb/in
2

Budynas and Nisbett (2011), Table 14-8, pp. 757

Surface condition factor C f 1 Assumed 1. For detrimental surface finish factor is > 1.

Geometry factor for pitting resistance I 0.158 Budynas and Nisbett (2011), Equation 14-23, pp. 755

Wheel contact stress at through-travel torque T 2 σ c 487 N/mm
2

Budynas and Nisbett (2011), Equation 14-16, pp. 746

Materials factor C s 1000.00

Ratio correction factor C m 0.75

Velocity factor C v 0.49

Allowable tangential force on wheel tooth W t
G,all 538.24 lb

Allowable wheel torque based on 25000 hours life T G,all 119 Nm Budynas and Nisbett (2011), Equation 15-31, pp. 810

AGMA 6034-B92 (American Gear Manufacturers Association, 1992; Budynas and Nisbett, 2011)
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A B C D E F G H I J K L

Parameter Symbol Value Unit Notes Parameter Symbol Value Unit Notes

Normal pressure angle α n 20 deg Speed factor for wear on worm X c, 1 0.135 Per BS721, Figure 7 

Centre distance c 75 mm Speed factor for wear on wheel X c, 2 0.290 Per BS721, Figure 7 

Gear ratio U 15 Surface stress factor on worm σ cm, 1 53.1 Per BS721, Table 7

Number of starts on worm z 1 4 Surface stress factor on wheel σ cm, 2 15.2 Per BS721, Table 7

Number of teeth on wheel z 2 60 Zone factor Z 1.24 Per BS721, Table 6

Diameter factor q 1 8.182 Permissible wheel torque for wear (a) M wa 244.96 Nm

Worm lead angle ϒ m 1 26.05 deg Permissible wheel torque for wear (b) M wb 150.63 Nm

Max addendum modification coefficient x 2,max 0.50 Per BS721, Figure 5 Permissible wheel torque for wear based on 26000 hr life M wear 150.63 Nm Lowest of the two values M wa  and M wb

Min addendum modification coefficient x 2,min 0.40 Per BS721, Figure 6 Speed factor for strength on worm X b, 1 0.240 Per BS721, Figure 8 

Maximum axial module m max 2.226 mm Speed factor for strength on wheel X b, 2 0.420 Per BS721, Figure 8 

Minimum axial module m min 2.168 mm Bending stress factor on worm σ bm, 1 325 Per BS721, Table 7

Axial module m x 1 2.200 mm Bending stress factor on wheel σ bm, 2 69 Per BS721, Table 7

Axial pitch p x 1 6.91 mm Worm tooth reference addendum in axial section h am 1 2.20 mm

Worm reference diameter d m 1 18.00 mm Worm tip diameter d a 1 22.40 mm

Wheel reference diameter d m 2 132.00 mm Maximum clearance c max 0.49 mm

Worm speed n 1 1440 RPM Wheel effective face width b e 13.33 mm

Wheel speed n 2 96 RPM Length of root of wheel teeth l f ,2 14.19 mm

Sliding velocity at worm reference diameter v g 1.51 m/s Permissible wheel torque for strength (a) M sa 519.65 Nm

Size factor Y S 1.15 Permissible wheel torque for strength (b) M sb 193.07 Nm

Profile shift coefficient x 2 0.00 Permissible wheel torque for strength based on 26000 hr life M strength 193.07 Nm Lowest of the two values M sa  and M sb

Kinematic viscosity at 40°C v 40 92.00 mm
2
/s Per lubricant data Permissible wheel torque based on 26,000 hours life M 26k 151 Nm Lowest of the two values M wear  and M strength

Kinematic viscosity at 100°C v 100 10.00 mm
2
/s Per lubricant data Total equivalent running time for wear (500,000 cycles) H ec 86.81 hr Based on 500,000 cycles wear life

Coefficient for kinematic viscosity A -3.69 Permissible wheel torque for wear based on 500,000 cycles M w 440 Nm Based on 500,000 cycles wear life

Coefficient for kinematic viscosity B 9.51 Total equivalent running time for strength H eb 8.68 hr Based on 1/10 of H ec

Mean lubricant film thickness parameter h* 0.05 Permissible wheel torque for strength M s 385 Nm

Geometry factor Y G 1.17 Safety factor at rated torque based on strength FoS strength 1.05

Material factor Y W 1.10 Per PD ISO/TR 14521, Table 6 Safety factor at 1/3 rated torque based on wear FoS wear 3.60

Arithmetic mean roughness Ra 1 1.6 μm

Roughness factor Y R 1.34

Coefficient of friction µ 0.0674 In mineral oil

Mean tooth coefficient of friction μ zm 0.1344

Worm gearing efficiency η z 1-2 73 %

Rated torque of valve actuator T R 366 Nm

Wheel through-travel output torque T 2 122.00 Nm Based on 1/3 of T R

Meshing power loss P Vz 1-2 426.85 W

Idle running power loss P V 0 108.54 W

Output power from wheel shaft P 2 1226.48 W

Bearing power loss P VLP 27.95 W

Sealing power loss P VD 10.99 W

Total power loss P V 574.33 W

Total efficiency of system η ges 1−2 68 %

PD ISO/TR 14521 (British Standards Institution, 2011) BS 721 (British Standards Institution, 1983)
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8
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39
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43

M N O P Q

Parameter Symbol Value Unit Notes

Transverse pressure angle φ t 22.05 deg

Wheel pitch diameter d G 5.20 inch

Wheel pitch line velocity V G 130.61 ft/min

Sliding velocity V S 297.38 ft/min Budynas and Nisbett (2011), Equation 15-30, pp. 810

Wheel face width F 0.963 inch

Wheel effective face width F e 0.475 inch

Lewis form factor y 0.125 Budynas and Nisbett (2011), pp. 812, for α n  = 20°

Transverse diametral pitch of wheel P d 11.55 teeth/inch

Normal diametral pitch of wheel P n 12.85 teeth/inch

Normal circular pitch of wheel p n 0.24 inch

Size factor K s 0.99 Budynas and Nisbett (2011), Section 14-10, pp. 759

Application overload factor K o 1.250 Budynas and Nisbett (2011), Figure 14-17, pp. 766

AGMA quality number Q v 8 3-7 for commercial gears, 8-12 for precision quality.

Variable A for dynamic factor calculation A Kv 70.72 Budynas and Nisbett (2011), Equation 14-28, pp. 756

Variable B for dynamic factor calculation B Kv 0.630 Budynas and Nisbett (2011), Equation 14-28, pp. 756

Dynamic factor K v 1.099 Budynas and Nisbett (2011), Equation 14-27, pp. 756

Load correction factor C mc 0.8 Budynas and Nisbett (2011), pp. 760, for crowned teeth.

Pinion proportion factor C pf 0.025 Budynas and Nisbett (2011), Equation 14-32, pp. 760

Pinion proportion modifier C pm 1 Budynas and Nisbett (2011), pp. 760

Mesh alignment factor C ma 0.080 Budynas and Nisbett (2011), Equation 14-34, pp. 760

Mesh alignment correction factor C e 1 Budynas and Nisbett (2011), pp. 760

Load distribution factor K m 1.084 Budynas and Nisbett (2011), Equation 14-30, pp. 759

Design factor n d 1 Assumed 1. For unquantifiable exingencies factor is > 1.

Output horsepower at rated torque H 0 4.93 hp

Coefficient of friction μ AGMA 0.0367

Worm gearing efficiency η AGMA 91 % Budynas and Nisbett (2011), Equation 15-54, pp. 813

Tangential force on wheel tooth at rated torque W t
G 1715.59 lb

Wheel bending stress at rated torque T R σ a 402 N/mm
2

Budynas and Nisbett (2011), Equation 15-53, pp. 812

Elastic coefficient C p 1950 lb/in
2

Budynas and Nisbett (2011), Table 14-8, pp. 757

Surface condition factor C f 1 Assumed 1. For detrimental surface finish factor is > 1.

Geometry factor for pitting resistance I 0.151 Budynas and Nisbett (2011), Equation 14-23, pp. 755

Wheel contact stress at rated torque T R σ c 778 N/mm
2

Budynas and Nisbett (2011), Equation 14-16, pp. 746

Materials factor C s 1000.00

Ratio correction factor C m 0.81

Velocity factor C v 0.48

Allowable tangential force on wheel tooth W t
G,all 679.48 lb

Allowable wheel torque based on 25000 hours life T G,all 194 Nm Budynas and Nisbett (2011), Equation 15-31, pp. 810

AGMA 6034-B92 (American Gear Manufacturers Association, 1992; Budynas and Nisbett, 2011)
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Gearset 4 

 

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

A B C D E F G H I J K L

Parameter Symbol Value Unit Notes Parameter Symbol Value Unit Notes

Normal pressure angle α n 20 deg Speed factor for wear on worm X c, 1 0.126 Per BS721, Figure 7 

Centre distance c 108 mm Speed factor for wear on wheel X c, 2 0.330 Per BS721, Figure 7 

Gear ratio U 40 Surface stress factor on worm σ cm, 1 53.1 Per BS721, Table 7

Number of starts on worm z 1 1 Surface stress factor on wheel σ cm, 2 15.2 Per BS721, Table 7

Number of teeth on wheel z 2 40 Zone factor Z 1.05 Per BS721, Table 6

Diameter factor q 1 6.830 Permissible wheel torque for wear (a) M wa 742.17 Nm

Worm lead angle ϒ m 1 8.33 deg Permissible wheel torque for wear (b) M wb 556.41 Nm

Max addendum modification coefficient x 2,max 0.50 Per BS721, Figure 5 Permissible wheel torque for wear based on 26000 hr life M wear 556.41 Nm Lowest of the two values M wa  and M wb

Min addendum modification coefficient x 2,min 0.48 Per BS721, Figure 6 Speed factor for strength on worm X b, 1 0.240 Per BS721, Figure 8 

Maximum axial module m max 4.708 mm Speed factor for strength on wheel X b, 2 0.480 Per BS721, Figure 8 

Minimum axial module m min 4.516 mm Bending stress factor on worm σ bm, 1 325 Per BS721, Table 7

Axial module m x 1 4.610 mm Bending stress factor on wheel σ bm, 2 69 Per BS721, Table 7

Axial pitch p x 1 14.48 mm Worm tooth reference addendum in axial section h am 1 4.61 mm

Worm reference diameter d m 1 31.49 mm Worm tip diameter d a 1 40.71 mm

Wheel reference diameter d m 2 184.51 mm Maximum clearance c max 1.14 mm

Worm speed n 1 1440 RPM Wheel effective face width b e 25.80 mm

Wheel speed n 2 36 RPM Length of root of wheel teeth l f ,2 27.67 mm

Sliding velocity at worm reference diameter v g 2.40 m/s Permissible wheel torque for strength (a) M sa 3269.80 Nm

Size factor Y S 0.96 Permissible wheel torque for strength (b) M sb 1388.41 Nm

Profile shift coefficient x 2 0.01 Permissible wheel torque for strength based on 26000 hr life M strength 1388.41 Nm Lowest of the two values M sa  and M sb

Kinematic viscosity at 40°C v 40 92.00 mm
2
/s Per lubricant data Permissible wheel torque based on 26,000 hours life M 26k 556 Nm Lowest of the two values M wear  and M strength

Kinematic viscosity at 100°C v 100 10.00 mm
2
/s Per lubricant data Total equivalent running time for wear (500,000 cycles) H ec 231.48 hr Based on 500,000 cycles wear life

Coefficient for kinematic viscosity A -3.69 Permissible wheel torque for wear based on 500,000 cycles M w 1557 Nm Based on 500,000 cycles wear life

Coefficient for kinematic viscosity B 9.51 Total equivalent running time for strength H eb 23.15 hr Based on 1/10 of H ec

Mean lubricant film thickness parameter h* 0.07 Permissible wheel torque for strength M s 2743 Nm

Geometry factor Y G 1.03 Safety factor at rated torque based on strength FoS strength 3.24

Material factor Y W 1.10 Per PD ISO/TR 14521, Table 6 Safety factor at 1/3 rated torque based on wear FoS wear 5.52

Arithmetic mean roughness Ra 1 1.6 μm

Roughness factor Y R 1.34

Coefficient of friction µ 0.0510 In mineral oil

Mean tooth coefficient of friction μ zm 0.0744

Worm gearing efficiency η z 1-2 66 %

Rated torque of valve actuator T R 847 Nm

Wheel through-travel output torque T 2 282.33 Nm Based on 1/3 of T R

Meshing power loss P Vz 1-2 533.22 W

Idle running power loss P V 0 156.30 W

Output power from wheel shaft P 2 1064.37 W

Bearing power loss P VLP 54.32 W

Sealing power loss P VD 33.63 W

Total power loss P V 777.48 W

Total efficiency of system η ges 1−2 58 %

PD ISO/TR 14521 (British Standards Institution, 2011) BS 721 (British Standards Institution, 1983)
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M N O P Q

Parameter Symbol Value Unit Notes

Transverse pressure angle φ t 20.20 deg

Wheel pitch diameter d G 7.26 inch

Wheel pitch line velocity V G 68.42 ft/min

Sliding velocity V S 472.31 ft/min Budynas and Nisbett (2011), Equation 15-30, pp. 810

Wheel face width F 0.866 inch

Wheel effective face width F e 0.831 inch

Lewis form factor y 0.125 Budynas and Nisbett (2011), pp. 812, for α n  = 20°

Transverse diametral pitch of wheel P d 5.51 teeth/inch

Normal diametral pitch of wheel P n 5.57 teeth/inch

Normal circular pitch of wheel p n 0.56 inch

Size factor K s 1.02 Budynas and Nisbett (2011), Section 14-10, pp. 759

Application overload factor K o 1.250 Budynas and Nisbett (2011), Figure 14-17, pp. 766

AGMA quality number Q v 8 3-7 for commercial gears, 8-12 for precision quality.

Variable A for dynamic factor calculation A Kv 70.72 Budynas and Nisbett (2011), Equation 14-28, pp. 756

Variable B for dynamic factor calculation B Kv 0.630 Budynas and Nisbett (2011), Equation 14-28, pp. 756

Dynamic factor K v 1.072 ft/min Budynas and Nisbett (2011), Equation 14-27, pp. 756

Load correction factor C mc 0.8 Budynas and Nisbett (2011), pp. 760, for crowned teeth.

Pinion proportion factor C pf 0.025 Budynas and Nisbett (2011), Equation 14-32, pp. 760

Pinion proportion modifier C pm 1 Budynas and Nisbett (2011), pp. 760

Mesh alignment factor C ma 0.079 Budynas and Nisbett (2011), Equation 14-34, pp. 760

Mesh alignment correction factor C e 1 Budynas and Nisbett (2011), pp. 760

Load distribution factor K m 1.083 Budynas and Nisbett (2011), Equation 14-30, pp. 759

Design factor n d 1 Assumed 1. For unquantifiable exingencies factor is > 1.

Output horsepower at rated torque H 0 4.28 hp

Coefficient of friction μ AGMA 0.0298

Worm gearing efficiency η AGMA 82 % Budynas and Nisbett (2011), Equation 15-54, pp. 813

Tangential force on wheel tooth at rated torque W t
G 3154.59 lb

Wheel bending stress at rated torque T R σ a 356 N/mm
2

Budynas and Nisbett (2011), Equation 15-53, pp. 812

Elastic coefficient C p 1950 lb/in
2

Budynas and Nisbett (2011), Table 14-8, pp. 757

Surface condition factor C f 1 Assumed 1. For detrimental surface finish factor is > 1.

Geometry factor for pitting resistance I 0.157 Budynas and Nisbett (2011), Equation 14-23, pp. 755

Wheel contact stress at through-travel torque T 2 σ c 534 N/mm
2

Budynas and Nisbett (2011), Equation 14-16, pp. 746

Materials factor C s 1000.00

Ratio correction factor C m 0.81

Velocity factor C v 0.39

Allowable tangential force on wheel tooth W t
G,all 1293.88 lb

Allowable wheel torque based on 25000 hours life T G,all 517 Nm Budynas and Nisbett (2011), Equation 15-31, pp. 810

AGMA 6034-B92 (American Gear Manufacturers Association, 1992; Budynas and Nisbett, 2011)
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Cell  Formula Unit 

C7 𝑧2 = 𝑈𝑧1  

C9 𝛾𝑚1 = tan−1 (
𝑧1

𝑞1

) 
degree 

C12 
𝑚𝑚𝑎𝑥 =

2𝑐

𝑧2 + 𝑞1 − 2𝑥2,𝑚𝑖𝑛

 
mm 

C13 
𝑚𝑚𝑖𝑛 =

2𝑐

𝑧2 + 𝑞1 + 2𝑥2,𝑚𝑎𝑥

 
mm 

C15 𝑝𝑥1 = 𝜋𝑚𝑥1 mm 

C16 𝑑𝑚1 = 𝑞1𝑚𝑥1 mm 

C17 𝑑𝑚2 = 2𝑐 − 𝑑𝑚1 mm 

C19 𝑛2 =
𝑛1

𝑈
 

RPM 

C20 
𝒗𝒈 =

𝑑𝑚1𝑛1

19098 cos 𝛾𝑚1

 
m/s 

C21 
𝑌𝑆 = (

100

𝑐
)

0.5

 
 

C22 
𝑥2 =

2𝑐 − 𝑑𝑚1 − (𝑚𝑥1𝑧2)

2𝑚𝑥1

 
 

C25 

𝐴 =
log (

log(𝑣40 + 0.7)
log(𝑣100 + 0.7)

)

log (
313
373

)
 

 

C26 𝐵 = log(log(𝑣40 + 0.7)) − 𝐴 log(313)  

C27 ℎ∗ = −0.393 + 2.9157 ∙ 10−6𝑧2
−0.0847

∙ 𝛼𝑛
0.0595(7.947 ∙ 10−7𝑥2 + 5.927 ∙ 10−5)

∙ (𝑞1(1 − 0.038𝑞1) + 65.576)

∙ ((
108.8547𝑧1

𝑞1

− 1) (
𝑧1

𝑞1

) − 3294.921)

∙ ((3.291 ∙ 10−3𝐵 + 1)𝐵 − 13064.58) 

 

C28 
𝑌𝐺 = (

0.07

ℎ∗
)

0.5

 
 

C31 
𝑌𝑅 = (

𝑅𝑎1

0.5
)

0.25

 
 

C32 
𝜇 = 0.033 + (

0.079

(𝒗𝒈 + 0.2)
1.55

) 
 

C33 𝜇𝑧𝑚 =  𝜇𝑌𝑆𝑌𝐺𝑌𝑊𝑌𝑅  
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Cell  Formula Unit 

C34 
𝜂𝑧1−2 = (

tan 𝛾𝑚1

tan(𝛾𝑚1 + tan−1 𝜇𝑧𝑚)
) 100 

% 

C36 
𝑻𝟐 =

𝑇𝑅

3
 

Nm 

C37 
𝑃𝑉𝑧1−2 = (

0.1𝑻𝟐𝑛1

𝑈
) ((

100

𝜂𝑧1−2

) − 1) 
W 

C38 𝑃𝑉0 = 0.89 ∙ 10−4𝑐𝑛1
(4 3⁄ ) W 

C39 
𝑃2 =

2𝜋𝑛2𝑻𝟐

60
 

W 

C40 
𝑃𝑉𝐿𝑃 =

0.03𝑃2𝑐0.44𝑈

𝑑𝑚2

 
W 

C41 𝑃𝑉𝐷 = 11.78 ∙ 10−6𝑑𝑚1
2𝑛1 W 

C42 𝑃𝑉 = 𝑃𝑉𝑧1−2 + 𝑃𝑉0 + 𝑃𝑉𝐿𝑃 + 𝑃𝑉𝐷 W 

C43 
𝜂𝑔𝑒𝑠1−2 =

100𝑃2

𝑃2 + 𝑃𝑉

 
% 

I8 𝑀𝑤𝑎 = 0.00191𝑋𝑐,1𝜎𝑐𝑚,1𝑍𝑑𝑚1
1.8𝑚𝑥1 Nm 

I9 𝑀𝑤𝑏 = 0.00191𝑋𝑐,2𝜎𝑐𝑚,2𝑍𝑑𝑚2
1.8𝑚𝑥1 Nm 

I10 𝑀𝑤𝑒𝑎𝑟 = min(𝑀𝑤𝑎 , 𝑀𝑤𝑏) Nm 

I15 ℎ𝑎𝑚1 = 𝑚𝑥1 mm 

I16 𝑑𝑎1 = 𝑑𝑚1 + 2ℎ𝑎𝑚1 mm 

I17 𝑐𝑚𝑎𝑥 = 0.25𝑚𝑥1 cos 𝛾𝑚1 mm 

I18 𝑏𝑒 = 2𝑚𝑥1(1 + 𝑞1)0.5 mm 

I19 
𝑙𝑓,2 = (𝑑𝑎1 + 2𝑐𝑚𝑎𝑥) sin (

𝑏𝑒

𝑑𝑎1 + 2𝑐𝑚𝑎𝑥

) 
mm 

I20 𝑀𝑠𝑎 = 0.0018𝑋𝑏,1𝜎𝑏𝑚,1𝑚𝑥1𝑙𝑓,2𝑑𝑚2 cos 𝛾𝑚1 Nm 

I21 𝑀𝑠𝑏 = 0.0018𝑋𝑏,2𝜎𝑏𝑚,2𝑚𝑥1𝑙𝑓,2𝑑𝑚2 cos 𝛾𝑚1 Nm 

I22 𝑀𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ = min(𝑀𝑠𝑎 , 𝑀𝑠𝑏) Nm 

I23 𝑀26𝑘 = min(𝑀𝑤𝑒𝑎𝑟, 𝑀𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ) Nm 

I24 
𝐻𝑒𝑐 =

500000

60𝑛2

 
hours 

I25 
𝑀𝑤 = 𝑀𝑤𝑒𝑎𝑟 (

27000

1000 + 𝐻𝑒𝑐

)
(1 3⁄ )

 
Nm 

I26 
𝐻𝑒𝑏 =

𝐻𝑒𝑐

10
 

hours 
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Cell  Formula Unit 

I27 
𝑀𝑠 = 𝑀𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ (

26200

200 + 𝐻𝑒𝑏

)
(1 7⁄ )

 
Nm 

I28 
𝐹𝑂𝑆𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ =

𝑀𝑠

𝑇𝑅

 
 

I29 
𝐹𝑂𝑆𝑤𝑒𝑎𝑟 =

𝑀𝑤

𝑻𝟐

 
 

O3 
𝜑𝑡 = tan−1 (

tan 𝛼𝑛

𝛾𝑚1

) 
degree 

O4 𝑑𝐺 = 𝑧2 (
𝑚𝑥1

25.4
) inch 

O5 
𝑉𝐺 =

𝜋𝑑𝐺𝑛2

12
 

ft/min 

O6 

𝑉𝑆 = 
𝜋𝑛1 (

𝑑𝑚1

25.4
)

12 cos 𝛾𝑚1

 

ft/min 

O8 
𝐹𝑒 = {

𝐹 if 𝐹 ≤ 0.67𝑑𝑚1 25.4⁄

0.67𝑑𝑚1 25.4⁄ if 𝐹 > 0.67𝑑𝑚1 25.4⁄
 

inch 

O10 𝑃𝑑 =
𝑧2

𝑑𝐺

 teeth/ 

inch 

O11 
𝑃𝑛 =

𝑃𝑑 tan 𝜑𝑡

tan 𝛼𝑛

 
teeth/ 

inch 

O12 𝑝𝑛 =
𝜋

𝑃𝑛

 inch 

O13 

𝐾𝑠 = 1.192 (
𝐹√𝑦

𝑃𝑑

)

0.0535

 

 

O16 𝐴𝐾𝑣 = 50 + 56(1 − 𝐵𝐾𝑣)  

O17 𝐵𝐾𝑣 = 0.25(12 − 𝑄𝑣)2 3⁄   

O18 

𝐾𝑣 = (
𝐴𝐾𝑣 + √𝑉𝐺

𝐴𝐾𝑣

)

𝐵𝐾𝑣

 

ft/min 

O20 

𝐶𝑝𝑓 =

{
  
 

  
 

𝐹

10𝑑𝐺

− 0.025 if 𝐹 ≤ 1 in

𝐹

10𝑑𝐺

− 0.0375 + 0.0125𝐹 if 1 < 𝐹 ≤ 17 in

𝐹

10𝑑𝐺

− 0.1109 + 0.0207𝐹 − 0.000228𝐹2 if 17 < 𝐹 ≤ 40 in

 

 

O22 𝐶𝑚𝑎 = 0.0675 + 0.0128𝐹 − 0.0000926𝐹2  

O24 𝐾𝑚 = 1 + 𝐶𝑚𝑐(𝐶𝑝𝑓𝐶𝑝𝑚 + 𝐶𝑚𝑎𝐶𝑒)  
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Cell  Formula Unit 

O26 
𝐻0 =

0.7375𝑇𝑅𝑛2

5252
 

hp 

O27 

𝜇𝐴𝐺𝑀𝐴 = {

0.15 if 𝑉𝑆 = 0

0.124exp(−0.074𝑉𝑆
0.645) if 0 < 𝑉𝑆 ≤ 10 ft/min

0.103exp(−0.110𝑉𝑆
0.450) + 0.012 if 𝑉𝑆 > 10 ft/min

 

 

O28 
𝜂𝐴𝐺𝑀𝐴 = (

cos 𝛼𝑛 − 𝜇𝐴𝐺𝑀𝐴 tan 𝛾𝑚1

cos 𝛼𝑛 + 𝜇𝐴𝐺𝑀𝐴 cot 𝛾𝑚1

) 100 
% 

O29 
𝑊𝐺

𝑡 = (
33000𝑛𝑑𝐻0𝐾𝑜

𝑉𝐺𝜂𝐴𝐺𝑀𝐴

) 100 
lb 

O30 
𝜎𝑎 =

𝑊𝐺
𝑡

145.0377𝑝𝑛𝐹𝑦
 

N/mm2 

O33 
𝐼 = (

cos 𝛼𝑛 sin 𝛼𝑛

2
) (

𝑈

𝑈 + 1
) 

 

O34 

𝜎𝑐 = 0.00689𝐶𝑝√𝑊𝐺
𝑡𝐾𝑜𝐾𝑣𝐾𝑠

𝐾𝑚

𝑑𝐺𝐹

𝐶𝑓

𝐼
 

N/mm2 

O35 
𝐶𝑠 = {

1000 if 𝐹 ≤ 0.67𝑑𝑚1 25.4⁄

1251 − 180 log 𝑑𝐺 if 𝐹 > 0.67𝑑𝑚1 25.4⁄
 

 

O36 

𝐶𝑚 = {
0.02(−𝑈2 + 40𝑈 − 76)0.5 + 0.46 if 3 < 𝑈 ≤ 20

0.0107(−𝑈2 + 56𝑈 + 5145)0.5 if 20 < 𝑈 ≤ 76

1.1483 − 0.00658𝑈 if 𝑈 > 76

 

 

O37 

𝐶𝑣 = {

0.659exp(−0.0011) if 𝑉𝑆 < 700 ft/min

13.31𝑉𝑆
-0.571 if 700 ≤ 𝑉𝑆 < 3000 ft/min

65.52𝑉𝑆
-0.774 if 𝑉𝑆 > 3000 ft/min

 

 

O38 𝑊𝐺,𝑎𝑙𝑙
𝑡 = 𝐶𝑠𝑑𝐺

0.8𝐹𝑒𝐶𝑚𝐶𝑣 lb 

O39 
𝑇𝐺,𝑎𝑙𝑙 = (

𝑊𝐺,𝑎𝑙𝑙
𝑡 𝑑𝐺

2
) 0.11 

Nm 
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Appendix D: Abaqus® Friction Subroutine for Chapter 5 

 

      SUBROUTINE FRIC(LM,TAU,DDTDDG,DDTDDP,DSLIP,SED,SFD, 
     1 DDTDDT,PNEWDT,STATEV,DGAM,TAULM,PRESS,DPRESS,DDPDDH,SLIP, 
     2 KSTEP,KINC,TIME,DTIME,NOEL,CINAME,SLNAME,MSNAME,NPT,NODE, 
     3 NPATCH,COORDS,RCOORD,DROT,TEMP,PREDEF,NFDIR,MCRD,NPRED, 
     4 NSTATV,CHRLNGTH,PROPS,NPROPS) 
C 
      INCLUDE 'ABA_PARAM.INC' 
C     The INCLUDE statement includes source from another file. 
C       
      CHARACTER*80 CINAME,SLNAME,MSNAME 
C     The CHARACTER statement is used when the data being manipulated is 
C     in the form of characters and words rather than numbers. This  
C     CHARACTER statement declares 3 variables which can each contain 80 
C     characters.  
C     CINAME = User-specified surface interaction name associated with  
C              the friction definition. 
C     SLNAME = Slave surface name 
C     MSNAME = Master surface name  
C                                                                        
      DIMENSION TAU(NFDIR),DDTDDG(NFDIR,NFDIR),DDTDDP(NFDIR), 
     1 DSLIP(NFDIR),DDTDDT(NFDIR,2),STATEV(*),DGAM(NFDIR), 
     2 TAULM(NFDIR),SLIP(NFDIR),TIME(2),COORDS(MCRD), 
     3 RCOORD(MCRD),DROT(2,2),TEMP(2),PREDEF(2,*),PROPS(NPROPS) 
C     The DIMENSION statement specifies the number of dimensions for an  
C     array, including the number of elements in each dimension 
C       
C     user coding to define LM, TAU, DDTDDG, DDTDDP, 
C     and, optionally, DSLIP, SED, SFD, DDTDDT, PNEWDT, STATEV  
C      
      PARAMETER(ZERO=0.0D0,ONE=1.0D0,PRECIS=1.D-14,XKS=1.D6) 
C     The PARAMETER statement specifies named constants.                 
C     Double-precision floating-point format is a computer number format 
C     that occupies 8 bytes (64 bits) in computer memory and represents  
C     a wide, dynamic range of values by using a floating point.  
C 
C     IMPLEMENTATION OF DAHL FRICTION 
C 
C     Variables used: 
C     DS          = Change in elastic slip during current increment 
C     S1          = Elastic slip at end of current increment 
C     GAMMA1      = Total slip in direction X 
C     GAMMA2      = Total slip in direction Y 
C     DGAM(1)     = Increment of sliding motion in direction X 
C     DGAM(2)     = Increment of sliding motion in direction Y 
C     STIFF       = Contact stiffness 
C     TAUCRIT     = Critical frictional stress 
      XMU         = PROPS(1)      !Coefficient of friction 
      XI          = PROPS(2)      !Dahl friction shape parameter 
      SMAX        = PROPS(3)      !Max allowable elastic slip 
      ETA         = PROPS(4)      !Transverse vibration transfer coefficient 
      THETA       = PROPS(5)      !Angle describing the vibration mode 
      VIBSTART    = PROPS(6)      !Time at which vibration is initiated 
      F           = PROPS(7)      !Vibration frequency in Hertz 
      VA          = PROPS(8)      !Amplitude of the velocity of vibration 
C       
      IF (LM .EQ. 2) THEN 
C     If LM = 2 frictionless sliding is assumed 
C     If LM = 1 no relative motion is allowed (rigid sticking condition  
C             at the interface)   
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C     If LM = 0 relative motion is allowed 
C     Gap is opened at start of the current increment. Frictionless  
C     sliding is assumed. In this case no further variables need to be  
C     updated.         
C 
         IF (XMU .LE. PRECIS) RETURN 
      END IF 
C 
      LM = 0 
C     Relative motion is allowed (either due to slip or elastic stick). 
C     In this case the subroutine must specify the frictional stress TAU 
C     (in 2 directions for 3D analysis) as a function of: 
C     -the relative sliding motion (slip rate dependant data), 
C     -the interface contact pressure (contact pressure dependant data), 
C     and other predefined or user-defined state variables. In addition, 
C     the subroutine must define the derivatives of TAU with respect to  
C     relative sliding motion and interface contact pressure. 
C 
C     CHECK IF PRESSURE IS NON-POSITIVE 
      IF (PRESS .LE. ZERO) THEN 
         STATEV(1)    = ZERO 
         GAMMA        = DGAM(1) 
C     If pressure is less than zero then there is no elastic slip, and 
C     total slip is equal to the increment of sliding motion in the  
C     current time increment. 
         IF (XMU .LE. PRECIS) THEN 
            DDTDDG(1,1)   = ZERO 
            DDTDDP(1)     = XMU*GAMMA/GCRIT 
         ELSE 
            DDTDDG(1,1)   = XKS 
            DDTDDP(1)     = ZERO 
         END IF 
         TAU(1)   = ZERO 
         DSLIP(1) = ZERO 
         RETURN 
      ELSE 
C     If pressure is not less than zero then there is elastic slip 
C     COMPUTE FOR CRITICAL STRESS AND ARTIFICIAL STIFFNESS 
         TAUCRIT = XMU*PRESS                          
         STIFF   = TAUCRIT/SMAX  
      END IF 
C 
C     COMPUTE FOR THE TOTAL SLIP AND FRICTIONAL SHEAR STRESS 
      PI      = ACOS(-ONE) 
      IF (TIME(2) .GE. VIBSTART) THEN 
      YB      = (SIN(THETA*PI/180))*((VA/(2*PI*F))*SIN(2*PI*F*TIME(2))) 
      ELSE 
      YB      = 0 
      END IF 
      DYB     = YB-STATEV(6) 
C       
      GAMMA1  = STATEV(2)+DGAM(1) 
      GAMMA2  = STATEV(4)+DGAM(2)+DYB 
C       
      AMNA1   = SQRT(((GAMMA1-STATEV(3))**2)+((STATEV(5)-GAMMA2)**2)) 
      VR1     = (AMNA1-ABS(STATEV(1)))/DTIME 
      DS      = VR1*((1-(STIFF*ABS(STATEV(1))*SIGN(ONE,VR1)/TAUCRIT))** 
     1          XI)*DTIME 
      SA      = ABS(STATEV(1))+DS 
C 
      IF (TIME(2) .GT. VIBSTART) THEN 
         COSA = (GAMMA1-STATEV(3))/AMNA1 
         SINA = (STATEV(5)-GAMMA2)/AMNA1 
      ELSE 
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         COSA = ONE 
         SINA = ZERO 
      END IF 
C      
      ANA1MA2 = SQRT(((SA*COSA)**2)+(((SA*SINA)+(DYB*ETA))**2)) 
      VR2     = (ANA1MA2-SA)/DTIME 
      DSA     = VR2*((1-(STIFF*SA*SIGN(ONE,VR2)/TAUCRIT))**XI)*DTIME 
      S1      = SA+DSA 
C      
      IF (TIME(2) .GT. VIBSTART) THEN 
         COSB = (SA*COSA)/ANA1MA2 
         SINB = ((SA*SINA)+(DYB*ETA))/ANA1MA2 
      ELSE 
         COSB = ONE 
         SINB = ZERO 
      END IF 
C      
      TAU(1)  = STIFF*S1*COSB 
      TAU(2)  = STIFF*S1*SINB 
C      
      STATEV(1)   = S1 
      STATEV(2)   = GAMMA1 
      STATEV(3)   = GAMMA1-(S1*COSB)        
      STATEV(4)   = GAMMA2 
      STATEV(5)   = GAMMA2+(S1*SINB)                                    
      STATEV(6)   = YB 
C      
      WRITE(06,*) "NODE:",NODE,"TIME:",TIME 
C      
      RETURN 
      END 
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Appendix E: Abaqus® Friction Subroutine for Chapter 7 

 

      SUBROUTINE FRIC(LM,TAU,DDTDDG,DDTDDP,DSLIP,SED,SFD, 
     1 DDTDDT,PNEWDT,STATEV,DGAM,TAULM,PRESS,DPRESS,DDPDDH,SLIP, 
     2 KSTEP,KINC,TIME,DTIME,NOEL,CINAME,SLNAME,MSNAME,NPT,NODE, 
     3 NPATCH,COORDS,RCOORD,DROT,TEMP,PREDEF,NFDIR,MCRD,NPRED, 
     4 NSTATV,CHRLNGTH,PROPS,NPROPS) 
C 
      INCLUDE 'ABA_PARAM.INC' 
C     The INCLUDE statement includes source from another file. 
C       
      CHARACTER*80 CINAME,SLNAME,MSNAME 
C     The CHARACTER statement is used when the data being manipulated is 
C     in the form of characters and words rather than numbers. This  
C     CHARACTER statement declares 3 variables which can each contain 80 
C     characters.  
C     CINAME = User-specified surface interaction name associated with  
C              the friction definition. 
C     SLNAME = Slave surface name 
C     MSNAME = Master surface name  
C                                                                        
      DIMENSION TAU(NFDIR),DDTDDG(NFDIR,NFDIR),DDTDDP(NFDIR), 
     1 DSLIP(NFDIR),DDTDDT(NFDIR,2),STATEV(*),DGAM(NFDIR), 
     2 TAULM(NFDIR),SLIP(NFDIR),TIME(2),COORDS(MCRD), 
     3 RCOORD(MCRD),DROT(2,2),TEMP(2),PREDEF(2,*),PROPS(NPROPS) 
C     The DIMENSION statement specifies the number of dimensions for an  
C     array, including the number of elements in each dimension 
C       
C     user coding to define LM, TAU, DDTDDG, DDTDDP, 
C     and, optionally, DSLIP, SED, SFD, DDTDDT, PNEWDT, STATEV  
C       
      DIMENSION GAMMA(2)                                                          Change: Line added. 
C                     
      PARAMETER(ZERO=0.0D0,ONE=1.0D0,ASMALL=1.0D-27,PRECIS=1.D-14,                Change: ASMALL definition added. 
     1 XKS=1.D6) 
C     The PARAMETER statement specifies named constants.                 
C     Double-precision floating-point format is a computer number format 
C     that occupies 8 bytes (64 bits) in computer memory and represents  
C     a wide, dynamic range of values by using a floating point.  
C 
C     IMPLEMENTATION OF DAHL FRICTION 
C 
C     Variables used: 
C     XMU         = Coefficient of friction 
C     I           = Shape parameter 
C     SMAX        = Critical elastic slip 
C     DS          = Change in elastic slip during current increment 
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C     S1          = Elastic slip at end of current increment 
C     GAMMA       = Total slip 
C     STIFF       = Contact stiffness 
C     TAUCRIT     = Critical frictional stress 
C 
      XMU     = PROPS(1) 
      XI      = PROPS(2) 
      SMAX    = PROPS(3) 
!      ETA     = PROPS(4)                                                         Change: Variable no longer used, removed from formulation. 
!      THETA   = PROPS(5)                                                         Change: Variable no longer used, removed from formulation. 
!      VIBSTART= PROPS(6)                                                         Change: Variable no longer used, removed from formulation. 
!      F       = PROPS(7)                                                         Change: Variable no longer used, removed from formulation. 
!      VA      = PROPS(8)                                                         Change: Variable no longer used, removed from formulation. 
C       
      IF (LM .EQ. 2) THEN 
C     If LM = 2 frictionless sliding is assumed 
C     If LM = 1 no relative motion is allowed (rigid sticking condition  
C             at the interface)   
C     If LM = 0 relative motion is allowed 
C     Gap is opened at start of the current increment. Frictionless  
C     sliding is assumed. In this case no further variables need to be  
C     updated.         
C 
         IF (XMU .LE. PRECIS) RETURN 
      END IF 
C 
      LM = 0 
C     Relative motion is allowed (either due to slip or elastic stick). 
C     In this case the subroutine must specify the frictional stress TAU 
C     (in 2 directions for 3D analysis) as a function of: 
C     -the relative sliding motion (slip rate dependant data), 
C     -the interface contact pressure (contact pressure dependant data), 
C     and other predefined or user-defined state variables. In addition, 
C     the subroutine must define the derivatives of TAU with respect to  
C     relative sliding motion and interface contact pressure. 
C 
C     CHECK IF PRESSURE IS NON-POSITIVE 
      IF (PRESS .LE. ZERO) THEN 
         STATEV(1)   = ZERO 
         STATEV(2)   = ZERO                                                       Change: Line added. 
         GAMMA(1)    = DGAM(1) 
         GAMMA(2)    = DGAM(2)                                                    Change: Line added. 
C     If pressure is less than zero then there is no elastic slip, and 
C     total slip is equal to the increment of sliding motion in the  
C     current time increment. 
         IF (XMU .LE. PRECIS) THEN 
            DDTDDG(1,1) = ZERO 
            DDTDDG(1,2) = ZERO                                                    Change: Line added. 
            DDTDDG(2,1) = ZERO                                                    Change: Line added. 
            DDTDDG(2,2) = ZERO                                                    Change: Line added. 
            DDTDDP(1)   = XMU*GAMMA(1)/SMAX                                       Change: Modified formulation. 
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            DDTDDP(2)   = XMU*GAMMA(2)/SMAX                                       Change: Line added. 
         ELSE 
            DDTDDG(1,1) = XKS 
            DDTDDG(1,2) = ZERO                                                    Change: Line added. 
            DDTDDG(2,1) = ZERO                                                    Change: Line added. 
            DDTDDG(2,2) = XKS                                                     Change: Line added. 
            DDTDDP(1)   = ZERO 
            DDTDDP(2)   = ZERO                                                    Change: Line added. 
         END IF 
         TAU(1)      = ZERO 
         TAU(2)      = ZERO                                                       Change: Line added. 
         DSLIP(1)    = ZERO 
         DSLIP(2)    = ZERO                                                       Change: Line added. 
         RETURN 
      ELSE 
C     If pressure is not less than zero then there is elastic slip 
C     COMPUTE FOR CRITICAL STRESS AND ARTIFICIAL STIFFNESS 
         TAUCRIT = XMU*PRESS                          
         STIFF   = TAUCRIT/SMAX  
      END IF 
C 
C     COMPUTE FOR THE TOTAL SLIP AND FRICTIONAL SHEAR STRESS 
!      PI      = ACOS(-ONE)                                                       Change: No longer used, removed from formulation. 
!      IF (TIME(2) .GE. VIBSTART) THEN                                            Change: No longer used, removed from formulation. 
!      YB      = (SIN(THETA*PI/180))*((VA/(2*PI*F))*SIN(2*PI*F*TIME(2)))          Change: No longer used, removed from formulation. 
!      ELSE                                                                       Change: No longer used, removed from formulation. 
!      YB      = 0                                                                Change: No longer used, removed from formulation. 
!      END IF                                                                     Change: No longer used, removed from formulation. 
!      DYB     = YB-STATEV(6)                                                     Change: No longer used, removed from formulation. 
C       
      GAMMA(1)  = STATEV(1)+DGAM(1)                                               Change: GAMMA with 1 in brackets to signify dimension 1, now used throughout. 
      GAMMA(2)  = STATEV(2)+DGAM(2)!+DYB                                          Change: GAMMA with 2 in brackets to signify dimension 2, now used throughout. DYB no longer used. 
C       
      AMNAA   = SQRT(((GAMMA(1)-STATEV(3))**2)+((STATEV(2)-STATEV(4))**2          Change: Modified formulation for vibration applied directly to sliding body. 
     1          )) 
          DDAMNAADDG1 = (GAMMA(1)-STATEV(3))/AMNAA                                Change: New line for partial derivative of AMNAA with respect to GAMMA(1). 
          DDAMNAADDG2 = ZERO                                                      Change: New line for partial derivative of AMNAA with respect to GAMMA(2). 
          DDAMNAADDP  = ZERO                                                      Change: New line for partial derivative of AMNAA with respect to PRESS. 
      VR1     = AMNAA-STATEV(5)                                                   Change: Modified formulation for vibration applied directly to sliding body. 
          DDVR1DDG1   = DDAMNAADDG1                                               Change: New line for partial derivative of VR1 with respect to GAMMA(1). 
          DDVR1DDG2   = ZERO                                                      Change: New line for partial derivative of VR1 with respect to GAMMA(2). 
          DDVR1DDP    = ZERO                                                      Change: New line for partial derivative of VR1 with respect to PRESS. 
      DS      = VR1*((1-(STATEV(5)*SIGN(ONE,VR1)/SMAX))**XI)                      Change: Modified formulation for vibration applied directly to sliding body. 
          DDDSDDG1    = DDVR1DDG1*((1-(STATEV(5)*SIGN(ONE,VR1)/SMAX))**           Change: New line for partial derivative of DS with respect to GAMMA(1). 
     1                  XI)                                                       Change: New line for partial derivative of DS with respect to GAMMA(1). 
          DDDSDDG2    = ZERO                                                      Change: New line for partial derivative of DS with respect to GAMMA(2). 
          DDDSDDP     = ZERO                                                      Change: New line for partial derivative of DS with respect to PRESS. 
      SA      = STATEV(5)+DS                                                      Change: Modified formulation for vibration applied directly to sliding body. 
          DDSADDG1    = DDDSDDG1                                                  Change: New line for partial derivative of SA with respect to GAMMA(1). 
          DDSADDG2    = ZERO                                                      Change: New line for partial derivative of SA with respect to GAMMA(2). 
          DDSADDP     = ZERO                                                      Change: New line for partial derivative of SA with respect to PRESS. 
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          DDSA2DDG1   = 2*SA*DDSADDG1                                             Change: New line for partial derivative of (SA**2) with respect to GAMMA(1). 
          DDSA2DDG2   = ZERO                                                      Change: New line for partial derivative of (SA**2) with respect to GAMMA(2). 
          DDSA2DDP    = ZERO                                                      Change: New line for partial derivative of (SA**2) with respect to PRESS. 
C 
!      IF (TIME(2) .GT. VIBSTART) THEN                                            Change: IF condition not necessary, removed from formulation. 
      COSA = (GAMMA(1)-STATEV(3))/AMNAA 
          DDCOSADDG1  = (AMNAA-((GAMMA(1)-STATEV(3))*DDAMNAADDG1))/               Change: New line for partial derivative of COSA with respect to GAMMA(1). 
     1                  (AMNAA**2)                                                Change: New line for partial derivative of COSA with respect to GAMMA(1). 
          DDCOSADDG2  = ZERO                                                      Change: New line for partial derivative of COSA with respect to GAMMA(2). 
          DDCOSADDP   = ZERO                                                      Change: New line for partial derivative of COSA with respect to PRESS. 
          DDCOSA2DDG1 = (2*(GAMMA(1)-STATEV(3))*((AMNAA**2)-((GAMMA(1)-           Change: New line for partial derivative of (COSA**2) with respect to GAMMA(1). 
     1                  STATEV(3))**2)))/(AMNAA**4)                               Change: New line for partial derivative of (COSA**2) with respect to GAMMA(1). 
          DDCOSA2DDG2 = ZERO                                                      Change: New line for partial derivative of (COSA**2) with respect to GAMMA(2). 
          DDCOSA2DDP  = ZERO                                                      Change: New line for partial derivative of (COSA**2) with respect to PRESS. 
      SINA = (STATEV(2)-STATEV(4))/AMNAA                                          Change: Modified formulation for vibration applied directly to sliding body. 
          DDSINADDG1  = (ZERO-((STATEV(2)-STATEV(4))*DDAMNAADDG1))/               Change: New line for partial derivative of SINA with respect to GAMMA(1). 
     1                  (AMNAA**2)                                                Change: New line for partial derivative of SINA with respect to GAMMA(1). 
          DDSINADDG2  = ZERO                                                      Change: New line for partial derivative of SINA with respect to GAMMA(2). 
          DDSINADDP   = ZERO                                                      Change: New line for partial derivative of SINA with respect to PRESS. 
          DDSINA2DDG1 = (ZERO-(2*(GAMMA(1)-STATEV(3))*((STATEV(2)-                Change: New line for partial derivative of (SINA**2) with respect to GAMMA(1). 
     1                  STATEV(4))**2)))/(AMNAA**4)                               Change: New line for partial derivative of (SINA**2) with respect to GAMMA(1). 
          DDSINA2DDG2 = ZERO                                                      Change: New line for partial derivative of (SINA**2) with respect to GAMMA(2). 
          DDSINA2DDP  = ZERO                                                      Change: New line for partial derivative of (SINA**2) with respect to PRESS. 
!      ELSE                                                                       Change: ELSE condition removed as IF condition no longer used above. 
!         COSA = ONE                                                              Change: ELSE condition removed as IF condition no longer used above. 
!         SINA = ZERO                                                             Change: ELSE condition removed as IF condition no longer used above. 
!      END IF                                                                     Change: END IF removed as IF condition no longer used above. 
C      
      AMANA1  = SQRT(((SA*COSA)**2)+((GAMMA(2)-STATEV(2)+SA*SINA)**2))            Change: Modified formulation for vibration applied directly to sliding body. 
          DDSACOSA2DDG1   = ((COSA**2)*DDSA2DDG1)+((SA**2)*DDCOSA2DDG1)           Change: New line for partial derivative of ((SA*COSA)**2) with respect to GAMMA(1). 
          DDSASINA2DDG1   = ((SINA**2)*DDSA2DDG1)+((SA**2)*DDSINA2DDG1)           Change: New line for partial derivative of ((SA*SINA)**2) with respect to GAMMA(1). 
          DD2G2SASINADDG1 = (SINA*2*GAMMA(2)*DDSADDG1)+(2*GAMMA(2)*SA*            Change: New line for partial derivative of (2*GAMMA(2)*SA*SINA) with respect to GAMMA(1). 
     1                      DDSINADDG1)                                           Change: New line for partial derivative of (2*GAMMA(2)*SA*SINA) with respect to GAMMA(1). 
          DD2SV2SASINADDG1= (SINA*2*STATEV(2)*DDSADDG1)+(2*STATEV(2)*SA*          Change: New line for partial derivative of (2*STATEV(2)*SA*SINA) with respect to GAMMA(1). 
     1                      DDSINADDG1)                                           Change: New line for partial derivative of (2*STATEV(2)*SA*SINA) with respect to GAMMA(1). 
          DDAMANA1DDG1    = (0.5/AMANA1)*(DDSACOSA2DDG1+DD2G2SASINADDG1-          Change: New line for partial derivative of AMANA1 with respect to GAMMA(1). 
     1                      DD2SV2SASINADDG1+DDSASINA2DDG1)                       Change: New line for partial derivative of AMANA1 with respect to GAMMA(1). 
          DDAMANA1DDG2    = (0.5/AMANA1)*((2*GAMMA(2))-(2*STATEV(2))+(2*          Change: New line for partial derivative of AMANA1 with respect to GAMMA(2). 
     1                      SA*SINA))                                             Change: New line for partial derivative of AMANA1 with respect to GAMMA(2). 
          DDAMANA1DDP     = ZERO                                                  Change: New line for partial derivative of AMANA1 with respect to PRESS. 
      VR2     = AMANA1-SA                                                         Change: Modified formulation for vibration applied directly to sliding body. 
          DDVR2DDG1   = DDAMANA1DDG1-DDSADDG1                                     Change: New line for partial derivative of VR2 with respect to GAMMA(1). 
          DDVR2DDG2   = DDAMANA1DDG2                                              Change: New line for partial derivative of VR2 with respect to GAMMA(2). 
          DDVR2DDP    = ZERO                                                      Change: New line for partial derivative of VR2 with respect to PRESS. 
      DSA     = VR2*((1-(SA*SIGN(ONE,VR2)/SMAX))**XI)                             Change: Modified formulation for vibration applied directly to sliding body. 
          DDDSADDG1   = (((1-(SA*SIGN(ONE,VR2)/SMAX))**XI)*DDVR2DDG1)-            Change: New line for partial derivative of DSA with respect to GAMMA(1). 
     1                  (VR2*XI*((1-(SA*SIGN(ONE,VR2)/SMAX))**(XI-1))*            Change: New line for partial derivative of DSA with respect to GAMMA(1). 
     2                  (SIGN(ONE,VR2)/SMAX)*DDSADDG1)                            Change: New line for partial derivative of DSA with respect to GAMMA(1). 
          DDDSADDG2   = ((1-(SA*SIGN(ONE,VR2)/SMAX))**XI)*DDVR2DDG2               Change: New line for partial derivative of DSA with respect to GAMMA(2). 
          DDDSADDP    = ZERO                                                      Change: New line for partial derivative of DSA with respect to PRESS. 
      S1      = SA+DSA 



 

 

 A
P

P
E

N
D

IX
 E

: A
B

A
Q

U
S

®
 F

R
IC

T
IO

N
 S

U
B

R
O

U
T

IN
E

 F
O

R
 C

H
A

P
T

E
R

 7
 

 

2
5
3

 

 

          DDS1DDG1    = DDSADDG1+DDDSADDG1                                        Change: New line for partial derivative of S1 with respect to GAMMA(1). 
          DDS1DDG2    = DDDSADDG2                                                 Change: New line for partial derivative of S1 with respect to GAMMA(2). 
          DDS1DDP     = ZERO                                                      Change: New line for partial derivative of S1 with respect to PRESS. 
C      
!      IF (TIME(2) .GT. VIBSTART) THEN                                            Change: IF condition not necessary, removed from formulation. 
      COSB = (SA*COSA)/AMANA1 
          DDCOSBDDG1  = ((AMANA1*((COSA*DDSADDG1)+(SA*DDCOSADDG1)))-(SA           Change: New line for partial derivative of COSB with respect to GAMMA(1). 
     1                  *COSA*DDAMANA1DDG1))/(AMANA1**2)                          Change: New line for partial derivative of COSB with respect to GAMMA(1). 
          DDCOSBDDG2  = ZERO-(SA*COSA*DDAMANA1DDG2/(AMANA1**2))                   Change: New line for partial derivative of COSB with respect to GAMMA(2). 
          DDCOSBDDP   = ZERO                                                      Change: New line for partial derivative of COSB with respect to PRESS. 
      SINB = (GAMMA(2)-STATEV(2)+SA*SINA)/AMANA1                                  Change: Improved formulation. 
          DDSINBDDG1  = ((AMANA1*((SINA*DDSADDG1)+(SA*DDSINADDG1)))-              Change: New line for partial derivative of SINB with respect to GAMMA(1). 
     1                  ((GAMMA(2)-STATEV(2)+SA*SINA)*DDAMANA1DDG1))/             Change: New line for partial derivative of SINB with respect to GAMMA(1). 
     2                  (AMANA1**2)                                               Change: New line for partial derivative of SINB with respect to GAMMA(1). 
          DDSINBDDG2  = (AMANA1-((GAMMA(2)-STATEV(2)+SA*SINA)*                    Change: New line for partial derivative of SINB with respect to GAMMA(2). 
     1                  DDAMANA1DDG2))/(AMANA1**2)                                Change: New line for partial derivative of SINB with respect to GAMMA(2). 
          DDSINBDDP   = ZERO                                                      Change: New line for partial derivative of SINB with respect to PRESS. 
!      ELSE                                                                       Change: ELSE condition removed as IF condition no longer used above. 
!         COSB = ONE                                                              Change: ELSE condition removed as IF condition no longer used above. 
!         SINB = ZERO                                                             Change: ELSE condition removed as IF condition no longer used above. 
!      END IF                                                                     Change: END IF removed as IF condition no longer used above. 
C      
      TAU(1)  = STIFF*S1*COSB 
      TAU(2)  = STIFF*S1*SINB 
      TAUEQV  = SQRT(TAU(1)**2 + TAU(2)**2)                                       Change: Line added. 
C      
C     CHECK IF THE FRICTIONAL STRESS EXCEEDS THE CRITICAL STRESS 
      IF (TAUEQV .LT. TAUCRIT) THEN                                               Change: IF condition added. 
C         BEHAVIOR REMAINS ELASTIC 
          DDTDDG(1,1) = STIFF*((COSB*DDS1DDG1)+(S1*DDCOSBDDG1))                   Change: New line for partial derivative of TAU(1) with respect to GAMMA(1). 
          DDTDDG(1,2) = STIFF*((COSB*DDS1DDG2)+(S1*DDCOSBDDG2))                   Change: New line for partial derivative of TAU(1) with respect to GAMMA(2). 
          DDTDDG(2,1) = STIFF*((SINB*DDS1DDG1)+(S1*DDSINBDDG1))                   Change: New line for partial derivative of TAU(2) with respect to GAMMA(1). 
          DDTDDG(2,2) = STIFF*((SINB*DDS1DDG2)+(S1*DDSINBDDG2))                   Change: New line for partial derivative of TAU(2) with respect to GAMMA(2). 
          DDTDDP(1)   = (S1*COSB*XMU/SMAX)                                        Change: New line for partial derivative of TAU(1) with respect to PRESS. 
          DDTDDP(2)   = (S1*SINB*XMU/SMAX)                                        Change: New line for partial derivative of TAU(2) with respect to PRESS. 
          STATEV(1)   = GAMMA(1)                                                  Change: Modified formulation for vibration applied directly to sliding body. 
          STATEV(2)   = GAMMA(2)                                                  Change: Modified formulation for vibration applied directly to sliding body. 
          STATEV(3)   = GAMMA(1)-(S1*COSB)                                       
          STATEV(4)   = GAMMA(2)-(S1*SINB)                                        Change: Modified formulation for vibration applied directly to sliding body. 
          STATEV(5)   = S1                                                        Change: Modified formulation for vibration applied directly to sliding body. 
!      STATEV(6)   = YB                                                           Change: STATEV(6) no longer necessary, removed from formulation. 
      ELSE                                                                        Change: ELSE condition added. 
C         BEHAVIOR IS PLASTIC           
          TAU(1) = TAUCRIT*COSB                                                   Change: TAU(1) definition added for ELSE condition. 
          TAU(2) = TAUCRIT*SINB                                                   Change: TAU(2) definition added for ELSE condition. 
          DDTDDG(1,1) = TAUCRIT*DDCOSBDDG1                                        Change: New line for partial derivative of TAU(1) with respect to GAMMA(1). 
          DDTDDG(1,2) = TAUCRIT*DDCOSBDDG2                                        Change: New line for partial derivative of TAU(1) with respect to GAMMA(2). 
          DDTDDG(2,1) = TAUCRIT*DDSINBDDG1                                        Change: New line for partial derivative of TAU(2) with respect to GAMMA(1). 
          DDTDDG(2,2) = TAUCRIT*DDSINBDDG2                                        Change: New line for partial derivative of TAU(2) with respect to GAMMA(2). 
          DDTDDP(1)   = COSB*XMU                                                  Change: New line for partial derivative of TAU(1) with respect to PRESS. 
          DDTDDP(2)   = SINB*XMU                                                  Change: New line for partial derivative of TAU(2) with respect to PRESS. 
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          STATEV(1)   = GAMMA(1)                                                  Change: STATEV(1) definition added for ELSE condition. 
          STATEV(2)   = GAMMA(2)                                                  Change: STATEV(2) definition added for ELSE condition. 
      ENDIF                                                                       Change: ENDIF added to close out new IF condition. 
      END 

 

 


